
A microprimer on polymers

Polyethylene: . . .—CH2—CH2—CH2—. . . or |—CH2—|N

Polystyrene: |—CH2—CH—|N
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Typical lengths N > 105 possible, e.g., for polystyrene (REM: DNA has N / 109)

Problems: polydispersity, branching
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Polymer topologies: Linear, ring, brush, star, watermelon, dendrimers

PG de Gennes Scaling concepts in polymer physics; M Doi & SF Edwards The theory of polymer dynamics 21



PG de Gennes Scaling concepts in polymer physics; M Doi & SF Edwards The theory of polymer dynamics 22



Random walk model of polymers:

Periodic lattice with spacing a.

Each monomer has position ri, i = 0, 1, 2, . . . , N .

Monomer-monomer vector: ai+1 = ri+1 − ri

End-to-end vector:

Re =
X

i

ai

Independent orientations of monomers:

R
2
0 = 〈R

2
e〉 =

X

i,j

〈ai · aj〉 =
X

i

〈a
2
i 〉 = Na

2
.

R0 ≃ N1/2a is a measure for the size of the random walk.

Re
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Centre of gravity:

RG =
1

1 + N

N
X

i=0

ri

Gyration radius:

R
2
g =

1

1 + N

N
X

i=0

〈(ri − RG)
2
〉 =

1

(1 + N)2

N−1
X

i=0

N
X

j=i+1

〈(ri − rj)
2
〉

With rj − ri =
Pj

n=i+1 an one can show that R2
g = a2N(N + 2)/[6(N + 1)] such

that for large N , Rg ≃ a2N/6:

Rg ∼ R0 ∼ aN
1/2

.

REM: Rg is defined ∀ polymer topologies, in contrast to R0 (the end-to-end vector is

trivial for a ring . . .).
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№ distinct walks with N steps: µN (µ = 2d: connectivity constant)

№ distinct walks with N steps and end-to-end vector r: NN(r):

X

r

NN(r) = µ
N

PDF to find a walk with end-to-end vector r:

p(r) =
NN(r)
P

r
NN(r)

For large N in continuum limit:

p(r) =

„

d

2πNa2

«d/2

exp

 

−
dr2

2Na2

!

such that 〈r2〉 = Na2
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At fixed end-to-end distance the entropy of the random walk is:

S(r) = S0 − kB

dr2

2Na2

where S0 absorbs all constants

Free energy F (r) = E − TS @ fixed r:

F (r) = F0 + kBT
dr2

2Na2

Restoring force:

F = −
dkBT

R2
0

r

Entropic elasticity, always Hookean
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Persistence length

∆ε > kBT : Rigid chain

∆ε ≈ kBT : Locally rigid, flexible @ larger scales

Measure is persistence length:

ℓp = ℓ0 exp

„

∆ε

kBT

«

Flexible behaviour at small x:

x =
ℓp

L
≃ N

−1
exp

„

∆ε

kBT

«
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Freely jointed and freely rotating chains

Freely jointed chain: end-to-end vector and squared end-to-end-distance:

Re =
X

i

ai, R
2
0 = 〈R

2
e〉 =

X

i,j

〈ai · aj〉 =
X

i

〈a
2
i 〉 = Na

2

Freely rotating chain à la Doi & Edwards:

〈an〉am,am+1,...,an−1 fixed = an−1 cos θ

Multiplying by am:

〈am · an〉am,am+1,...,an−1 fixed = am · an−1 cos θ

Averaging over am, . . . , an−1:

〈am · an〉 = 〈am · an−1〉 cos θ

With initial condition 〈a2〉 = a2, we find:

〈am · an〉 = a
2
cos

|n−m|
θ

θ

n

n−1

n−2a

a

a
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Length scale

ℓp =
a

log cos θ

∞
X

−∞

〈an+k·an〉 = a
2

 

1 + 2

∞
X

k=1

cos
k
θ

!

= a
21 + cos θ

1 − cos θ
=⇒ R

2
0 = a

2
N

1 + cos θ

1 − cos θ

freely jointed chain with rescaled monomer length
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Persistence lengths

Flexible rod:

ℓp =
πY
`

R4 − R4
i

´

4kBT
∴ Young’s modulus Y
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Persistence lengths

Flexible rod:

ℓp =
πY
`

R4 − R4
i

´

4kBT
∴ Young’s modulus Y

Spaghetti ∅ = 2mm, Y = 109erg/cm3, T = 300K; kB = 1.38 × 10−16erg/K:

ℓp ≈ 2 × 10
18

cm = 2 × 10
13

km ≈ 2ly

or 1/2 distance to Proxima centauri
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Persistence lengths

Flexible rod:

ℓp =
πY
`

R4 − R4
i

´

4kBT
∴ Young’s modulus Y

Spaghetti ∅ = 2mm, Y = 109erg/cm3, T = 300K; kB = 1.38 × 10−16erg/K:

ℓp ≈ 2 × 10
18

cm = 2 × 10
13

km ≈ 2ly

or 1/2 distance to Proxima centauri

Spaghetti of ∅ = 2nm:

ℓp ≈ 20nm
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Persistence lengths
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Nonphantom chains, self-excluding volume à la Flory

Consider chain with radius R and internal monomer concentration cint ≃ N/Rd
; local

repulsive energy:

Frep|loc =
1

2
kBTv(T )c

2
int

Here, v(T ) is the excluded volume parameter:

v(T ) = (1 − 2χ)a
d

where under Θ condition χ = 1/2 corresponds to an ideal chain

Total repulsive energy (mean field 〈c2〉 → 〈c〉2 ∼ c2
int):

Frep|tot ≃ kBTv(T )c
2
intR

d
= kBTv(T )

N2

Rd

favouring large values of R (swelling)
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Entropic contribution:

Fel ≃ kBT
R2

Na2

Total free energy:

F ≃ kBT

 

v(T )
N2

Rd
+

R2

Na2

!

Minimisation at Flory radius:

RF =
“

v(T )a
2
N

3
”1/(2+d)

≃ AN
ν ∴ ν =

3

2 + d

Dimension Flory result Best value

1 νF = 1 νfield = 1

2 νF = 0.75 νfield = 0.75

3 νF = 0.6 νfield = 0.588
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Self-avoiding walk (SAW):

Effective connectivity constant:

µSAW 6= µphantom

Linear chain introduces the

configuration exponent γ:

ω ≃ µ
N

N
γ−1

Dimension Connectivity constant Configuration exponent

2 µ ∈ [2.62, 2.68] γ ≈ 1.33

3 µ ∈ [4.57, 4.74] γ ≈ 1.16
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