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Abstract
We provide the first-passage statistics of Lévy flights in a one-dimensional
semi-infinite domain, considering the effects of a constant drift x4 while the
jump length distribution is symmetric. By solving the space-fractional Fokker—
Planck equation governing the evolution of the probability density function
(PDF), we derive expressions for both the survival probability and the first-
passage time for given values of the stability index « and drift parameter .

“ Authors to whom any correspondence should be addressed.

Original Content from this work may be used under the terms of the Creative Commons Attribution
BY 4.0 licence. Any further distribution of this work must maintain attribution to the author(s) and the

title of the work, journal citation and DOI.

© 2025 The Author(s). Published by IOP Publishing Ltd 1


https://doi.org/10.1088/1751-8121/adc9e7
https://orcid.org/0000-0002-3289-6556
https://orcid.org/0000-0002-8864-0760
https://orcid.org/0000-0001-6921-6094
https://orcid.org/0000-0002-6540-3906
https://orcid.org/0000-0002-8242-5111
https://orcid.org/0000-0002-6013-7020
https://orcid.org/0000-0002-3803-1174
mailto:padash1@uni-potsdam.de
mailto:rmetzler@uni-potsdam.de
http://crossmark.crossref.org/dialog/?doi=10.1088/1751-8121/adc9e7&domain=pdf&date_stamp=2025-5-2
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

J. Phys. A: Math. Theor. 58 (2025) 185002 A Padash et al

Our findings are further validated by comparing them with simulations from
the stochastic Langevin equation driven by a-stable noise. Additionally, we
make use of the Skorokhod theorem for processes with stationary independ-
ent increments and show that our numerical results are in good agreement
with the analytical expressions for the PDF of first-passage times and survival
probabilities. Specifically, in the asymptotic long-time limit, we show that
for =2 (Brownian motion), the first-passage time distribution follows the
classical Lévy—Smirnov form and decays exponentially, irrespective of the
drift direction. The survival probability exhibits a distinct asymptotic beha-
viour: for positive drift, it decreases exponentially, while for negative drift, it
saturates to a finite value, indicating a nonzero probability for the particle to
escape to —oo. For =1 (Cauchy process), the survival probability and the
first-passage time density exhibit a power-law decay, with p-dependent expo-
nents. For 0 < o < 1, we find that the long-time asymptotic remains consistent
with the drift-free case, but with a p-dependent prefactor. Finally, for a-stable
processes with 1 < a < 2, the first-passage time density follows a power-law
decay, whose exponent depends on both o and the drift direction; concurrently,
the survival probability decays in power-law form for positive drift, while in
the case of negative drift, it saturates to a finite value.

Keywords: diffusion, random walks, Lévy flights, first-passage time statistics
1. Introduction

The first-passage problem as a fundamental aspect of stochastic processes arises in many
physical and biological systems, and beyond [1-13]. A typical first-passage problem is to
measure the probability density function (PDF) p(f) [14], that a random process exceeds a
given threshold value for the first time or escapes from a spatial domain through a prescribed
boundary. The first-passage theory is an important framework to characterise the stochastic
motion in a bounded domain including the flow of tracer particles through a porous medium by
the advection—diffusion equation [15], diffusion-controlled reactions [16-20], non-Markovian
processes [21, 22], kinetics of polymer reactions [23-26], random search processes [19, 27—
30], escape from potential wells [31-33], spreading of diseases [34], nonequilibrium systems
[4], renewal and nonrenewal systems [35] and polymer translocation [36, 37], among many
others.

In the field of a stochastic process, there is another statistic known as first-hitting or first-
arrival time, which also quantifies the efficiency of the spatial exploration and search properties
of the process. The first-hitting time corresponds to the event when a specific point-like or finite
size target is visited for the first time [38—41]. Once the random walker crosses the target, the
statistic of the distance beyond the target (‘leapovers’) is also of interest [42—45].

Lévy flights are Markovian random walk processes in which the distribution of jump lengths
are drawn from an «-stable long-tailed distribution with power-law asymptote [46—48]. The
broad distribution of occasional, extremely long jumps effects the diverging variance of the
process [49, 50]. Lévy flights with their features, independent stationarity increments or self-
similarity, have accordingly turned out to apply to the statistical description of scale-invariant
phenomena in diverse complex dynamic processes [46, 51-53]. To name a few, we mention
human movement distributions [12, 54, 55], animal foraging patterns [56], diffusive transport
of light [57], tracer motion in living cells [58—61], heat transport in magnetised plasmas [62,
63] and Lévy statistics in stock market price fluctuations [64—66].
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In the literature, there are several results regarding the first-passage time statistics for Lévy
flights in discrete and continuous-time in semi-infinite intervals [42, 43, 67-74]. Adding a
constant drift even in the simplest random walk problem such as the Brownian motion, give
rise to new features. In the case of Brownian motion the first-passage time PDF g(¢), in the
presence of a constant drift, asymptotically decays exponentially in time [2]. It is worth noting
that Brownian motion with a drift applies to describe the effect of linear trends in the statistics
of records [75, 76] whose relation to the first-passage theory is well known [2, 4] and has
specific applications to finance [77-79].

Another relevant example are diffusion processes with heavy-tailed jump length distribu-
tion in the presence of a constant drift, in which the theoretical aspects of the first-passage
statistics become more challenging. In this case, extensions were made to the extreme values
statistics of stochastic processes with a constant drift for symmetric Lévy flights by means of
record-breaking statistics [75, 78, 80]. The statistics of records of a one-dimensional discrete
random walk in the presence of a constant bias was studied [75], and the effect of a linear drift
on the record statistics of a Gaussian random walk was considered [78]. Moreover, in [80]
the asymptotic of the expected maximum of discrete Lévy flights with a drift on a line was
investigated. We also note that, with the help of record statistics, the ‘time since maximum’ or
‘drawdown time’ of the general class of Lévy processes (processes with stationary, independ-
ent increments) with drift were studied [81]. We finally mention the classical results regarding
a-stable processes with a drift. A limit distribution for the first-passage time of random walks
with a drift which were shown to belong to the domain of attraction of a-stable laws [82], and
explicit information about the potential kernel and hitting times of a-stable processes with a
drift was obtained [83], as well as an asymptotic expansion of the hitting times of «-stable
process in d-dimension with a drift derived [84].

Following the results in [ 73], we here provide the first-passage statistics for symmetric Lévy
flights with a drift in a semi-infinite interval. By employing the Skorokhod theorem [85, 86],
which provides an analytical expression for the first-passage time PDF of random processes
with stationary independent increments (Lévy processes) in a semi-infinite interval, we demon-
strate analytic results in certain special cases of the a-stable probability laws. Furthermore,
with two numerical approaches based on the space-fractional Fokker—Planck equation and the
Langevin equation, the survival probability and the first-passage time PDF for different values
of the stability index « and the drift parameter p is obtained.

The paper is organised as follows. In section 2, we introduce the Skorokhod theorem in
a semi-infinite interval and explore its relationship with the first-passage time and survival
probability. Moving on to section 3, we define the space-fractional Fokker—Planck equation
based on the characteristic function of an a-stable random process under the influence of a
drift. In this section, we also provide the corresponding Langevin equation for Lévy flights
with a drift. The subsequent sections 4 through 8 are dedicated to presenting numerical results
for the survival probability and the first-passage time PDF for symmetric a-stable distributions.
These numerical findings are compared with the analytical results derived using the Skorokhod
theorem. Finally, in section 9, we conclude the paper by summarising our key findings and their
broader implications. The appendices contain detailed descriptions of our numerical models
for the fractional advection-diffusion equation, as well as the derivations of the first-passage
time and survival probability.
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Figure 1. Schematic of our setup. We consider a semi-infinite interval (—oo,d]. The
initial condition is represented by a J-distribution located at x(0) = 0.

2. First-passage statistics and the Skorokhod theorem

The first-passage time PDF g(¢) is defined as the negative time derivative of the survival prob-
ability S(#) (sometimes called the persistence probability) [2, 3],
ds ()
t)=——7"= 1

© (1) O 0]
which refers to the probability that up to time ¢ the stochastic process stays within the domain.
In the Laplace domain with initial condition S(0) = 1 the relation between the survival prob-
ability and the first-passage time reads

o\ =1-AS(A). @)

From an analytical point of view, the Skorokhod theorem provides a general formula for
the first-passage time PDF in the Laplace domain for a broad class of Lévy processes [85, 86].
For the setup shown in figure 1 in which the process starts at x =0 and is limited to move in
the semi-infinite interval (—oo,d], reads

o= = [ e Moa=1-ps (1), ®
0
where the auxiliary measure p (A, x) is defined via its Fourier transform as
O+ (A
q+()\7k):/ elkx p+( ’x)dx
oo 0.

X
o0 At oo
—exp </ et / (eik"l)Pa(x,t)dxdt>. 4)
0 0

Here the function P, (x,) is the PDF of the process. The boundary condition reads py (A, x) =
0 at x < 0. For convenience in analytical calculations we write equation (4) in the following
form,

21nq+(A,k):/ e—“/ (1—e™) Py (x,1) dxd. )

In the following section, we define the two numerical methods employed for comparison with
our results derived from the Skorokhod theorem for the first-passage time PDF and the survival
probability.
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3. Numerical tools

3.1 Space-fractional Fokker—Planck equation

A space-fractional Fokker—Planck equation is a deterministic equation for the PDF P, (x,1),
also known as the Smoluchowski equation or the Kolmogorov forward equation, given by
[14, 87]

[03%

0 7] %)
—P =P =Ky =P
6t Oz(x7t)+:u’ax Ot(-x)[) aa|x|a a<x7t>) (6)

where the initial condition is P, (x,0) = d(x), and the space-fractional derivative operator
9% /9|x|* is defined in terms of its Fourier transform, [*°_e*[9*/9|x|*]f(x)dx = —|k|*f(k),
and where f(k) = [*°_e**f(x)dx is the Fourier transform of f(x). In equation (6), the stability
(Lévy) index « is in the range 0 < a < 2, the scale parameter (generalised diffusion coeffi-
cient) is positive (K, > 0) and the drift parameter x4 accounting for the constant drift in the sys-
tem is any real number. By applying the Fourier transform to the left-hand side of equation (6),

it can be readily shown that

Pa k) = [ P (rt)dv = exp (~iK, K" + k). )

— 00

which represents the characteristic function of an a-stable PDF [85, 88]. This result stems
from the limiting distributions of sums of independent, identically distributed (i.i.d.) random
variables [51, 89], as described by the generalised central limit theorem [47, 48, 90]. The
numerical scheme used to solve equation (6) is detailed in appendix A. For the numerical
simulations based on the space-fractional diffusion equation, an additional absorbing boundary
was imposed on the left-hand side of the initial position of the random walker, placed at a
significant distance away to resemble a semi-infinite interval. Specifically, in our simulations,
each random walker begins at x(0) = 0, with absorbing boundaries set at x =d = 0.5 and x =
—2000. In this paper, we utilise the Skorokhod theorem to explore the first-passage statistics of
a-stable probability laws in the presence of a constant drift. The behaviour of these statistics
varies depending on the sign of the drift ;4 and the value of the stability index «. We begin
by deriving p(#) for Brownian motion with a drift, followed by an analysis of the symmetric
Cauchy law (o =1). We then examine a-stable processes with 0 < o < 1 and conclude with
the study of a-stable processes where 1 < o < 2, all under the influence of a constant drift.

3.2. Comparison with «a-stable distributions

To evaluate the performance of the numerical scheme used to solve the space-fractional
advection-diffusion equation, we compare the numerical results to the theoretical predictions
for the shapes of a-stable PDFs in the presence of a drift. For computational purposes, it is
advantageous to perform the inverse Fourier transform of the characteristic function in the M-
form, as outlined in [90]. By employing the method described in [91] and converting the distri-
bution’s parameters from the M-form to the standard form as discussed in [73], we demonstrate
that the numerical results are in excellent agreement with the theoretical expectations.

The interval is confined to [—L,L], with the initial condition represented by a Dirac 4-
function centred at the middle of the domain, where L =20 (x(0) = 0). Absorbing boundary
conditions are applied at the boundaries. The PDF for various combinations of the stability
index «v and the drift parameter p at f = 1 is shown in figure 2. Across all cases and throughout

5
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Po(x,1)

P,(z,1)

Figure 2. PDF of a symmetric a-stable probability law with drift for various parameters
1, is examined at =1 within a domain of half-length L =20 and the initial condition
Po(x,0) = 6(x). In all panels, symbols represent the numerical solution of the diffu-
sion equation (6), while the lines depict the a-stable distributions obtained through the
Fourier inversion of the characteristic function (7). The excellent agreement between
the numerical solutions and the theoretical densities is evident. For all simulations, the
time step is A7 = 0.001 and the spatial step length is Ax = 0.01.

the entire plotted range, the agreement between the numerical solutions and the theoretical
densities is excellent.

3.3. Langevin equation

Conversely, the dynamic equation of Lévy flights in the presence of a constant drift is a
stochastic differential equation, known as the overdamped Langevin equation for the coordin-
ate x() [92, 93],

d _ 1/«
Cx)=pt KYC), ®)

driven by white Lévy stable noise () characterised by the same « and p parameters as the
space-fractional Fokker—Planck operator (6) and with unit scale parameter. We note that the
drift parameter can be written as ;1 ~' = ym, in which m is the mass of the particle and y denotes
the friction coefficient characterising the dissipative interaction with the bath of surrounding
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particles. The survival probability S(¢) and the first-passage time PDF can be constructed by
the discretised version of the Langevin equation,

x(t+ A1) = x(t) + pAr+ KV (A ¢, 9)

To construct an ensemble of N trajectories x(f) with the initial condition x(0) =0 and the
boundary at x=d, equation (9) is integrated up to the time 7 when a particle crosses the
absorbing boundaries for the first time, i.e. as long as x(¢) < d. The PDF of first-passage
times was estimated from the ensemble of N first-passage times 7 and the survival probab-
ility was obtained as the complementary cumulative distribution of first-passage times. In
the simulation, we used N = 10’ trajectories constructed with the Euler-Maruyama method
(see equation (9)), with the integration time-step Af = 1073. Random numbers distributed
according to a-stable densities were generated by standard methods [94-96]. It is important
to note that the numerical simulations based on the diffusion equation for 0 < o < 1 are highly
computationally intensive. Therefore, we present only the results obtained from the Langevin
equation for this case. For o = 1, we employ both approaches: the diffusion equation at short
times and the Langevin equation at longer times. In contrast, for 1 < o < 2, we utilise both
the Langevin equation and the diffusion equation to provide a comprehensive analysis.

4. Brownian motion with arbitrary drift

4.1. First-passage time

For Brownian motion, the PDF in unbounded space reads

1 (x — put)*
Py (x,t) = \/?Kztexp <4K2t> ) (10)

and applying the Skorokhod theorem (detailed in appendix B) leads to the first-passage time
PDF

d (d— pt)*
VO= i O ( 4Kyt ) ’
which is the famous Lévy—Smirnov distribution representing a well-known result of the theory
of Brownian motion with a drift [2]. We mention that by using the intuitive images method
and the Green’s function approach [2] (see equations (3.2.13) and (3.3.5) there) and the first-
arrival theory [97] (see equation (E.7) there) a similar result (with a different sign for i, due
to a different setup) was obtained. In figure 3, top panels, we show the result of equation (11)
and compare it with the numerical simulation of the space-fractional Fokker—Planck equation
at short and long times. In the long-time limit we have

)

2t
p (1) ~exp <—> , t— 0. (12)

As expected, and also can be seen from figure 3(top right), the PDF of the first-passage time
decreases exponentially irrespective of the sign of the drift. Here and in the following, the
symbol ~ means asymptotic equality, ~ denotes asymptotic equality up to a prefactor, and ~
means approximately equal. For positive values of the drift parameter, it is very likely that the
particle will be absorbed very quickly, while for negative y it is more likely that the particle
will escape to —oo. In both cases, the PDF of the first-passage time should become vanishingly
small in the long time limit.
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Figure 3. Top: first-passage time PDF for Brownian motion with a drift in a semi-infinite
domain with d = 0.5 at short times on a linear scale (left) and at long times on a log—log
scale (right). Symbols represent the numerical solution of the space-fractional diffusion
equation (6) and the lines show the analytical result (11). The black short line on the
right panel indicates a slope of —3/2 corresponding to the asymptotic behaviour of the
first-passage time PDF for Brownian motion with ¢ =0. Bottom: survival probability
of Brownian motion with a drift in a semi-infinite domain at short times on a linear scale
(left) and at long times on a log—log scale (right). Symbols show the numerical solution
of the space-fractional diffusion equation (6) and the lines are the analytical result (15).
The black short line on the right panel indicates a slope of —1/2 corresponding to the
asymptotic behaviour of the survival probability for Brownian motion with p=0.

4.2. Survival probability

Integrating equation (1) the survival probability reads

S(t)zl—/otp<t/)dt/. (13)

By substitution of equation (11) into equation (13) we get

A2
L_m) dr (14)

fg
S(t)zl—/iexp - 7
0 /4 kot 4Kyt
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Changing the variable according to u> = d2 /4Kt leads us to

zeud/ZKg 00

S(t)=1- exp (—u? — (ud/4K>u)* ) du
) VT Jay vk ( (na/4Kau) >
1 ut—d ud ut+d
= — |erf —eferf . 15
2 {erc(\/“(zt) © 2erc(v“@)] ()

From here we see that based on the sign of , the long-time asymptotic of the survival prob-
ability has the form

.2
S~ Vrmme T p>00 (16)
1 —elnld/k w<0

Thus, for a positive value of the drift parameter, the random walker is absorbed with certainty
(recurrent process). For a negative value of u, in contrast, the process is called transient and
the random walker drifts toward —oo when ¢ becomes large. A similar result using the image
method in a different setup (u — — ) was obtained in [2] (see equation (3.2.16)). In the case
w=0, we obtain S(¢) = erf(d/+/4K,t), which shows that the survival probability is almost
constant until the diffusion length /K57 reaches the initial distance to the absorbing boundary
d. When /Kt > d, we have S(t) ~ d/+/7 Kyt, showing the Sparre-Andersen law [98, 99]. In
figure 3(bottom panels), we show the result for the survival probability by numerically solving
the space-fractional diffusion equation (6) and compare it with the analytical result (15). As
can be seen, when p is positive, the survival probability decreases exponentially. Conversely, if
itis negative (i < 0), the random walker moves preferentially in the negative direction, leading
to the finite value 1 — exp(—|u|d/K>) for the survival probability (see equation (16)). We also
note that the short-time limit of the survival probability is

4Kt d
~l =y — - —0. 1
S(1) - 2exp< 1 2t>’ t—0 (17)

This result is independent of the drift parameter p, indicating that the short-time behaviour is
dominated solely by the diffusion coefficient K, and the length scale d.

5. Lévy flights with a =1 and arbitrary drift

For Lévy flights with the stability index, o =1 the distribution of jumps follows the Cauchy
law

Py (1) = Xt (18)

T (K1) (o — )
In this section with the help of Skorokhod theorem we obtain the long time asymptotic beha-
viour of the first-passage time and the survival probability for Cauchy process with a drift.

5.1 First-passage time

In the presence of a constant drift 11, we obtain the long-time asymptotic of the first-passage
time PDF as follows (see details in appendix C),

1/d\" t —p'—1
w02 () (@) "
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Figure 4. Top left: first-passage time PDF for the Cauchy process with a drift for dif-
ferent values of the drift parameter w4 on a linear scale. Lines show the numerical results
based on solving the space-fractional diffusion equation (6) and symbols are results
obtained from the Langevin equation simulation. Top right: same as in the left panel
on a log—log scale. Symbols represent the numerical solution of the Langevin equation,
lines show equation (19) with the prefactor and the black short line shows the asymptote
"=, Bottom left: survival probability for the Cauchy process with a drift at different
values of p on linear scales. Numerical results are shown by lines based on the space-
fractional diffusion equation (6), and symbols are from Langevin simulations. Bottom
right: same as the left panel on a log—log scale. Symbols represent Langevin simula-
tion results, and lines show equation (24) including the prefactor. The black short line

indicates the asymptote ¢t~ * "

where this parameter p’ is defined as

11 H
p = > + - arctan <K1 ) (20)

In figure 4 (top left panel), we show the short-time behaviour of the first-passage PDF for
a =1 based on the numerical simulation of the space-fractional diffusion equation (6) and the
Langevin equation (8). Moreover, on the top right panel of figure 4, we show the long-time
asymptote of the first-passage PDF on a log—log scale based on the Langevin dynamics and
compare it with equation (19). As can be seen, these two approaches agree perfectly in both
panels and the prefactor shows good agreement with the theory. Note that in the case =0 we
get the result in [43, 73],

L /d 5pn

p(t) ~ =)t

VK 21
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In the limits 4 — oo and p — —o0, by expansion of arctan(u/K;) we have p’ =~ 1 — K /7
and p’ = K /7| p|, respectively. Thus

Fer? pr oo
g

p)~ T : (22)
mllt o AT TO0

For 1 — 00, the first-passage time PDF decays as #~2, with the prefactor scaling as ;2. This
reflects the fact that, under a large positive drift, the particle is more likely to cross the absorbing
boundary quickly, leading to a rapid decay of the PDF. In contrast, for ;x — —o0, the decay of
the PDF follows ¢~ !, with a prefactor that scales as || ~!. In this case, the negative drift causes
the particle to move away from the absorbing boundary, which increases the time it takes to
cross. The slower decay indicates that the first-passage event occurs more gradually due to the
opposing drift.

5.2. Survival probability

With the relation between the first-passage time and survival probability in the Laplace domain
(see equations (2) and (C.16)) we find that

(dsin (mp"))"”

— Pty (23)
K{ T(1+p")

S(A) ~

Application of the inverse Laplace transform and using the reflection formula I'(z)I'(1 —
z)sin(mz) = 7, we find that

S(1) ~ L (4 pl(sin(w P e (24)
mp’ \ K1 P '

In the bottom left panel of figure 4, we present the short-time behaviour of the survival
probability for aw =1, obtained from numerical simulations of the space-fractional diffusion
equation (6) and the Langevin equation (8). The bottom right panel of figure 4 shows the
long-time asymptote of the survival probability on a log—log scale, comparing Langevin sim-
ulation results with the theoretical expression from equation (24). As shown, the results from
both approaches agree perfectly in both panels, and the prefactor aligns well with the theory.
Again, using the expansion of arctan(y/K;) in the limits 1 — oo and u — —o0, correspond-
ingto p’ ~1—K;/mp and p’ ~ K, /7|u|, respectively, we get the following results for the
survival probability,

:—I;gt_l, n—r 00
() ~ (25)

exp (—ﬁln[%}) 1 — —00

For 1 — oo, the survival probability decays as ¢~ !, with a prefactor scaling as ;1 ~2. This reflects
the rapid crossing of the boundary d due to the strong positive drift, which accelerates the first-
passage event. For © — —o0, the survival probability exhibits slower exponential decay with
a logarithmic dependence on ¢. The negative drift opposes the motion, causing the particle to
take longer to cross the threshold, resulting in a slower first-passage event.

1
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6. Lévy flights with 0 < a < 1 and arbitrary drift

6.1 First-passage time

For this case, in the presence of small values of the drift parameter u, we find the long-time
asymptotic behaviour of the first-passage time PDF as follows (see appendix D for details),

[_3/2 do
(1) ~
IF'(l+a/2)V 4K,

(1 *Ca)v (26)

in which the constant C,, defined as

I'(l+a/2)
Cy = P 27
* T T (3a/2)cos (ma/2) @7
where Pe,, denotes the generalised Péclet number that quantifies the ratio between advective
and diffusive transport rates with [40]

Mdoz—l
Pe, = .
T 2K,

In the limit where p tends to zero, we refer to the findings in [43, 73]. The left panel of
figure 5 illustrates the long-time behaviour of the first-passage time PDF governed by the
a-stable distribution with stable index o = 0.5, under the influence of y. Conversely, the right
panel of figure 5 showcases the long-time behaviour of the first-passage time PDF for sym-
metric a-stable distributions with various stable indices o and © = —1. Notably, as p var-
ies, the PDF demonstrates disparate decay rates: accelerated for x>0 and decelerated for
1 < 0. Consequently, the role of x primarily manifests in adjusting the prefactor, whereas the
long time asymptotic behaviour of the first-passage time PDF remains consistent with the
processes in absence of drift [43, 73]. The coefficient C,, corresponding to o = 0.5 assumes
values of Cys = —0.74,0,0.74 for p = —1,0, and 1, respectively. For = —1, C, varies
as Co = —0.43,-0.74,—1.8 for a =0.3,0.5, and 0.8, respectively. It is important to note
that equation (26) is derived under the assumption of a small drift parameter ;. Therefore,
the prefactor is valid only in the regime where |C,| < 1. However, the long-time asymptote
(1) ~ t3/% is universal for 0 < a < 1 and holds for arbitrary 1 (see figure 5).

(28)

6.2. Survival probability
Similarly, we find the long-time behaviour of the survival probability for small values of p
~ 1/2 de
() ~ (
F(l+a«/2)V 7K,

1-Ca), (29)

where C,, is defined in equation (27). In the special case of p =0, this result matches the one
in [43, 73]. It is important to note that, due to the presence of long jumps when 0 < a < 1,
the time exponent of the survival probability remains universal and does not depend on p.
The parameter 1 only influences the prefactor 1 — C,. As shown in the bottom left panel of
figure 5(linear scale), the survival probability decays rapidly at short times for positive drift,
reflecting particles crossing the boundary under the influence of the drift. However, the long-
time asymptote universally decays as r~'/2 in the log—log representation (bottom right panel),
independent of p. This behaviour highlights the dominance of long jumps in determining the
escape dynamics when ¢ becomes large.
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Figure 5. Top left: first-passage time PDF for a symmetric a-stable process with a drift
and stable index o = 0.5 in a semi-infinite domain with d = 0.5, shown in log—log scale
for different values of p. Top right: first-passage time PDF for different combinations
of o and = —1. In both panels, symbols are from Langevin equation simulations,
lines represent equation (26), and the black short line indicates the long-time asymptote
~3/2. Bottom: survival probability for the symmetric a-stable process with a drift and
stable index o = 0.5 for different i. The left panel shows the results on a linear scale,
and the right panel depicts the long-time behaviour on a log—log scale. Symbols repres-
ent Langevin equation simulations. In the left panel, lines show numerical results based
on solving the space-fractional diffusion equation (6). In the right panel, lines repres-
ent equation (29) with the numerically obtained prefactor C,, and the black short line
indicates the long-time asymptote 12,

7. Lévy flights with 1 < a < 2 and negative drift

71. First-passage time

When the drift parameter is negative (u < 0), the random walker preferentially moves down
the negative axis. We obtain the asymptote of the first-passage time PDF in the Laplace domain
for ;1 < 0 (detailed in appendix E), in the form

Apfat T
Ko |tan (ar/2)] ’

1
2fpld>t Ko/lp]* o
R Y (e I R I VA SV I ) 30

L (Ka|tan(oz77/2)| 3[cos (an/2)] 30)

o(\) ~1—Lo1, (
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Figure 6. First-passage time PDF for symmetric a-stable probability law with @ = —1
(left), and p = —4 (right) in a semi-infinite domain with d =0.5 for different sets of
the index of stability o obtained based on numerical results of the Langevin equation.
The solid black lines show the asymptotic of the first-passage time PDF with 1~ (31),
whereas the dashed lines show equation (31) with the prefactor.

where L, g(z) is the cumulative distribution of a one-sided a-stable probability law with
0<a’ <1 and 8=1. Equation (30) is an improper PDF as p(A =0) # 1 [100, 101]. By
applying the inverse Laplace transform, the long-time asymptotic of the first-passage time
PDF reads

o) ~ K. T (o) Sirl(onr/Z)L‘kL1 <(W_])|> =1 | 1) e an

7| p] K, |tan (am/2

In figure 6 we plot the long-time asymptote of the first-passage time PDF on a log—log scale for
different values of the stable index «, based on numerical simulation of the Langevin equation
for 4 = —1 and —4. A comparison with equation (31) and its prefactor has been conducted,
demonstrating excellent agreement with the numerical results. When comparing this with the
case when p = 0, which corresponds to the well-known Sparre—Andersen law (p(#) ~ 173/%)
regardless of the stable index a, we conclude that for 1 < o < 1.5 the first-passage time PDF
decays more slowly than in the scenario in absence of drift. Consequently, even though the
walker typically drifts toward —oo when p < 0, rare large jumps contribute to increasingly
higher values of the first-passage time PDF as ¢ increases.

72. Survival probability

Using relation (2) between the first-passage time and survival probability in the Laplace
domain, and referring to equation (30) for the case of a negative drift, we find that

Ko /|pl® )\a—l)

1
2|,U,|da71 =T exp(2|cos(aﬂ/2)\
~ Lo —_— 1 . 2
S(A) (6% 1,1 ((Katan(om'/Zﬂ bl )\ (3 )
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Applying the inverse Laplace transform leads us to
dpfde! Ko/l
S(t) ~Lo- — ANWig | m—F———1t 7 ¢
Q b ((Ka|tan(a7r/2)| =l 2[cos (a/2) |

2ulae—t T
~La-t ((Ka|tan(a7r/2) |) ’1> ! 59

where in the last equality we use the relation W;_, ; (0) = 1 for the Wright function [102]. As
seen in this scenario, the particles escape to —oo, indicating that the negative drift is stronger
than the diffusion term.

8. Lévy flights with 1 < o < 2 and positive drift

8.1 First-passage time

Finally in the case p > 0, the random walker moves towards the boundary d. We find the fol-
lowing relation for the long-time asymptotic of the first-passage time PDF in the case p >0
(detailed in appendix E),

KO/f‘(O‘hUHKOmd) t—a—l

00~ 3 T cos (am /2) [T (—a)
Ko . o
Nﬂﬂa sm(%)F(a—&—l)f(a,u,Ka,d)t t (34)

where f{a, i1, Ky, d) defined as (E.21) which can be computed numerically. In figure 7 we plot
the first-passage time PDF of a symmetric a-stable process with positive 1 on a log—log scale
and compare the numerical results with equation (34). Moreover, in figure 8(top panels) we
present the results for the first-passage time PDF of an a-stable process with o = 1.5 in a semi-
infinite domain in the short-time (top left) and the long-time (top right) limits, based on the
numerical simulation of the Langevin equation. In the short-time limit we compare the results
with the numerical simulation of the space-fractional diffusion equation, and in the long-time
limit we compare the Langevin simulation results with the analytical result in equations (31)
and (34), all showing excellent agreement.

8.2. Survival probability

Based on relation (2) between the first-passage time and the survival probability in the Laplace
domain we find that

a—1
K } , (35)

S(A) ~f(a, pu, Ko, d) exp [_Z,LLC‘COSWQ)I

where applying the inverse Laplace transform gives us

2M04 a—1 zuata—l ﬁ
S(t) ~flo, p, Ko, d) (Katan(om/Zﬂ) Po_11 ((Ka|tan(a7r/2)|) ,1) . (36)
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Figure 7. First-passage time PDF for symmetric a-stable probability law with =1
(left) and p =4 (right) in a semi-infinite domain with d = 0.5 for different combinations
of the index of stability « obtained from numerical results of the Langevin equation.
The solid black lines show the asymptotic of the first-passage time PDF with 1=~}
(34). The dashed lines show equation (34) including the prefactor.

By simplification we get

Ko sin(am/2)T (o) f(o, p,Kq,d)
T

S(t) ~ . 37
The survival probability for a symmetric a-stable process (o« = 1.5) on a semi-infinite domain
is shown in the bottom panels of figure 8. The left panel compares numerical solutions of
the space-fractional diffusion equation (lines) with Langevin equation simulations (symbols)
on a linear scale, highlighting the p-dependent short-time decay. The right panel reveals the
asymptotic regimes on a log—log scale: for ;= 0, the survival probability follows the Sparre—
Andersen universality S(¢) ~ t~!/2, while for ;> 0, drift effects a steepening of the decay
to S(¢) ~+*. For 11 <0, the survival probability plateaus at long times due to drift-driven
retention. This highlights how drift fundamentally alters escape dynamics, transitioning from
the universal Sparre-Andersen scaling at =0 to drift-dominated dynamics when p #0. In
figure 9 we show the results for the survival probability of symmetric Lévy flights with a
drift with stability index a«=1.3 and aw=1.8. As can be seen, in the absence of a drift for
any symmetric jump length distribution in a Markovian setting the first-passage time PDF has
the universal Sparre Andersen asymptotic p(r) ~ ~3/2 (and thus S(7) ~ r~'/2), whereas in the
presence of a constant positive drift, it behaves as p(¢) ~ t~!~%(and thus S(¢) ~ =) for the
stability index 1 < o < 2. We mention that in [75] by means of record statistics the asymptotic
behaviour of the persistent probability (the probability that the stochastic process stays to the
left of its initial starting position up to n steps) of a one-dimensional discrete-time random
walk in the presence of a drift with symmetric jump distribution was studied (see equation
(67) in [75]).

9. Discussion

First-passage time problems are crucial in understanding how stochastic processes behave
when they first hit a boundary or exceed a threshold, providing insights into the dynamics
of various physical and biological systems. These problems often involve analysing the first-
passage time PDF to characterise the statistical properties and long-time behaviour of the
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Figure 8. Top left: first-passage time PDF for symmetric a-stable probability law with
a=1.5, in a semi-infinite domain with d =0.5 for different values of the drift para-
meter 4 in linear scale. Lines show numerical results based on solving the space-
fractional diffusion equation (6), and symbols are obtained from Langevin equation
simulations. Top right: the same as in the left panel on a log-log scale. Symbols rep-
resent the numerical solution of the Langevin equation (8), and dashed lines show the
prefactor in equation (31) for ;1 < 0 and equation (34) for x> 0. The black lines show the
asymptotic of the first-passage time PDF with 1~ and 1=~ for negative and positive
u, respectively. Bottom left: survival probability for symmetric a-stable density with
a=1.5 on a semi-infinite domain with d = 0.5, for different values of the drift para-
meter 4, shown on a linear scale. Lines represent numerical results based on solving the
space-fractional diffusion equation (6), and symbols correspond to Langevin equation
simulations. Bottom right: same as the left panel on a log—log scale. Symbols repres-
ent Langevin equation solutions (8) and lines represent numerical results from solving
the space-fractional diffusion equation (6). The black lines show the asymptotic beha-
viour of the survival probability with +~1/2 for zero wand ¢t~ for positive u, while for
negative u, the survival probability tends to a finite value at long times.

underlying processes. In this study, we focused on the first-passage time PDF of Lévy flights
with a drift within a one-dimensional semi-infinite domain, with specific attention to its beha-
viour in the long-time regime. The scenario entails a particle initiating its motion at the origin
within this domain, with an absorbing boundary situated at a distance d to the right of the
particle’s starting position. The domain extends indefinitely to the left.

Our investigation begins with Brownian motion in the presence of a drift, where we used
the Skorokhod theorem to derive exact analytical results for the first-passage time PDF. We
compared these analytical results with numerical simulations based on the Brownian diffusion

17
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Figure 9. Survival probability for symmetric a-stable probability law in a semi-infinite
domain with index o= 1.3 (left) and o = 1.8 (right) for different combinations of the
drift parameter p. The symbols represent simulation results based on the Langevin
equation (8), while the lines correspond to numerical results based on the space-
fractional diffusion equation (6). Dashed lines show equation (37) including the pre-
factor, and the black lines represent the universal Sparre Andersen scaling S(7) ~ ¢t~ '/?
for =0, and the asymptotic behaviour as S(r) ~ =% for > 0, which in the finite
interval is eventually cut off by a steep exponential shoulder.

equation. This comparison confirmed the accuracy of our analytical expressions and high-
lighted the agreement between theory and numerical methods.

Next, we explored the case of a Cauchy processes (o = 1) with a drift. We obtained the
asymptotic behaviour of the first-passage time PDF and the survival probability for arbitrary
drift values. Our analytical expressions were compared with numerical results obtained from
the Langevin equation. The exponent of time ¢ in these expressions was found to depend on
the drift parameter, with the asymptotic behaviour varying accordingly.

For a-stable processes where 0 < o < 1, we derived the long-time asymptotic behaviour
of the first-passage time PDF and survival probability for small drift values p. Our findings
revealed that as s varies, the probability density demonstrates different decay rates: accelerated
for 1 > 0 and decelerated for 14 < 0. Interestingly, the role of y primarily affects the prefactor,
while the long-time asymptotic behaviour remains consistent with the case without a drift [43,
73]. This observation was corroborated by our numerical simulations, which showed that the
long-time asymptotic of the first-passage time PDF closely resembles that of the case without
a drift, with only the prefactor affected by .

Finally, for a-stable processes with 1 < ar < 2, our results showed distinct asymptotic beha-
viours depending on the direction and magnitude of the drift ;. Specifically, for negative drift
(1t <0), the long-time behaviour follows a power-law decay of 1=, while for positive drift
(u > 0), the decay is steeper, scaling as t~“~!. In the absence of a drift (1 =0), the decay
reverts to the well-known =3/ form, irrespective of a.. Our study also revealed intriguing
nuances in the tails of the first-passage time PDF, particularly for 1 < o < 1.5. For a negat-
ive drift (i < 0), the tails exhibited a less steep decay compared to the drift-free case, a phe-
nomenon that can be explained by the PDF of jump lengths governed by .. As «v increases, the
likelihood of longer jumps decreases, affecting the boundary crossing probability over time.

In summary, our investigation underscores the intricate interplay between drift, stable index,
and jump characteristics of Lévy flights. The results provide valuable insights into the long-
time behaviour of first-passage time PDFs within semi-infinite domains, enriching our under-
standing of anomalous diffusion processes in complex systems. For a comprehensive overview
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Table 1. First-passage time PDF for symmetric Lévy flights with different stable indices
« in the presence of a constant drift .

a m Exact PDF/Long-time asymptotic Prefactor equation
: d _ (d—p)? )

2 Arbitrary Tk e (—452) an .97
1 Arbitrary o ~3/2—7 " arctan(u/K) (19), (=0 1[43, 73])
0,1 Arbitrary ~ 32 (26), (b ="01[43, 73])
1,2 u<0 ~ @31

w>0 ~ ! (34)

uw=0 ~ 32 (67, 68] [43, 73]

of the asymptotic behaviours across different stable indices and drift parameters, see table 1.
Future investigations could explore the first-passage time statistics of asymmetric Lévy flights
with a drift to determine how an asymmetry influences the short and long-time behaviours of
the first-passage time PDF and the survival probability. This would enhance our understanding
of how these processes behave within semi-infinite and finite domains. Finally, it would also
be of interest to study the related distributions of extreme first-passage times [103, 104].
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Appendix A. A numerical scheme for fractional advection—diffusion equation

We here detail a specific implementation of the numerical approach based on the space-
fractional Fokker—Planck equation in order to investigate the first-passage statistic of Lévy
flights with a drift.

Among sparse numerical methods which are essentially different in the way of discret-
isation of normal and fractional derivatives, we mention, naming a few, the finite-difference
scheme [105, 106], finite-element methods [107-109], and the spectral approach [110, 111].
Often it is more convenient to work with the finite-difference scheme to solve the space-
fractional Fokker—Planck equation introduced in section 3. In this paper we implement the
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modified trapezoidal rule algorithm [112, 113] to numerical integration of the fractional deriv-
atives in Caputo form. For the first-order time derivative the first-order forward scheme has
been used,

9, g Ff
5;(3%;/) =0_f] ~ Ar (A.1)

where f,-j =flxi,1), x; =iAx—L with step sizes in position Ax= (d+L)/I and i=
0,1,2,...,I, xo=—L, x;=d. Similarly, t;=jAt with time step Ar=t/J and j=
0,1,2,...,J—1,1 =0, t; = t. Absorbing boundary conditions to investigate the first-passage
statistics imply fj = f{ = 0 for all j. For the positive values of the drift parameter (1 = i)
and the left side space-fractional operator, the first-order space derivative of a function f{x, )
is discretised by the second-order backward scheme, and similarly, for negative values of drift
parameter (1 = p—) as well as the right side space-fractional operator, the first order space
derivative of a function f(x,) is discretised by the second-order forward scheme, namely

0 2 i3}€ii:‘:4ic¢1:tiépz
af(.xl‘,tj) = 6ﬂ: P~ ZAx . (A2)

Moreover, for the second-order space-fractional derivatives we make use of the second-order
central scheme according to

0 24 . T /+2 + 16 /+2 - 3Ofij + 16f;'j71 7f;'j72
! (i) = 0cfi NG '

For the right hand side of equation (6) first we write it in the Caputo form for the space-
fractional derivatives, namely

1 fel el
0« _ _W(*OOD)C +:DS)f(x), a1
a|x|af<x)_{ —%H{f(X)}, a=1 )

(A.3)

(A.4)

where _ D¢ and DS, denote the left and right side space-fractional derivatives in the Caputo
form, respectively (n — 1 < a < n) [114]

X n) u

—eoD{f(x) = F(nl— ) Lm (x i(u)i—)”‘*‘l du, (A3)
e Ay

Doeflx) = F((n Ua) /x (u i(x)gl_)’”rl - (A0

Moreover, H in equation (A.4) denotes the Hilbert transform

H{f(x)} = % /Lio %““’ (A7)

where the integral is to be taken as the principal value. By recalling the method introduced
in [112] (theorem 3) we derive an algorithm to approximate the two-sided Caputo fractional
derivatives of order n — 1 < o < n. Concretely we apply the product trapezoidal quadrature
formula [113], namely

/x" S (¢ 1)

= Z/ 1 ( S0 () 4 C;xkk_llf(”) (xk,tj)) d, (A9

k=17 Xk—1 (xi_C)a_n-H Xk — Xk—1 Xp — Xp—

d¢
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for the left-side space-fractional operator, and

d f(n) ot
/x. (C()J)H d¢ (A.9)
=1 g 1 X1 — G n) ¢ —x n)
h ;/M (C—x)* ! <Xk+1 *xkf( Heolj) + Xet 1 7xkf< (Xet 1,4 )dQ

for the right-side space-fractional operator with the error estimate O(Ax?) [115]. Using the
relations

b b_y
—d A.10
/ o (A0

= (= = (=D [ -] EG—a)).
and
/ab[i(xy__;;]l—vdy (A.11)
:ﬁ([i(x A" = (- a)] =y [E (@ = b)) [ (x=B)]).

where the + sign is taken for x > b > a and the — sign for x < a < b, equations (A.8) and (A.9)
after simplification read

Xi AXY i

—L (X — C)a Hl

and

¢ ﬂn) (Cvt) Ax’y ! "
/ <<—x>‘“J"+‘ = (v+1>;A"”“f o) +0 (M) (A13)

respectively, in which y =n — « and

(m—1)"" — (m—y—1)m", k=0,1
Mem=13 (m+ )" 2wt f (m—1)"" ) O<k<Lk#i . (Al4)
1, k=i

For the special case o = 1, we approximate the derivative in space according to the method by
[116], namely

+0 (sz) ,

%H{f(xut] [Z/\z k( - 1)+Z/\k l( fjk-i-l)

(A.15)
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where A\, =2/(2m+ 1). With the use of equations (A.4), (A.1) and (A.2) we can write
Equation (6) on a discrete space-time grid as

Ko

() 20 _
Ofi+ a0y = 2cos(ma/2)

[0+ Dgr] (A.16)

By substitution of equations (A.1)-(A.3), (A.12) and (A.13) into equation (6) we obtain

; . K, AX"™¢ d ;
1 J 2 Jo_— [&] Mo 52 J
O-fi+ na0if, 2cos(ma/2Q)T(24+n—a) Lzz:o ki=k0+ /i
1
1)”2&,(_,452_/0,04 : (A.17)
k=i
By defining
Ko At
Q=— 2 , 0<a<?2 1
2cos (ma/2)T (2 +n—a) Axe asas
_K.Ar
T onAx
pr At
= A.18
e = SA (A.18)

for the case n =1 we obtain

f;'j-H —fi=-n+ (i3fi] T4 1:Fl + zjqzz) +5

Z Aki—k (3ﬂ - 4f/{71 +f/'<j72)
k=0

=3 i (<3 + AL —f,{+2)] . (A.19)
After changing f; — 6f/ "' + (1 —6)f/, 0 < 6 < 1, on the right hand side,

740

; Q
ne (3 F 4 2155 - 5 <2Ak, G =4 )
k=0

1
3 (3 4 féié))

| S

=fi— (1= 0) | (£3 T4 15 — (Zxk, Ol =41 1)

k=0

1
) N3 + 41, —fz;z)ﬂ : (A.20)

k=i

Following the similar procedure for the cases 1 < a < 2 and o =1 we obtain

(140 (nVE+QA) ] #77 = [I- (1-6) (ne VE +QA)]F, (A21)
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in which the identity matrix I and the coefficient matrices V¥ and A have dimension (I+1) %
(I+1)andj =0,1,2,...,J — 1. The initial condition f(x,0) = d(x) implemented by
1 .
0 _ Ax? 1= L/A.X
s { O,X otherwise (A-22)

Finally, the time evolution of the PDF is obtained by setting f({ = f/ = Ofor allj as the absorbing
boundary conditions.

The matrix V+ = —V~" has the form
Vi =3, 1<m<I+]

Viiim=—4 1<m<I (A.23)
Fam =1, 1<m<I—1,

and the matrix A can be written as A = R + R”, which for the three cases 0 < a < 1, 1 < a <
2, and =1 is defined by
Al0<a<1

Rm,m:_%/\m,m I1<m<I+1
Rerl,m = _%Am,l +2)\m+1,07 I1<m<I (A24)
Rm-l—n,m = *%)\m,n +2>\m+l,n—l - %)\m+2,n—23 2 <n< I 1 sm<I+ 1 —n.

A2l<a<?2
Rm,m = ﬁ)\mfl,Z - %)\m,l + %Am+l,0a 1 < m < I+ 1

1 4

Rm,erl = ﬁ)\m,l - §)\m+1,07 I1<m<I
1

Rm,m+2 - ﬁ)\m+1,0, 1 < m < I—1

A.25
Rm+l,m:1*12)\m713_43‘Am2+ Aerl 1= Am+2,0; 1 gmg[ ( )
Rm+n,m - 112 >\m l,n+2 — 4>\m n+1 +3 )\m+l n %)\m+2,n—l + %)\m—i-?),n—%
2<n<l, 1< m<1+1—n
A3a=1,5=0
Rm)mz/\()7 lgmgl—i—l
Rustnm=X— -1, 1<n<, 1<m<I+1—n. (A.26)
Appendix B. First-passage time PDF for Brownian motion with a drift
By substitution equation (10) into (5) we get
9 ngs k) = (1—e) 2 B S — Y, B.1
n — el t. .
8)\ 6]4,- / / \/47TK2 ( )
Taking the integral over x produces
0 1 [ t
—1 \Nk) == “Merfe( —py [ — |dr
gy na+ (A k) 2/0 e er0< “‘/41(2)
1 o0 2 . /|t
— 5/(; e—)xl—k K2t+lkll«terfc <—1k /Kzt— U 41{2)(:”
L p+ VAN 2Kpik+ pt 4K + p? B.2)
2| MWAKA+ 12 (Kok® —ikpu+ N) /AKN + 12 '
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By taking the indefinite integral over A we obtain

4K\ + % — p _ A

VANt 12 — - 2Ktk A —ik

where A = (\/4K)A+ p? — ) /2K,. After an inverse Fourier transform according to
equation (4) we arrive at (x > 0)

q+ (\K) (B.3)

d 1 S
e O = o [ e, (k) dk= Aexp(-Av). (B4)

— 00

Using the boundary condition (p4 (\,x) = 0 at x < 0) we get
P+ (A\x) = A/ exp (—Ax)dx =1—exp(—Ax), (B.5)
0

and thus with the help of equation (3),

1
p(A) =exp(—Ad) =exp (_21<2 (\/u2+4K2A—u) d). (B.6)

Finally, by making an inverse Laplace transform we get the desired result (11).

Appendix C. First-passage time PDF for the Cauchy process with a drift

Substitution of the PDF of the Cauchy process (18) into equation (5) yields

8 /OO —\ /OO ikx ﬂ-_]Klt
—Ing, A\ k)= [ eV 1—¢ dxdr, (C.1)
ox "+ (LK) 0 0 ( )(Klt)er(xfut)z

and after changing of the variable y = (x — u#)/K;t, we obtain

b oo 1 [ee] 1 eik,u,t oo eikK]ty
g, Mk = [ e —/ 4 ——/ ¢ 4
ER qu( ) /() [W e 1+y2 Y T e 1+y2 y

1 /oo ﬁ /°° [efxzfe—(AfikufikKW} drdy. (C2)
T J /K ¥ Jo

dr

Then taking the integral over ¢, gives

0 I B 1
2 =— - - . :
g na+ (VK w/_#/K] 142 {)\ A—ikp—ikK1y] @ €3

From here taking the indefinite integral over A leads to
1 [ 1 A
1 ANk)=— 1 d
nas A0 & /u/Kl 142 " (A—iku—ikK1y> g

1 [ 1 A
=— In , du, (C4)
7T/0 1—‘,—(1,{—”/[(1)2 ()\—lell,t)
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where in the last equality we use u = y + u/K;. By taking the limit A — 0 we arrive at

00 _: o
s L [T LT e
o 1+@—pk) T 14— p/K)

Then using the integrals

o 1 Ina —Inb
dx= , C.6
/o (x+a)(x+b) a—b (€6
o 1 Ina)® — (Inb)*
/ nx dr— (Ina)” — (Inb) 7 .7
o (x+a)(x+b) 2(a—b)
and the relations
i x—i T
arccot (x) = Eln (x—i—l) , arccot(x) + arctan (x) = 5 (C.8)
we obtain
1 1 1 A
Ingy (M k) = <2 + ;arctan <K1>> In (—ikKl >
1 2(. M 2f . M
S PO (PR U e (i g | :
47ri{n <1 K1> n ( i X, (C9)
Thus
1 1 I
A §+;arclan(K—])
k) =~

1 of . M of .M
—— |1 —— | —-In"|—-i—— A—0. C.10
xexp( 4m[n (1 K1> n ( i X, , — ( )
The argument of the exponential function can be simplified as follows,
> (i— ) —m?(—i- £
K, K
—n(i-2) (=i )| (i L) rm(—i- &
K K, Ky K,
IR 2 2
K H . —H K
—ln<£{+i>ln(1+[(%> —21arccot<Kl>ln<l—|—K%>. (C.11)

Therefore equation (C.10) reads

. A—0. (C.12)

1 I
TikK, iz

1y 1 . I _ L —K
A atT arctan(,(—]) N2 I arccot( ) )
0 00~ (=) (1+4%)

Going back to equation (4) by inverse Fourier transform we find (x > 0)
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d 2 *p’/21 o A o’
dxp+()\,x)z<l+u) — e_lkx< ) dk

K? 27 J_ o —ikK,
2\ —P'/2 P p'—1
7 A ) xP
=(1+% = , (C.13)
&) &)
where
o= i Lrean (2£) ) 0<,p' <1 (C.14)
D) p Kl ) X X L .

With the boundary condition p (A, x = 0) = 0 we arrive at

(A x) ~ (sin (mp))"” Ay (C.15)
P+ (A x) = (sin(mp X, N(EYDh )
Following equation (3),
: / P/
p(A)NI—MAP, (C.16)

KV'T(1+p")

and with the relation (2) between the first-passage time and survival probability in Laplace
domain, we find

(dsin (mp"))”

KT (1+p")

Then, applying the inverse Laplace transform we get

dsi nye' ,

S(1) ~ — st () . (C.18)
KT (1+p)T(1-p")

From here by taking the first order time derivative (see equation (1)), we arrive at the cor-
responding result for the long-time asymptote of the first-passage time PDF (19) of Cauchy
processes in the presence of a constant drift p.

S(A) ~ APl (C.17)

Appendix D. First-passage time PDF for a-stable processes with a drift and
I<ax<l

We start from equation (4). With the help of the self-similar property

1 x— ut
Pa 1) = Pa 71 s D.1
(x,1) (Kat)l/a <(Kat)1/a ) (D.1

and the change of variable y = (x — uf) (Kat)_l/ “ we get

e—)\z

oo [ee]
Ing. (\ k) = / / [eik(’(aﬂ'/ bkt _ 1} P, (v,1)dydr. (D.2)
0 —ut(Kat) =V

t

By splitting the inner integrals into two parts, we obtain

Ing (A K) =AAK) + BO\K), (D3)
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where

A()\,k):/ooo

00 a—At 0 . o .
BOK) = / ¢ / {e‘k(K“’)]/ >’+IW—1} Po(y,1)dydr. (D.5)
0 pt(Kot) =/«

Taking the A-derivative of A(\, k) leads to

—At oo P
/ |:elk(Kal)l/ y-Hikpr _ 1} P, (y,1)dydt, (D4
0

and

7A A k / / k(Kat) ]/"v+1k,ut:| «@ (yvl)dydt
/ / 1)dydr
_ / o= Ak / ek Kad) /"y p (4 1) dydr. (D.6)
0 0

The first term on the right-hand side of equation (D.6) simply is 1/2), and for the second term
we employ theorem 2.6.2 from [90], which says that the one-sided Laplace transform with
respect to y of an a-stable law P, (y, 1) has the form

Pt - [ C ey (1) dy = 1 / TepC @), ©.7)

m 1+y?

Therefore, in the second term on the right-hand side of (D.6) we use equation (D.7) with
s — —ik(Kat)"/® and get

gA()\,k):ifl/ ef)\tJrikm/ exp (— (—iky) Kat)dydt
0 0

O 22 7w 1+y?
11 [ (A —ikp+ Ko (—iky)™) ™!
11 D.
22 W/O 1+ @, ®8)

where in the last equality we changed the order of integration and took the integrals over ¢. In
the next step, we take the infinite integral over A,

1 [ In[A — ikp + Ko (—iky)®
ANK) = 71 /\—;/0 [ M1+y2( ) 14y, (D.9)

and then using

o0
/ R ) (D.10)
0

we get

A—ikp
1 A 1 °°1n(1+ﬁ)
A()\,k):zana—/o £ U1/ dy. D.11)
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In the limit A — 0 and for small values of 1, we can write

cnl—a
ANk ~-In——5 — — dy. D.12
AR~ I e e 7r/0 1+ - 12
Using the relation
I S G0l _
In(1+x)= E , < x# -1, (D.13)

n
n=1

and taking the integral over y, we find

1 A ] & (-1)" v\, ne
AN~ -n—" 4 S (R oy
Ao~ 510 = +2;m~,os(mm/2) <Ka> (k)
1 A 1% sz l—a
~ -1 - —ik)' . D.14
2N R T Kacos(ray2) K ©.19

Now we go back to equation (D.5) and calculate B(\,k). Due to the symmetry of the PDF
Po(y,1) =Py (—y,1), we write B(\, k) as

00 q—Aitikut  put(Kan)TVe .
B()\,k):/ 67/ e ik(Ka)/*yp (y,1)dydt
0
—1/a

t 0
00 o= At ut(Kot)
- / ; / Py (y,1)dydr. (D.15)
0 0

By looking at the upper limit of the inner integrals in equation (D.15) we notice that with
0<a<l, ut(Kot)~"/* — 0 as t — oco. Therefore, we employ theorem 2.5.1 from [90] for
the asymptotic representation of an a-stable law with 0 < o < 1, namely

Pa(y,l)w%I‘(l—&-l/a), y—0. (D.16)

Substitution of equation (D.16) into equation (D.15) and taking the integral first over y, we
have

F(1+1/a) [ e , _
B(Ak) ~ —(ilmK‘/ /a) /O e (1 e Fikp) dr. (D.17)
When A\ — 0 we get
(/K)o ifi/a
B\ k)~ L0 (—ik . D.18
(Ak) Sin(w/a)( ik) (D.18)

Thus, B(\, k) is of the order of 11!/ and, in comparison with Equation (D.14), can be neglected.
Therefore, substitution of equation (D.14) into equation (D.3) produces

N A J yl—a
g+ (N k) ~ \ Ko (=)™ P [_ 2K, cos (1c/2) (=ib)’ }

~ A — K EETAYL
TV Ko (iR (1 2Ky cos(majz) N ) (D.19)
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By applying the inverse Fourier transform we find (x > 0)

d 1o
amuw~ﬂj’e“%0@%

1A T
=a\Vx. </Ooe (—ik) dk
H > —ikx [ :7\1-3a/2
—_—— —ik dk
2K, cos(ma/2) /_ooe (=ik) >

A (x e [ —2+3a/2
— \/;a ( I'(a/2) B 2K, cos(ma/2) T (—1 +3a/2)) , (D.20)

and with the boundary condition p (A,x =0) =0,

\ \/T xa/2 I x71+3a/2
P+ ()~ = (F(1+a/2) 3K, cos (nar)2) r<3a/z>)' ©21)

Therefore with p(A\) =1—p1(\,d),

Y 4e/? U d—1+3a/2
PA) ~ 11—/ — - , (D.22)
Ko \T'(14+a/2) 2K,cos(ra/2) T'(3a/2)
which due to p(A) =1 — AS(A) results in
de 1 1 d71+oz Lip
~al = — . D.2
S K, (I‘(l+a/2) 2Kacos(7ra/2)1"(3a/2)))\ (D.23)

Then applying the inverse Laplace transform

& 1 p dte N
SO~ 7k, (F(l—!—a/Z)_2Kac0s(7roz/2)F(3a/2)>t - D2

From here, the long-time asymptotic of the first-passage time PDF for the case 0 < o < 1 has
the form

-3/ o al' («a (]
o (1) (32 d (1 T'(«/2)Pe, ) (D.25)

D~ @2V 7k, U ™ 2c0s (ra/2)T (3a/2)

Appendix E. First-passage time PDF for a-stable processes with a drift and
I<a<2

Similar to the last section, starting with equation (4) and using the self-similar property (D.1)
along with the change of variable y = (x — ut) (Kat)_l/ “, we get

ing. (\h) = |
0

ef)\t

t

/ [eik(Kat)l/aijik#t _ 1:| P, (y, 1) dyd[ (E.1)
_

(Kan)'/

In the next step, we distinguish between the positive and negative drift parameters.
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E1 u<o0

First, we consider the case i < 0. It follows that when  — oo, the lower limit of the inner integ-

ral | u|t(Kat)_l/ “ — oo for 1 < ar < 2. Then it is reasonable to use the asymptotic expansion
of an a-stable probability law P, (y, 1), namely,

1
Py (y,1) ~ ;I‘(l + a)sin(ra/2)y" !y — oo (E.2)

Substitution of equation (E.2) into equation (E.1) yields

1 . O A (Ko t)/ *y—ik| ult dydr
F(l—l—oz)s1n(7ra/2)/0 / " (e —1) Jar

T t

111q+ (Avk) ~

(Kan)! /e

(E3)

and changing the variable u = yr~'+!/® produces

o0 KK ut—i dudr
/m\ (eleu t lklul[_l) yotl. (E4)

1 o e—)\t
Ingy (M k) = ;1"(1 + «)sin (7ra/2)/0 -

Now we change the order of integral and first take the integral over ¢ and then over u,

| <1 o KK i drd
lanr ()\,k) ~ 711(1 + a) Sin (71'0[/2)/ 71/ (e—)\t-'rlk[(‘lg/ ut—1k|ﬂ‘l _ e—)xl) J
™ L uetl Jo e
1 . > 1 : rl/o ol a—1
— —TI(1+a)T(1—a)sin(ra/2) [ —— ()\+1k|u|—1kKa u) e du
T e e
Ko

Ko /|p|® (/\a — (—iklp))™ )\al) (E.5)

~ " 2[cos(ar/2)] X+ ik| |

where in the last equality we used the relation I'(1 — z)I'(z) sin(7 z) = . Therefore, in the limit
of A — 0, we get

g+ (k) ~ exp [—ﬂ“{{s‘*(gi‘/z)' ((—ik)“l - ﬁ)] . (E.6)

Then the inverse Fourier transform of the above equation renders

d 1 oo
Sre O =0 [ ey i

[ Kaflel ol L[ [ Kaltn(en/2) /el
Ne"p[2|cos<om/2>|A I}E[wexp[ M s (@ ymy2) T }‘”‘

o [ Ka/lil® a2l \F  2upett N\ aE
~eXP[ZICOS(cwr/Z)IA } (Ka|tan(a7r/2)|) Pa—i <(Ka|tan(m/2)|) ,1>,
(E.7)

where P, 1(z,1) is a one-sided «a-stable probability law with the stable index 0 < v < 1.
Applying the boundary condition p (A,x < 0) =0,

N Aut N Ko/I1l" 1oy
p+(/\’x)NLa1’1<<Ka|tan(a7r/2)| e Sssan N ) E3)
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where

:1—;Z(—l)n_lm“n("m)x‘”, a<l. (B9

n=1

Thus, for the Laplace transform of the first-passage time PDF p(\) =1 —p, (A, d) we have

duld>=t 7 Ko/lul*  yom
p<A>~1—LM<(Ka|m<m/z>|> 7l>e"p(2lcos<mr/2>|A )

o—1 ﬁ
Ly [ (A T
’ K, |tan(am/2) ]

2pfdet Ko/|W™ ooy
—L,_ 1 @ — 0. E.1
> l’l<(Ka|tan(a7r/2)| ’ 2\cos(om/2)|A y A20 (10

By applying the inverse Laplace transform we finally arrive at the long-time asymptotic (31)
of the first-passage time PDF for symmetric a-stable process with 1 < a < 2 and p < 0.

E2 u>0

In this case, it is convenient to use the relation

Crma= [ rwa- [ Crme= [T ma- [T E11)

to get from equation (4)

ut
(Kan)/ e

o0 ei)\t : [eY : o . 1/
lnq+ (/\,k) _ / . e1k;¢t71KD(|k| _ elk/_Lt e*lk(K&l) 'VPa (y7 1) dy
0

oo

+ P (y,1)dy— 1] dr. (E.12)

et
(Kan)t/ e

Here we use the symmetric property P, (y,1) = P, (—y, 1) and the characteristic function of
symmetric a-stable probability laws,

o0
/ e Ka p_(y 1) dy = e~ Kelkl" (E.13)

—0o0

Next, by recalling equations (E.2) we write

0 o= . o 1
lnq+()\,k)%/ eT[e"‘“’—’Kaik‘ —1} d— T (1 +a)sin(a7/2)
0

o0 L —\ oo
x / e / (e*i’*’%’)”aﬁikﬂul) L (E.14)
0 t ut ya+l

(Kanl/e
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and changing the variable u = yr~'+t1/< to arrive at

oo 7At H «@ 1
lnq+()\,k)%/0 %[elkw*f’%‘k' —1} dr— —T(1+a)sin(ar/2)

00 A1 [ (o0 e d
y / e [ / (e_lkuxgx r+1kut_1> I_T_l]dt. (E.15)
0 t MKEI/OL u®

Changing the order of integration,

00 e—>\t+ikuz—Ka|k|“t —e N 1
Ing4 ()\,k)z/ ; dt — —I'(1 4+ «a)sin(an/2)
0 ™
0o 1 oo ef)\tfikuKL/ Crikpr o=
X / : / drdu
,LLK;I/Q uot 0 ~

A 1

=

A—ikp+ Ko lkle 7w

XKa[A — (iku) Aal].
ue A —ikp

I'(a)T (1 —a)sin(ar/2) (E.16)

Thus, in the limit A — 0 we get

4+ (LK) Ko/ )|<(ik)a_1—>\al>), A—0. (E17)

T T xp (2|cos (am/2 po!

Therefore, dp. (A, x)/dx follows by inverse Fourier transform of the above equation,

d 1>~
P (/\,X)ZZW/_OOC “qy (Ak) dk
~dexp - KA 7/ oite TP \Tuleoslan20) 4 e
2u®|cos(am/2)| ) 27 J_ —ikp 4 Ko k|
and with the boundary condition p (A, x < 0) = 0 we get
. Ka(. )a—]
K ! 1 °°l—e—"‘xeXP(zu|cos(a7r/2)|)
AX) A _ | — dk. (E.19
P+ (A) exP( 2,u°‘|cos(oz77/2)|)27r/_oo K ikt Kok o B9

Thus, for the Laplace transform of the first-passage time PDF p(\) =1 —p, (A, d) we have

Ka\!
S T K
2[La|COS (0177/2) |)f(a7:u’7 Ot7d)
Kof (o, 1, Ko, d)
2u| cos (am/2) |

pA)~1 —/\exp<
~ 1 —for, pt, Koy d) A+ A%, A =0, (E.20)

where f{«, i, Ky, d) is defined as

) Ko (ik)> "
1 o ] — e~k €Xp (2u|cos(a7r/2)\>
K,,d)=— k E.21
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To make sure that f{«, i1, Ky, d) is a real-valued function, we consider the integrand

| — e—ikd eXp (42 ’\(Q(if)a;;)|)
Fk) = — pcosam E.22
K = ST K~ E22)

and check that the complex conjugate F(—k) = F(k). Thus the imaginary parts cancel and the
function f{«, i1, K, d) is indeed a real-valued function,

flavsiKond) =+ [ RelF (0] ak. (E23)

Finally, by applying the inverse Laplace transform we arrive at the desired result (34).
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