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Abstract. 'Weprovide the first-passage statistics of Lévy flights in a one-dimensional
semi-infinite domaing€onsidering the effects of a constant drift u while the jump length
distribution s symmetric. By solving the space-fractional Fokker-Planck equation
governing the evolution of the probability density function, we derive expressions for
both the survival probability and the first-passage time for given values of the stability
index 'a and/drift parameter p. Our findings are further validated by comparing
them with simulations from the stochastic Langevin equation driven by a-stable noise.
Additionally, we make use of the Skorokhod theorem for processes with stationary
independent increments and show that our numerical results are in good agreement
with the analytical expressions for the probability density function of first-passage
times and survival probabilities. Specifically, in the asymptotic long-time limit, we
show that for « = 2 (Brownian motion), the first-passage time distribution follows
the classical Lévy-Smirnov form and decays exponentially, irrespective of the drift
direction. The survival probability exhibits a distinct asymptotic behaviour: for
positive drift, it decreases exponentially, while for negative drift, it saturates to a finite
value, indicating a nonzero probability for the particle to escape to —oo. For a = 1
(Cauchy process), the survival probability and the first-passage time density exhibit a
power-law decay, with u-dependent exponents. For 0 < «a < 1, we find that the long-
time asymptotic remains consistent with the drift-free case, but with a u-dependent
prefactor. Finally, for a-stable processes with 1 < o < 2, the first-passage time density
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follows a power-law decay, whose exponent depends on both a and the drift direction;
concurrently, the survival probability decays in power-law form for positivedrift, while
in the case of negative drift, it saturates to a finite value.

1. Introduction

The first-passage problem as a fundamental aspect of stochastic precesses arises in many
physical and biological systems, and beyond [1-13|. A typical first-passage problem is to
measure the probability density function (PDF) p(t) [14], that a random process exceeds
a given threshold value for the first time or escapes from a spatial®domain through a
prescribed boundary. The first-passage theory is an impottant framework to characterise
the stochastic motion in a bounded domain including,thesfiow of tracer particles
through a porous medium by the advection-diffusion equation,[15|, diffusion-controlled
reactions [16-20], non-Markovian processes [21,22]kinetics of polymer reactions [23-26],
random search processes [27-31], escape from potentialvwells [32-34|, spreading of
diseases [35]|, nonequilibrium systems [4], renewal and nonrenewal systems [36] and
polymer translocation [37,38|, among many ethers.

In the field of a stochastic process, thereis anether statistic known as first-hitting or
first-arrival time, which also quantifies:the efficiency of the spatial exploration and search
properties of the process. The first-hitting time c¢orresponds to the event when a specific
point-like or finite size target is,visited for the first time [39-42]. Once the random walker
crosses the target, the statistic ofithe distance beyond the target ("leapovers") is also
of interest [43-46].

Lévy flights are Markovian\random walk processes in which the distribution of jump
lengths are drawn from am a-stable long-tailed distribution with power-law asymptote
[47-49]. The broad distribution of occasional, extremely long jumps effects the
diverging variance of the proeess |50,51|. Lévy flights with their features, independent
stationarity increments or,sélf-similarity, have accordingly turned out to apply to
the statistical description, of scale-invariant phenomena in diverse complex dynamic
processes [47,52=54).. To name a few, we mention human movement distributions [55-57],
animal foraging patterns 58|, diffusive transport of light [59], tracer motion in living
cells [60-63]; heat transport in magnetised plasmas [64,65] and Lévy statistics in stock
market price fluetuations [66-68].

In the literature, there are several results regarding the first-passage time statistics
for Liévy flights in discrete and continuous-time in semi-infinite intervals [43, 44, 69-76].
Adding a constant drift even in the simplest random walk problem such as the Brownian
motionygive rise to new features. In the case of Brownian motion the first-passage time
PDF ©(t), in the presence of a constant drift, asymptotically decays exponentially in
time [2]. It is worth noting that Brownian motion with a drift applies to describe the
effect of linear trends in the statistics of records [77,78] whose relation to the first-passage
theory is well known [2,4| and has specific applications to finance [79-81].
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Another relevant example are diffusion processes with heavy-tailed jump length
distribution in the presence of a constant drift, in which the theoretical aspeets of the
first-passage statistics become more challenging. In this case, extensions were made-to
the extreme values statistics of stochastic processes with a constant driftefor symmetrie
Lévy flights by means of record-breaking statistics [77,80,82]. The statistics of records
of a one-dimensional discrete random walk in the presence of a_constant, bias was
studied [77], and the effect of a linear drift on the record statistics of a Gaus§ian random
walk was considered [80]. Moreover, in [82] the asymptotic of the'expected maximum of
discrete Lévy flights with a drift on a line was investigated. We alse note that, with the
help of record statistics, the "time since maximum" or "drawdown time" of the general
class of Lévy processes (processes with stationary, independent increments) with drift
were studied [83]. We finally mention the classical results tegarding a-stable processes
with a drift. A limit distribution for the first-passage time of random walks with a
drift which were shown to belong to the domain of @ttraction of a-stable laws [84], and
explicit information about the potential kernel and hitting times of a-stable processes
with a drift was obtained [85], as well as an asymptotic e§pansion of the hitting times
of a-stable process in d-dimension with adrift derived|86].

Following the results in [75], we herenprovide the first-passage statistics for
symmetric Lévy flights with a drift in a semi-infinite interval. By employing the
Skorokhod theorem [87,88|, which provides;an analytical expression for the first-passage
time PDF of random processes with stationary independent increments (Lévy processes)
in a semi-infinite interval, wé demonstrate analytic results in certain special cases of
the a-stable probability laws. Jdurthermore, with two numerical approaches based on
the space-fractional Fokker-Planck equation and the Langevin equation, the survival
probability and the first-passage time PDF for different values of the stability index «
and the drift parameter g is gbtained.

The paper is organised as follows. In section 2, we introduce the Skorokhod theorem
in a semi-infinite interval and explore its relationship with the first-passage time and
survival probability. Moving on to section 3, we define the space-fractional Fokker-
Planck equatiomybased on the characteristic function of an a-stable random process
under the influénce of a.drift. In this section, we also provide the corresponding Langevin
equation for/Lévy flights with a drift. The subsequent sections 4 through 8 are dedicated
to presenting numerical results for the survival probability and the first-passage time
PDF for symmetric a-stable distributions. These numerical findings are compared with
the analytical results derived using the Skorokhod theorem. Finally, in section 9, we
conclude the paper by summarising our key findings and their broader implications.
Theappendices contain detailed descriptions of our numerical models for the fractional
advection-diffusion equation, as well as the derivations of the first-passage time and
survival probability.
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Figure 1. Schematic of our setup. We consider a semi-infinite interval |(—oo, d]. The
initial condition is represented by a J-distribution locatedfat x(0)=:0:

2. First-passage statistics and the Skorokhod theorem

The first-passage time PDF p(¢) is defined as the negative time.derivative of the survival
probability S(t) (sometimes called the persistence probability) [2, 3],

dS(t)
t)=——= 1
o(t) = 2, ) (1)
which refers to the probability that up to.time ¢ the stochastic process stays within the
domain. In the Laplace domain with initial eendition’S(0) = 1 the relation between the

survival probability and the first-passage time reads
p(A) =1 =AS(A). (2)

From an analytical point of view, the Skorokhod theorem provides a general formula
for the first-passage time PDF imthe Laplace domain for a broad class of Lévy processes
[87,88]. For the setup showndin figure 1 in which the process starts at x = 0 and is
limited to move in the semi-infinite interval (—oo, d], reads

p(\) = (e ) = 7 e Mp(t)dt =1 —py(Ad), (3)
0
where the auxiliary measure py (), ) is defined via its Fourier transform as

q+()\,k):/ eikIMdI

ox
= exp {/OOO %M /Ooo(e”“ — 1)Pa(x,t)dxdt} . (4)

Here thedfunction 2, (z,t) is the PDF of the process. The boundary condition reads
p+ (A, x) = 0 atdx < 0. For convenience in analytical calculations we write equation (4)
in thefollowing form,

3lnq+()\,k) :/ e_’\t/ (1 —e*)P,(x, t)dzdt. (5)
oA 0 0

In the following section, we define the two numerical methods employed for comparison
with our results derived from the Skorokhod theorem for the first-passage time PDF
and the survival probability.

Page 4 of 39



Page 5 of 39

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysA-122167.R1

First-passage statistics for Lévy flights 5)

3. Numerical tools

3.1. Space-fractional Fokker-Planck equation

A space-fractional Fokker-Planck equation is a deterministic equation for the PDFE
P,(z,t), also known as the Smoluchowski equation or the Kolmogorov forward equation,
given by [14, 89

%Pa(x, £+ M%Pa(x, H= K, %Pa@, ), \ (6)
where the initial condition is P,(z,0) = d(z), and the space-fraetional derivative oper-
ator 9*/0|xz|™ is defined in terms of its Fourier transform, [%3e**[@%/0|z|*|f(z)dz =
—|k|*f(k), and where f(k) = [ €** f(x)dx is the Fourier transform of f(x). In equa-
tion (6), the stability (Lévy) index « is in the rangep< @< 2, the scale parameter
(generalised diffusion coefficient) is positive (K, > 0)and thedrift parameter p account-
ing for the constant drift in the system is any real mumber. By applying the Fourier

transform to the left-hand side of equation (6),4t can be weadily shown that

Pu(k,t) = / ¢ P, (z, )dy— exp(mtKplk|” + ikpt), (7)

which represents the characteristic function, of ‘an a-stable PDF [90,91]. This result
stems from the limiting distributionswef sums of independent, identically distributed
(i.i.d.) random variables [52,92|, as deseribed by the generalised central limit theorem
[48,49,93|. The numerical scheme used toisolve equation (6) is detailed in Appendix
A. For the numerical simulations based on the space-fractional diffusion equation, an
additional absorbing boundary was imposed on the left-hand side of the initial position
of the random walker, placed at a significant distance away to resemble a semi-infinite
interval. Specifically, in gur simulations, each random walker begins at x(0) = 0, with
absorbing boundaries set‘atr = d = 0.5 and x = —2000. In this paper, we utilise the
Skorokhod theorem to explore the first-passage statistics of a-stable probability laws in
the presence of a gonstant drift. The behaviour of these statistics varies depending on
the sign of the drift x andithe value of the stability index o. We begin by deriving o(t)
for Brownian metion with a drift, followed by an analysis of the symmetric Cauchy law
(o = 1). We then examine a-stable processes with 0 < o < 1 and conclude with the
study of a-stable processes where 1 < a < 2, all under the influence of a constant drift.

3.2. Comparison with a-stable distributions

To evaluate the performance of the numerical scheme used to solve the space-
fractional /advection-diffusion equation, we compare the numerical results to the
theoretical predictions for the shapes of a-stable PDFs in the presence of a drift. For
computational purposes, it is advantageous to perform the inverse Fourier transform of
the characteristic function in the M-form, as outlined in [93]. By employing the method
described in [94] and converting the distribution’s parameters from the M-form to the
standard form as discussed in [75], we demonstrate that the numerical results are in
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Figure 2. PDF of a symmetric a-stable probability law with drift for various
parameters pgis examined at ¢ = 1 within a domain of half-length L = 20 and
the initial condition Pg{(x,0) = d(z). In all panels, symbols represent the numerical
solution of the diffusion equation (6), while the lines depict the a-stable distributions
obtained throughthe Fourier inversion of the characteristic function (7). The excellent
agreement betweenthe numerical solutions and the theoretical densities is evident. For
all simulations, the time step is At = 0.001 and the spatial step length is Az = 0.01.

excellent agreement with the theoretical expectations.

The interval is{confined to [—L, L], with the initial condition represented by a Dirac
d-function centred’at the middle of the domain, where L = 20 (2(0) = 0). Absorbing

boundary conditions are applied at the boundaries. The PDF for various combinations
of the stability index « and the drift parameter p at t = 1 is shown in figure 2. Across

alllcases and throughout the entire plotted range, the agreement between the numerical

solutions-and the theoretical densities is excellent.

3.3. Langevin equation

Conversely, the dynamic equation of Lévy flights in the presence of a constant drift is

a stochastic differential equation, known as the overdamped Langevin equation for the

Page 6 of 39
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coordinate z(t) [95,96],

d

Sa(t) = ot KYeC), ®
driven by white Lévy stable noise ((t) characterised by the same a andyy parameters
as the space-fractional Fokker-Planck operator (6) and with unit Seale parameter.
We note that the drift parameter can be written as u=! = ym,d4n whichwmn is the
mass of the particle and « denotes the friction coefficient charactetising the dissipative
interaction with the bath of surrounding particles. The survival probability/S (t) and the
first-passage time PDF can be constructed by the discretised version of the Langevin
equation,

o(t + At) = x(t) + pAt + KV (A1), (9)

To construct an ensemble of N trajectories x(t) with/the imitial'condition xz(0) = 0 and
the boundary at * = d, equation (9) is integratedsup to the time 7 when a particle
crosses the absorbing boundaries for the first timejile., aslong as z(t) < d. The PDF of
first-passage times was estimated from the ensémblé of N first-passage times 7 and the
survival probability was obtained as the gemplementary cumulative distribution of first-
passage times. In the simulation, we used Nh= 10° trajectories constructed with the
Euler-Maruyama method (see equation (9)),withithe integration time-step At = 1073,
Random numbers distributed accordingto.a-stable densities were generated by standard
methods [97-99]. It is important to note that the numerical simulations based on the
diffusion equation for 0 < a ‘.1 are highlyycomputationally intensive. Therefore, we
present only the results obtained frem the Langevin equation for this case. For a = 1,
we employ both approaches: [the diffusion equation at short times and the Langevin
equation at longer times. dmreontrast, for 1 < a < 2, we utilise both the Langevin
equation and the diffusion equatien to provide a comprehensive analysis.

4. Brownian motion with arbitrary drift

4.1. First-passage time

For Brownian motion, the PDF in unbounded space reads

1 (x — pt)?
P - _E A 1
(o)~ — e ( L (10)

and applying the Skorokhod theorem (detailed in Appendix B) leads to the first-passage
time PDF

d (d — ut)?

ol0) = s o (- ). (1)
which is the famous Lévy-Smirnov distribution representing a well-known result of the
theory of Brownian motion with a drift [2]. We mention that by using the intuitive
images method and the Green’s function approach [2] (see equations (3.2.13) and (3.3.5)
there) and the first-arrival theory [100] (see equation (E.7) there) a similar result (with
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a different sign for i, due to a different setup) was obtained. In figure 3, top panels; we
show the result of equation (11) and compare it with the numerical simulation of the
space-fractional Fokker-Planck equation at short and long times. In théelong-time limit
we have

it
o(t) ~ exp (—E> : t — 00. (12)

As expected, and also can be seen from figure 3 (top right), the PDF ‘of the first-
passage time decreases exponentially irrespective of the sign of the drifte“Here and in
the following, the symbol ~ means asymptotic equality, ~ denotes asymptotic equality
up to a prefactor, and ~ means approximately equal. For pesitive values of the drift
parameter, it is very likely that the particle will be absorbed very quickly, while for
negative y it is more likely that the particle will escape.to —=6e. In both cases, the PDF
of the first-passage time should become vanishingly small‘imthe long time limit.

4.2. Survival probability

Integrating equation (1) the survival probability reads

t
S(t) =1 —/ o(t)dt . (13)
0
By substitution of equation (11) into.equation (13) we get

(d—pt')?

¢ d /
Stzl—/—exp(——,)dt. 14
() 0 \ATK,t"? 4Kt 14

Changing the variable according to u? % d?/4Kst’ leads us to

Qehd/2Ks 20

S(t)y=1- exp (—u® — (Md/élKQu)Q) du

VT v
1 ut — d ud pt +d
= —erfc [ ——— | —eX2erfc | —— | | . 15

From here we see that based on the sign of i, the long-time asymptotic of the survival
probability has theform

/ K. —p2t/AK
S(t) ~ Wﬂgte . t/4 27 'u > 0 . (16)
1 — e luld/Kz 0
s M <

Thus, for a positive value of the drift parameter, the random walker is absorbed with
certainty (recurrent process). For a negative value of p, in contrast, the process is
called transient and the random walker drifts toward —oo when ¢ becomes large. A
similar, result using the image method in a different setup (x — —p) was obtained
in [2] (see equation (3.2.16)). In the case p = 0, we obtain S(t) = erf(d/v/4Kst),
which shows that the survival probability is almost constant until the diffusion length
/K>t reaches the initial distance to the absorbing boundary d. When Kyt > d, we
have S(t) ~ d/v/7 Kst, showing the Sparre-Andersen law [101,102]. In figure 3 (bottom

Page 8 of 39
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Figure 3. Top: first-passage time PDF for Brownian motion with a drift in a semi-
infinite domain withsd'= 0:5 at short times on a linear scale (left) and at long times on
a log-log scale (right). Symbolsyrepresent the numerical solution of the space-fractional
diffusion equation.(6),and the lines show the analytical result (11). The black short
line on the right panel indicates a slope of —3/2 corresponding to the asymptotic
behaviour of|the first-passage time PDF for Brownian motion with u = 0. Bottom:
survivabprobability of Brownian motion with a drift in a semi-infinite domain at short
times on a'linear scale (left) and at long times on a log-log scale (right). Symbols
showsthe numerical solution of the space-fractional diffusion equation (6) and the lines
are (the analytical result (15). The black short line on the right panel indicates a
slopeof —1/2 corresponding to the asymptotic behaviour of the survival probability
for Brownian motion with p = 0.

panels) gwe show the result for the survival probability by numerically solving the space-
fractional diffusion equation (6) and compare it with the analytical result (15). As can
be séen, whensjs is positive, the survival probability decreases exponentially. Conversely,
if it is negative (1 < 0), the random walker moves preferentially in the negative
direction,deading to the finite value 1 — exp(—|u|d/K>) for the survival probability
(see equation (16). We also note that the short-time limit of the survival probability is

4Kt d?
~1— — : 1
S(t) 7 exp( 4K2t>’ t—0 (17)

This result is independent of the drift parameter p, indicating that the short-time
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behaviour is dominated solely by the diffusion coefficient K, and the length scale d.

5. Lévy flights with o = 1 and arbitrary drift

For LFs with the stability index, o = 1 the distribution of jumps follews the Cauchy

law

1 Kyt
Pi(x,t) = - ot 1 (i) (18)

In this section with the help of Skorokhod theorem we obtain the long\time asymptotic

behaviour of the first-passage time and the survival probability for Cauchy process with
a drift.

5.1. First-passage time

In the presence of a constant drift u, we obtain the long-time asymptotic of the first-
passage time PDF as follows (see details in Appendix €). 4

/

where this parameter p’ is defined as
11 Iz
plr=g+- arctan (E) (20)
In figure 4 (top left panel), we show the short-time behaviour of the first-passage PDF
for &« = 1 based on the numerical simulation of the space-fractional diffusion equation
(6) and the Langevin equation (8). Meéreover, on the top right panel of figure 4, we
show the long-time asymptotesofithe first-passage PDF on a log-log scale based on
the Langevin dynamics and ¢ompare it with equation (19). As can be seen, these two
approaches agree petfectly in.both panels and the prefactor shows good agreement with
the theory. Note that imithe case p = 0 we get the result in [44, 75|,

ot) ~ %\/Kzlt?’/?. (21)

In the limits © — o0 and u — —oo, by expansion of arctan(u/K;) we have p' ~
1 — Ky /mp anddp’ =~ K /7|, respectively. Thus

dK1t72

ST — o0

t) ~ < T . 22
o(t) {Tﬂ(,ht_lv [ —00 (22)

Fotr ;1 — oo, the first-passage time PDF decays as t~2, with the prefactor scaling as
p~ 2. This reflects the fact that, under a large positive drift, the particle is more likely to
cross the absorbing boundary quickly, leading to a rapid decay of the PDF. In contrast,
for "= —oo, the decay of the PDF follows ¢!, with a prefactor that scales as |u|™.
In this case, the negative drift causes the particle to move away from the absorbing
boundary, which increases the time it takes to cross. The slower decay indicates that
the first-passage event occurs more gradually due to the opposing drift.

Page 10 of 39
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5.2. Survival probability

With the relation between the first-passage time and survival probability,in the Liaplace
domain (see equations (2) and (C.16)) we find that

dsin(rp)))”
S(a) ~ )"\ (23)
KV'T(1+p)
Application of the inverse Laplace transform and using the reflection formula I'(2)I"'(1 —

z)sin(rz) = 7, we find that o

o
S(t) ~ ﬂip’ (Kil) (sin (7rp'))plle =" (24)
In the bottom left panel of figure 4, we present the short-time behaviour of the survival
probability for o« = 1, obtained from numerical simulationsyof the space-fractional
diffusion equation (6) and the Langevin equation (8).. The bottem right panel of figure 4
shows the long-time asymptote of the survival prebability on a log-log scale, comparing
Langevin simulation results with the theoreti¢al expression from equation (24). As
shown, the results from both approaches agree perfectly in both panels, and the prefactor
aligns well with the theory. Again, using the expansion of arctan(u/K;) in the limits
p — oo and pu — —oo, corresponding to p’ &1 —K; /7 and p’ &~ K1 /7|ul|, respectively,
we get the following results for the/survival prebability,

LA jo = 00
St~ ™ : (25)
exp (—%ln [%]) , = —00

For ;1 — oo, the survival prébability 'decays as t~1, with a prefactor scaling as p~2.
This reflects the rapid crossinng the boundary d due to the strong positive drift, which
accelerates the first-passage event. For y — —oo, the survival probability exhibits slower
exponential decay with a‘legarithmic dependence on ¢t. The negative drift opposes the
motion, causing the particle to take longer to cross the threshold, resulting in a slower
first-passage events

6. Lévy flightsswith 0/< o < 1 and arbitrary drift

6.1. First-passage time

For this case, inithe presence of small values of the drift parameter p, we find the long-
time_asymptotic behaviour of the first-passage time PDF as follows (see Appendix D
for' details)y

o " 1-c 26
t) ~ — La),
in which the constant C, defined as
I'(1+«/2)
= P 2
Ca I'(3a/2) cos (mar/2) Ca (27)
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Figure 4. Top left: first-passage time PDF for the Cauchy process with a drift for
different values of the drift parameter p on a linear scale. Lines show the numerical
results based on solving theispace-fractional diffusion equation (6) and symbols are
results obtained from the Langevin equation simulation. Top right: same as in the
left panel on a log—lo}scale. Symbols represent the numerical solution of the Langevin
equation, lines show equation (19) with the prefactor and the black short line shows
the asymptote t°7' 1 _/Bottom left: survival probability for the Cauchy process with
a drift at different values of p on linear scales. Numerical results are shown by lines
based.on,the space-fractional diffusion equation (6), and symbols are from Langevin
simulations. Bottom right: same as the left panel on a log-log scale. Symbols represent
Langevin simulation results, and lines show equation (24) including the prefactor. The
black short Jine indicates the asymptote ¢=#'.

where Pe, denotes'the generalised Péclet number that quantifies the ratio between

advective and diffusive transport rates with [41]
pd®!

T 2K,

In thelimit where p tends to zero, we refer to the findings in [44,75|. The left panel of

Pe,,

(28)

figure 5 illustrates the long-time behaviour of the first-passage time PDF governed by
the a-stable distribution with stable index o = 0.5, under the influence of . Conversely,
the right panel of figure 5 showcases the long-time behaviour of the first-passage time
PDF for symmetric a-stable distributions with various stable indices o and p = —1.
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Notably, as p varies, the PDF demonstrates disparate decay rates: accelerated for 1 >0
and decelerated for p < 0. Consequently, the role of x4 primarily manifests intadjusting
the prefactor, whereas the long time asymptotic behaviour of the first-passage time
PDF remains consistent with the processes in absence of drift [44,75|. The eoefficient
C, corresponding to o = 0.5 assumes values of Cy5 = —0.74,0,0.74 fotyu = —1,0; and
1, respectively. For u = —1, C, varies as C, = —0.43, —0.74, — 18 for ax= 0.3,0.5,
and 0.8, respectively. It is important to note that equation (26) is derived under the
assumption of a small drift parameter pu. Therefore, the prefactor iswalid only in the

~ t_3h

regime where |C,| < 1. However, the long-time asymptote (%) 1s universal for

0 < a < 1 and holds for arbitrary u (see figure 5).

6.2. Survival probability

Similarly, we find the long-time behaviour of the survival prebability for small values of
I
t1/2 de y
~ 1—Ch), 2
I'l+4«a/2)V rK, (1-Ca) (29)

where C,, is defined in equation (27). In the special case of © = 0, this result matches

S(t)

the one in [44,75]. It is important to note that, due to the presence of long jumps when
0 < a < 1, the time exponent of ®he survival probability remains universal and does
not depend on p. The parameter p onlysinfluences the prefactor 1 — C,. As shown in
the bottom left panel of figuresd (linear scale), the survival probability decays rapidly
at short times for positive drift; reflecting particles crossing the boundary under the
influence of the drift. However, the long-time asymptote universally decays as t~'/2
in the log-log representation”(bottom right panel), independent of p. This behaviour
highlights the dominance of dong jumps in determining the escape dynamics when ¢

becomes large.

7. Lévy flights with 1. <'a < 2 and negative drift

7.1. First-passage time

When the drift parameteris negative (u < 0), the random walker preferentially moves
down the negativesaxis. We obtain the asymptote of the first-passage time PDF in the
Laplace domain for p < 0 (detailed in Appendix E), in the form

2pldet \ =
~1-4L,_ 1
) ot <(Ka| tan(ar/2)| )

2 a—1 ﬁ K «@
. La—l 1 |H|d ,1 Oé/|/“L| )\(1—1’ A N 07 (30)
’ )|

K,|tan(ar/2 2| cos (am/2)|

where L, g(2) is the cumulative distribution of a one-sided a-stable probability law with
0< o <1and = 1. Equation (30) is an improper PDF as p(A = 0) # 1 [103,104].
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Figure 5. Top left: first-passage time PDF for a symmetric a-stable process with
a drift and stable index»a = 0.5 in a semi-infinite domain with d = 0.5, shown in
log-log scale for different values of . Top right: first-passage time PDF for different
combinations of a'and ¢ = =1. In both panels, symbols are from Langevin equation
simulations, lines reﬁesent equation (26), and the black short line indicates the long-
time asymptote t /2. Bottom: survival probability for the symmetric a-stable process
with a,drift and‘stable/index a = 0.5 for different . The left panel shows the results
on a linear, scale, and the right panel depicts the long-time behaviour on a log-log
scale. Symbolsirepresent Langevin equation simulations. In the left panel, lines show
nungerical results based on solving the space-fractional diffusion equation (6). In the
right \panel, lines represent equation (29) with the numerically obtained prefactor C,,

and the'black short line indicates the long-time asymptote ¢t~ 1/2.

By applying theinverse Laplace transform, the long-time asymptotic of the first-passage
time PDF reads

o(t) ~ K, I'(«)sin (aW/Q)La_M ( 2| p|d*

|| K,|tan(am/2

)|)a11,1 . (31)

In figure 6 we plot the long-time asymptote of the first-passage time PDF on a log-
logiscale for different values of the stable index «, based on numerical simulation of
the Langevin equation for y = —1 and —4. A comparison with equation (31) and its
prefactor has been conducted, demonstrating excellent agreement with the numerical
results. When comparing this with the case when p = 0, which corresponds to the
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19 Figure 6. First-passage time PDF for symmetric a=stable probability law with p = —1
20 (left), and p = —4 (right) in a semi-infinite demain withyd'= 0.5 for different sets of
21 the index of stability o obtained based on numerical results of the Langevin equation.
;g The solid black lines show the asymptotic of the first-passage time PDF with ¢t~ (31),
2 whereas the dashed lines show equation/31) with the prefactor.
25
26 .
>7 well-known Sparre-Andersen law (p(t) = #:%/2) regatdless of the stable index a, we
28 conclude that for 1 < a < 1.5 the first-passage time PDF decays more slowly than in
gg the scenario in absence of drift. Cemnsequently, even though the walker typically drifts
31 toward —oo when p < 0, rare large jumps eontribute to increasingly higher values of
32 the first-passage time PDF as.t increases.
33
34 ) -
35 7.2. Survival probability
36 . . . . e, -
37 Using relation (2) between.the first-passage time and survival probability in the Laplace
38 domain, and referring to equationd(30) for the case of a negative drift, we find that
39
1 Ko/l  ya-1

2(1) S(/\) IR 2|M|da71 a-1 1 exp |:2\cos (a7r/2)|)\ ] (32)
4 =L\ K, | tan(ar/2)] ’ A ‘
Zi Applying the inverse Laplace transform leads us to
45 - o

2| p|d> i Ko/lpl* 14
46 S(t) ~ La_1 1 71 Wl—oz,l T ot
47 ’ K,|tan(arm/2)| 2| cos (am/2)|
48

1
ol |
49 p
L. 1), 33
50 bt ((Ka|tan(om/2)|) ) (33)

52 where in the last equality we use the relation W;_, 1(0) = 1 for the Wright function [105].
As seen.in'this scenario, the particles escape to —oo, indicating that the negative drift
55 is stronger than the diffusion term.
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Figure 7. First-passage time PDF for symmetric a=stable probability law with p =1
(left) and p = 4 (right) in a semi-infinite domain'with d = 0:5 for different combinations
of the index of stability a obtained from numerical results of the Langevin equation.
The solid black lines show the asymptotic of the first-passage time PDF with ¢t =21
(34). The dashed lines show equation (34) including’ the prefactor.

8. Lévy flights with 1 < a < 2 and pesitive drift

8.1. First-passage time

Finally in the case p > 0, the random walker moves towards the boundary d. We find
the following relation for the long-time asymptotic of the first-passage time PDF in the
case 11 > 0 (detailed in Appendix E),

Kaof(a, p, Koy d)

o) ~ 3] cont@m2Dl—a).
N 75; sind( ) T+ 1) e o, Ko d)t -, (34)

where f(a, u, K,,d)“defined as (E.21) which can be computed numerically. In figure
7 we plot the first-passage time PDF of a symmetric a-stable process with positive u
on a log-log scale and compare the numerical results with equation (34). Moreover,
in figure 8 (top pamnels)‘we present the results for the first-passage time PDF of an
a-stable processiwith o= 1.5 in a semi-infinite domain in the short-time (top left)
and the long-time (top right) limits, based on the numerical simulation of the Langevin
equation. In the short-time limit we compare the results with the numerical simulation
of the space-fractional diffusion equation, and in the long-time limit we compare the
Langevin simulation results with the analytical result in equations (31) and (34), all
showing excellent agreement.
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Figure 8. Top left: first-passage time PDF for symmetric a-stable probability law
with o = 1.5, in a semi-infinite domain with d = 0.5 for different values of the drift
parameter p in linear scale. Lines show numerical results based on solving the space-
fractional diffusion equation (6), and symbols are obtained from Langevin equation
simulations. Top I‘E‘ht: the same as in the left panel on a log-log scale. Symbols
represent the numerical solution of the Langevin equation (8), and dashed lines show
the prefactor im‘equation (31) for x4 < 0 and equation (34) for x> 0. The black lines
show the asymptotic of the first-passage time PDF with t=* and ¢t~®~! for negative
and pesitive uprespectively. Bottom left: survival probability for symmetric a-stable
dengity withha = 1.5 on a semi-infinite domain with d = 0.5, for different values
of(the drift parameter p, shown on a linear scale. Lines represent numerical results
based on,solving the space-fractional diffusion equation (6), and symbols correspond
to Langevintequation simulations. Bottom right: same as the left panel on a log-log
scale. Symbols represent Langevin equation solutions (8) and lines represent numerical
results from solving the space-fractional diffusion equation (6). The black lines show
the asymptotic behaviour of the survival probability with t~/2 for zero p and ¢t~ for
positive p, while for negative u, the survival probability tends to a finite value at long

times.
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8.2. Survival probability

Based on relation (2) between the first-passage time and the survival prebabilityyin the
Laplace domain we find that

S(A) ~ fla, pu, Ky, d) exp [—

Koo ] (35)

2ue| cos (am/2)]

where applying the inverse Laplace transform gives us

2,U,a ﬁ ata 1
S(t) ~ fla, u, Ko, d) (Ka| tan(omr/2)|) Po-11 ((K [tan(aa/d)| ) (36)

By simplification we get

K, sin(ar/2)[(a) f(a, p, Ko, d)
T

The survival probability for a symmetric a-stable process (= 1.5) on a semi-infinite

S(t) ~ =<, (37)

domain is shown in the bottom panels of figure 8. TFheleft panel compares numerical
solutions of the space-fractional diffusion equation (lings) with Langevin equation
simulations (symbols) on a linear scale, iighlighting the y-dependent short-time decay.
The right panel reveals the asymptotic regimes on a log-log scale: for p = 0, the
survival probability follows the Sparre-Andersentuniversality S(t) ~ ¢~'/2, while for
> 0, drift effects a steepening of thetdecay to S(t) ~ t~. For u < 0, the survival
probability plateaus at long times due te drift-driven retention. This highlights how
drift fundamentally alters eseape dynamicsy transitioning from the universal Sparre-
Andersen scaling at © = 0 to_drift=dominated dynamics when p # 0. In figure 9 we
show the results for the survival probability of symmetric Lévy flights with a drift with
stability index a = 1.3 andr@ =1.8. /As can be seen, in the absence of a drift for any
symmetric jump length distribution in a Markovian setting the first-passage time PDF
has the universal Sparre Afidersen asymptotic p(t) ~ t=3/2 (and thus S(t) ~ t='/?),
whereas in the presenceiof a constant positive drift, it behaves as p(t) ~ ¢~'~%(and thus
S(t) ~ t=) for the stability’index 1 < o < 2. We mention that in [77] by means of
record statisticsgthe asymptotic behaviour of the persistent probability (the probability
that the stochastic process stays to the left of its initial starting position up to n steps) of
a one-dimensional discrete-time random walk in the presence of a drift with symmetric
jump distzibution was studied (see equation (67) in [77]).

9. Discussion

First-passage time problems are crucial in understanding how stochastic processes
behave swhen they first hit a boundary or exceed a threshold, providing insights into
the.dynamics of various physical and biological systems. These problems often involve
analysing the first-passage time PDF to characterise the statistical properties and long-
time behaviour of the underlying processes. In this study, we focused on the first-passage
time PDF of Lévy flights with a drift within a one-dimensional semi-infinite domain,
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Figure 9. Survival probability for symmetric a-stable probability law in a semi-
infinite domain with index a = 1.3 (left) and o="1.8,(right) for different combinations
of the drift parameter y. The symbols represent simulation results based on the
Langevin equation (8), while the lines correspond to numerical results based on the
space-fractional diffusion equation (6).4 Dashed lines show equation (37) including
the prefactor, and the black lines represent the universal Sparre Andersen scaling
S(t) =~ t=/2 for = 0, and thesasymptotic behaviour as S(t) ~ ¢t~ for 1 > 0, which
in the finite interval is eventually cut, off by a steep exponential shoulder.

with specific attention to its behaviourtimy,the long-time regime. The scenario entails
a particle initiating its motion at the erigin within this domain, with an absorbing
boundary situated at a distanee d to the right of the particle’s starting position. The
domain extends indefinitely to_the left.

Our investigation begins with Browmnian motion in the presence of a drift, where we
used the Skorokhod theoremitosderive exact analytical results for the first-passage time
PDF. We compared these analytical results with numerical simulations based on the
Brownian diffusion equation. This comparison confirmed the accuracy of our analytical
expressions and highlighted the agreement between theory and numerical methods.

Next, we explored the ease of a Cauchy processes (o = 1) with a drift. We obtained
the asymptotic behaviour of the first-passage time PDF and the survival probability for
arbitrary driftvaluess Our analytical expressions were compared with numerical results
obtained from the Isangevin equation. The exponent of time ¢ in these expressions
was found«to depend on the drift parameter, with the asymptotic behaviour varying
accordingly.

For a-stable processes where 0 < a < 1, we derived the long-time asymptotic
behaviour of the first-passage time PDF and survival probability for small drift values
1. Our findings revealed that as u varies, the probability density demonstrates different
decay rates: accelerated for p > 0 and decelerated for ¢ < 0. Interestingly, the role
of primarily affects the prefactor, while the long-time asymptotic behaviour remains
consistent with the case without a drift [44, 75]. This observation was corroborated
by our numerical simulations, which showed that the long-time asymptotic of the first-
passage time PDF closely resembles that of the case without a drift, with only the
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Table 1. First-passage time PDF for symmetric Lévy flights with different stable
indices « in the presence of a constant drift u.

« 1 Exact PDF /Long-time asymptotic Prefactor equation
. d _ (d—pt)?
2 Arbitrary Wexp( That ) (11) [2,100]
1 Arbitrary o~ ¢=3/2-m 'arctan(u/ K1) (19), (p = 0 [44,75])
(0, 1) Arbitrary o~ t=3/2 (26)5 (.= 0 [44,75])
~

u<0 ~ (31)
(1,2) >0 ~ ot (34)

=70 ~ t=3/2 (69, 70] [44,75]

prefactor affected by pu.

Finally, for a-stable processes with 1 < @& < 2 our results showed distinct
asymptotic behaviours depending on the direction amd’ magnitude of the drift L4
Specifically, for negative drift (1 < 0),4the long+time' behaviour follows a power-law

t—=1 In

decay of t~¢, while for positive drift (u > 0),ithe decay is steeper, scaling as
the absence of a drift (1 = 0), the decay reverts to the well-known ¢ ~3/2 form, irrespective
of a. Our study also revealed intriguingsnuances in the tails of the first-passage time
PDF, particularly for 1 < a < 1.5. Foria negative drift (u < 0), the tails exhibited a
less steep decay compared to‘the drift-free"¢ase, a phenomenon that can be explained
by the PDF of jump lengths geverned by «. As « increases, the likelihood of longer
jumps decreases, affecting the boundaryycrossing probability over time.

In summary, our investigation underscores the intricate interplay between drift,
stable index, and jump characteristics of Lévy flights. The results provide valuable
insights into the long-time‘behaviour of first-passage time PDFs within semi-infinite
domains, enriching ©our,understanding of anomalous diffusion processes in complex
systems. For a comprehensive overview of the asymptotic behaviours across different
stable indices and drift parameters, see Table 1. Future investigations could explore the
first-passage time statistics of asymmetric Lévy flights with a drift to determine how
an asymmetry influencessthe short and long-time behaviours of the first-passage time
PDF and_the survival probability. This would enhance our understanding of how these
processeés behaye within semi-infinite and finite domains. Finally, it would also be of
interest to study the related distributions of extreme first-passage times [106, 107].
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Appendix A. A numerical scheme for fractional advection-digusion
equation

We here detail a specific implementation of the numerical approach ‘based on the space-
fractional Fokker-Planck equation in order to investigate the first-passage statistic of
drifted Lévy flights with a drift.

Among sparse numerical methods which are essentially “different in the way of
discretisation of normal and fractional derivativesywe mention, naming a few, the finite-
difference scheme [108,109], finite-element methods [#10-112], and the spectral approach
[113,114]. Often it is more convenient towork with the finite-difference scheme to solve
the space-fractional Fokker-Planck equation introdueed in section 3. In this paper we
implement the modified trapezoidal rule algorithm [115,116] to numerical integration
of the fractional derivatives in Caputopform. For the first-order time derivative the
first-order forward scheme has been used,

Jj+1 J
9 faty) = o P SR (A1)
where f/ = f(x;,t;), ; = idx — L with step sizes in position Az = (d + L)/I and
i=0,1,2,...,1, z0 = —Lgmwp=.d. Similarly, t; = jAt with time step At = t/J and
j=0,1,2,....,J —1,tg =0, t; =t. Absorbing boundary conditions to investigate the
first-passage statistics Aamply fg = f} = 0 for all 5. For the positive values of the drift
parameter (u = u, ) and the left side space-fractional operator, the first-order space
derivative of a funétiomyf (zyt) is discretised by the second-order backward scheme, and
similarly, for negative values of drift parameter (1 = p_) as well as the right side space-
fractional operator, the first order space derivative of a function f(z,t) is discretised by
the second-orderfforwardischeme, namely
j j j

Loy = o3 pi e T Bl (A2)
Moreover, for the second-order space-fractional derivatives we make use of the second-

order central scheme according to

0 =167, —30f +16f] | — f
_ b)) = 52 ) i+2 i+2 i i—1 =2
8I2f(x, ]) cfz 12A1’2

For the right hand side of equation (6) first we write it in the Caputo form for the

(A.3)

space-fractional derivatives, namely
0 { _QCOS(;C!/Z) (—ong ta D?o) f(l’)7 a 7é 1

Wf(x) B —%’H{f(x)}, a=1" (A4)
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where _,, D¢ and ;DS denote the left and right side space-fractional derivatives in the
Caputo form, respectively (n — 1 < a < n) [117]

1 T fM(w)
DY =_— ———d A
D) = e | (A%)
o gy (D" /°° F™ ()
D% f(x) = Tnioa) ). —zyanm du. (A.6)
Moreover, H in equation (A.4) denotes the Hilbert transform
1/ fu) -

H{f(2)} =

where the integral is to be taken as the principal value. By recalling the method

du, (A.7)

T) oo T —U

introduced in [115] (Theorem 3) we derive an algorithm torapproximate the two-sided
Caputo fractional derivatives of order n — 1 < a < nd Coneretely we apply the product
trapezoidal quadrature formula [116], namely

/:m f(n)<(:7tj> dC IS

_p (m = ¢)on

7 Tr 1 —C 4 C 2 i )
7 ;/ (xZ _ C)a_n+1 < Lk f( )(xk—l,tj) + &f( )(;pk,tj)> dc¢, (AS)

Th—1 T — Tk—1 Tp — Th_1

for the left-side space-fractional operatorpand
/d (¢ ) A
g (C - :CZ.>OZ—7L+1

S e 1 z — C n C -z n
~ g/xk e ( LR (1) —— )(xw,tj)) ¢, (A.9)

$k-\-§1 — T Tp41 — Tk

for the right-side space-fractional @perator with the error estimate O(Ax?) [118|. Using
the relations

b b—y
/a @y

- o (R - (@ ) -0 - @) e ), (A.10)
and
b P
| w3
B —«mi LB — ™ = (e — )] = e = D) e = b)), (A1)

wherethed+ sign is taken for # > b > a and the — sign for x < a < b, equations (A.8)
and (A.9) after simplification read

= (¢t Ar ¢ .

_p (g — )t
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and
I

d (n) . y
/v (Cf_ ;g;tjgﬂ d¢ = — Z)\k,k—if(n) (zx, 1) + O@AZ®) " (A.13)

V(v +1) =
respectively, in which v =n — a and
(m—1)7" —(m—~y—1)m", k=0,1
Mo = (m A1) —2m + (m— 1) 0<k<I,k#i . (A.14)
1, k=1

~
For the special case o = 1, we approximate the derivative in .space according to the

method by [119], namely

g%{f(xz, } {Z& k fk fk 1 “‘Z)\kz i fk+1)} +O(Ax2)- (A.15)

where \,, = 2/(2m+1). With the use of equations{(A.4), (A.1) and (A.2) we can write

equation (6) on a discrete space-time grid as
Kq

2 cos(may2)

By substitution of equations (A.1) to (A:3), (A.12) and (A.13) into equation (6) we

obtain

KAz« : ; d j
51 f] + Nié f] — I:Z )\k’,l—kéi/cfé + (-1)” Z )\k,k_l(sz/cfg] .
k=0 k=i

&

S 4 et fl = (LD f . DS £ . (A.16)

2cos(ma/2)T(2+n —a)

(A.17)
By defining
SK AL
Q=- B 0 <2 1
2cos (mal/2)T(2 + n — o) Az’ <aslas
K At
Q== =1
Az
peAt
/. Al
LAY, (A-18)
for the case n.=1l we, obtain
I = f =l (3 F U [ZAM (BI —Af + )
D N3+ Af — Flo)) (A.19)
k=i

After, changing f; — Hfin +(1- )f~j 0 < 6 <1, on the right hand side,

Firhet6 [ (B30 7 AL & f15) ——(Zm WG — AT+ 1)

+2Am 3R AR - )]
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- fzj - (1 - 6) [ni<i3fz‘j+1 + 4fz‘j::11 + fggl) - 5(2 Ak,i—k<3flg - 4f,i_1 s flg—Q)
k=0

I
+ Z )\k»k_i(_?’flz + 4flz+1 - flz+2))] . (A.20)
k=1

Following the similar procedure for the cases 1 < a < 2 and o = 1 we obtain
I+0nVE+ QAT =T — (1 —0)(nVE + QA)E, (A.21)
in which the identity matrix I and the coefficient matrices V& and®A have dimension

(I+1)x(I+1)and j =0,1,2,...,J—1. The initial condition #(z,0) = §(x) implemented
by

! otherwise

f-“z{ ?’ i=L/Ax (A.22)

Finally, the time evolution of the PDF is obtainedsby setting fg = f} = 0 for all 5 as
the absorbing boundary conditions. v
The matrix V* = =V~ has the form

Vin=3 1<m<I+1

Vihim=—4 1<m<I (A.23)
Viiom=1 1< m <l

and the matrix A can be written as A =R + R, which for the three cases 0 < o < 1,
1 <a <2, and a =1 is defined by

Al0<axl
Rm,m = _%)\m,m I<m< T+l
Ripetm = —2 A1 + 200, 1 G0t < I (A.24)

Rm—i—n,m = _%)\m,n + 2)\m—l—l,n—l 3 %)\m+2,n—27 2 S n S I, 1 S m S I +1—n.
A2l<a<?2

Rm,m - %Am—l,Q y g)\m,l + %)\m—l-l,(b 1 S m S I+1
Rm,m—i—l = %Am,l u %/\m+1,0, 1<m< I

Rm,m+2 = %)\m—kl,oa L<m < I—-1

A.25
Rt = 5 13 © 582 + 2Ami11 — 5Ama20, 1 <m < T ( )
Rern,m = 1_12/\m71,n+2 - %)\m,nJrl + %)\m+1,n - %AerZ,nfl + %)\m+3,n727
2<n<I, 1<m<IlI+1-n
A3 a=1,5=0
Rpm =Xy 1<m<I+1 (A.26)

Rtign= An — A1, 1<n<I, 1<m<I+1-n.
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Appendix B. First-passage time PDF for Brownian motion with a drift

By substitution equation (10) into (5) we get
9 g0 k) (1= ity T B.1
n — e x dt. .
o / / Fm@t (B.1)

Taking the integral over x produces

0 1 [* /
1 —At f < o >
n ngy(\ k) = 2/0 e Verfe( — p e dt 2
1 [ 2 - ) [ &
_ 5/0 e—)\t—k K2t+1k#terfc(_lk_ /th — 1 4_}(2> dt

_1|:M+\/4K2/\+,u2 B 2K21k7+,u+ \/4K2)\+M2 :| (B 2)
20 ANARON £ 12 (Kok? — ik £ NWARKGN + 21 '
By taking the indefinite integral over A we obtain

AKoN+ p? — Tl
VAKON + 12 — p— 2K5ik A =ik
where A = (\/4K\ + 2 — p)/2K,. After-an inverse Fourier transform according to
equation (4) we arrive at (x > 0)

1
21

Q+(>‘7 k) = (B3)

d e}
d—p+()\ x) = / e g (k) dk = Aexp (—Ax). (B.4)
Using the boundary condition (py.(A, z) = 0'at x < 0) we get
py(Nx) = A/ exp (—Ax) dxr = 1 — exp (—Ax), (B.5)
0
and thus with the help of. equaﬁon (3),
o(\) =exp (=Ad)= exp (_2_[(2 ( w? + 4K\ — ,u> d>. (B.6)

Finally, by making an inversé Laplace transform we get the desired result (11).

Appendix C. First-passage time PDF for the Cauchy process with a drift
Substitution ‘of the PDF of the Cauchy process (18) into equation (5) yields

Qg k) / / L W e S UNN  MR7C B
) s (Kt + (x —pt)2 0 ‘

and after ehanging of the variable y = (x — ut)/K;it, we obtain

) 00 1 00 1 e1kut 00 eikKlty
—Ing.(\ Kk e M —/ dy — / dy | dt
O\ 4+ (A k) = /0 Lr iy LY Y L o e T Y

1 /OO 1 - -t f()\ ikp—ikKiy)
=— — e IRTERIN dtdy. (C.2)
e 1 + y2 |: ]
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Then taking the integral over ¢, gives

1 ANE)=— 1 N v, S
o mar (A k) W/—M/Kl 1+ 12 {A A—iku—ikKly] ! &

From here taking the indefinite integral over A leads to

1 [ 1 A
1 — 1 d
neA ) = /—#/Kl Try? (A—iku—ikKly) f

1 [~ 1 A
= — 1 d C4
7r/0 1+ (u—p/Ky)° n()\—ikKlu) U (C-4)

where in the last equality we use u = y + u/K;. By taking the limit A& 0 we arrive at

Ingy (A k) = l/ In (/i) du — l/ tnu du.
0 an 14 (

T 1+ (u— p/Kqp)* o u—p/Ky)’
(C.5)
Then using the integrals
oo _ &
/ 1 d:c:hla lnb’ (C.6)
o (x+a)(r+Db) a—b
o0 1 Ina)2= (Inb)?
/ ez (R (In b (C.7)
o (x+a)(x+b) 2(a —b)
and the relations
o) = st 250 o) +arctan(e) = 2, (C.8)
arccot(z =3 n i) arccot(z) + arctan(zx =5 .
we obtain
1 1 1 A
Spa - — 11
Ing,(\ k) (2\—1-7Tarctan (Kl)) n(—iszl)
1 .M W
L (i—-Lt ) —In?(-i—-—)]|. .
= [n (1 K1) n ( i K1>] (C.9)
Thus

A );—l—% arctan(%)

q+<)\7 k) ~ (_1kK1

%oexp <— ﬁ [m? <i_}%) — In? (—1— Kil)] ) A — 0. (C.10)

The argument of the exponential function can be simplified as follows,

In? (i — Kil) —In? (—i — %)

() G () o (-0
Lo 2 _ 2
K1 H : H H

=In (K%"”i) In (14—?12) = 2iarccot (E) In (1—}-?12). (C.11)
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Therefore equation (C.10) reads

by %—&—% arctan(KLl) /LQ —ﬁarccot(;{—‘;)
M)~ [ — 1+—> Ao @12

Going back to equation (4) by inverse Fourier transform we find (z > 0)

d M2 —p'/2 1 00 " A o
i)~ (14 L dk
azP o) ( +K12> or )0 \ TRk,

2\ 2 s\ et
(%) (&) T ) B
where
P = % + % arctan(]%), 0<p <1. (C.14)
With the boundary condition py (A, z = 0) = 0 we arrive at
AN
p+(\ z) & (sin (7p))" (E) G )’ (C.15)

Following equation (3),

dsin (1p'))"
p(A) ~1— Udsin(mp))” : (C.16)
K?PT(1+#p)
and with the relation (2) between thenfirst-passage time and survival probability in
Laplace domain, we find

dsin(mp))" Wy
S(\) ~ SN ey (C.17)
KIT(14p)
Then, applying the inversé La[hce transform we get
. a4
S(t) Al WEN(TP) = (C.18)
KEL(1+ o) (L= p)

From here by taking thefirst order time derivative (see equation (1)), we arrive at the

corresponding résult for the long-time asymptote of the first-passage time PDF (19) of
Cauchy processes in thepresence of a constant drift p.

Appendix'D. First-passage time PDF for a-stable processes with a drift
and 0 a <1

We start from equation (4). With the help of the self-similar property

B 1 T — ut
Falet) = e ((Kat)”“’ 1) ’ (>

4nd the change of variable y = (z — pt) (Kat)™"* we get

oo . —At o]
g () k) = / ° / [ei’f(Kat)”"yﬂkut_@ Pu(y, 1)dydt. (D.2)
0 t —ut(Kqt)=1/a
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By splitting the inner integrals into two parts, we obtain

where

o0 —>\t
A\ E) / / Fyibt 1} Pu(y, 1)dydH: (D.4)

and

OOe—At 0 : 1/« .
Bk = [ £ [lk%f) y+l’f~t—1] Eolrt)dydt. (D.5
O A iy, (D.5)

Taking the A-derivative of A(\, k) leads to

9 A A k) / / e y“’“’”] Pu(y, 1)dydt
/ / 1)dydt
/ e)\t+1kut/ ik (Bat) e YP. (y, 1)dydt. (D.6)
0 0

The first term on the right-hand side of equation (ID.6) simply is 1/2), and for the
second term we employ theorem 2.6.2 from [93],which says that the one-sided Laplace
transform with respect to y of an a=stable law, P, (y, 1) has the form

. T[> exp (—(sy)?)
Py(s,1) = vp(y, Dy = — | SPWI g, D.7
(S)/Oe (y, )y 7T/O T (D.7)
Therefore, in the second term.on the right-hand side of (D.6) we use equation (D.7)
with s — —ik (K.t)"* and gét

N 00 ' 00 A o
QA()\ k) & &> 1/ e—/\t+1kut/ exp (— (—iky)" Kqt) dydt
0 0

O\ 20 T 1+
b A1 [ (N —ikp+ K, (—iky)®) ™!
- = d D.
2\ 7r/0 1+ 2 Y (D-8)

where in the last/equality we changed the order of integration and took the integrals
over t. In the next step, we take the infinite integral over A,

1 1 [ In[A—iku+ K, (—iky)?]
AN k) =<=In )\ — — d D.
(g~ | Ea v (D.9)
and then using
/°° Inz mlna
5 sde = ,
0 a*+x 2a
<1 s
- dr= = D.1
/0 a2+$2dx 5 a >0, (D.10)
we get
ikp
1 A 1 1“[1+W]
ANE)==In———— — — dy. D.11
k) =3I e 7r/0 1+ 42 Y (D-11)
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In the limit A — 0 and for small values of u, we can write

\ | peln [1 + —K&(—ik)l_ay‘a]
ANE)~-In—F—— — — - dy. D2
(k) 2 N Ko(—ik)e 77/0 1+ 42 vy, (D)
Using the relation
-> D" <1, o1, (D.13)
n
n=1
and taking the integral over y, we find ~
1 1 & i LN\"4 e
AN E) = =1 = — —ik)nre
(A, k) 2 ! Ko (—ik)™ —1k 22 cos mra/2) (Ka> (k)
~ iy 2 a (— k)2, (D.14)

2 Ko(—ik)® 2K, cos (rd/2)
Now we go back to equation (D.5) and calculate B(Ayk). Due to the symmetry of the

PDF P,(y,1) = P,(—y, 1), we write B(\, k) as N
1/

00 o= Xt+ikut ut(Kat)™ _ 1
B\ k) = /O — /O e KB D (y 1)dydt

() e—At ut(Kat) e
- / T/ Pa(ya 1)dydt (D15)
0 0

By looking at the upper limit of the inner integrals in equation (D.15) we notice that
with 0 < a < 1, ut(K,t)""®s> 0 as t —>'co. Therefore, we employ theorem 2.5.1
from [93] for the asymptotic representation of an a-stable law with 0 < a < 1, namely

1
P, (y,1) ~ %F(li— 1/a)y y—0. (D.16)
Substitution of equation (D.16) ifito equation (D.15) and taking the integral first over
y, we have
D $1/a) [ e ikut | -
B(yk) & N AL /0 e (L= ikut) dt. (D.17)
When A — 0 we. get
K,)"" .
B\ k) ~ (’u_/—)(—ik) /e (D.18)
sin (7/ )

Thus, B(\, k) i.of the order of x4/ and, in comparison with equation (D.14), can be
negleeted. Therefore, substitution of equation (D.14) into equation (D.3) produces

B 1% 72\ 1—a
q+ (A k) =~ mexp {_QKacos(Woz/Q)(_lk) ]

~ )\ 1% . -«
N\ Ko(—ik)e (1 2K, cos (T /2) (=ik) ) ' (D-19)
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By applying the inverse Fourier transform we find (z > 0)

d 1 > —ikx
Topeva) o [ e (o Ry

27 J_o

_ 1 A > —ikx 1N —a/2
= % E(/_ e ( ll{?) dk

o0

H TR 1-3a/2
— —ik dk
2K, cos (ma/2) /_ (=) )

N [ polte/? u 232 b2
VK, (F(a/Q) 2K, cos (ra/2) F(—1+3a/2))’ (D-20)
and with the boundary condition p, (A, = 0) =0,
A\ xa/Q L x—1+3a/2
A Ry — — : D.21
p+(Aa) ~ 1 (m T a/2) 2K, dos (ray2) F(3a/2)) (D-21)
Therefore with p(A) =1 —py (A, d),

\ de/? d—1+3a/2
p(A) ~ 1) - » . (D22)
K, \TI'(1+a/2) 2K,cos(ra/2)(3a/2)
which due to p(A\) =1 — AS(A) results in

d~ ! & A7\ i
S ~ K. (F(l T a/2Y 2K, cos (mar/2) F(:soé/2)>A " (D2

Then applying the inverse Laplace transform

S(t) ~ . ( N - K T >t1/2 (D.24)
7K, \I'(1+a@f2) 2K,cos(ma/2)T(3a/2)
From here, the long-time asymptotic of the first-passage time PDF for the case 0 < o < 1
has the form

g a ol (« e
o(t) Sl d (1 L(a/2)Pea ) (D.25)

Tlal(a/2) V 7KL " 2cos (ra/2)T(3a/2)

Appendix E. First-passage time PDF for a-stable processes with a drift and
l<a<?2

Similar to thelast/section, starting with equation (4) and using the self-similar

property’ (D.1) aléfig with the change of variable y = (z — put) (Kqt)/®

R A ik(Kat) “ytikut
g (k) = [ — [e o 1| Py, 1)dydt. (B
0 —ut

(Kat)l/e

, we get

In the.next step, we distinguish between the positive and negative drift parameters.

Appendixz E.1. 1 <0

First, we consider the case u < 0. It follows that when ¢ — oo, the lower limit of the
inner integral |u|t (Ko t) ™/ — oo for 1 < a < 2. Then it is reasonable to use the
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asymptotic expansion of an a-stable probability law P,(y, 1), namely,

1

P,(y,1) ~ %F(l + a)sin(ra/2)y 7!,y — oo (E.2)
Substitution of equation (E.2) into equation (E.1) yields

1 o0 At [0 : ay_s dydt
Ing, (\ k) =~ —=T(1 + «a)sin (7ra/2)/ eT/ N (e‘k(K“t)l/ y—iklult 1) gﬂ, (E.3)

" 0 Fat) 73 .
and changing the variable u = yt =t/ produces

~

1 AL [0 VLI dudt

g (\ k) ~ —T(1 + a)sin (ra/2) / ¢ / (el’“Ki/ ut—ik il 1> Y (Ba)
Ko

Now we change the order of integral and first take the integral over ¢t and then over w,

]_ > 1 > . 1/ . dtd
Ing(A, k) = —T'(1 + a)sin (1a/2) /M s /0 (e_M“’“Ka/ ikl ef”) —tau

Oé/a

= lF(l + OC)F(l - Ck) sin (71'@/2) /OO 1 |:()\ + ik|u| N R?Ké/au)a_l _ )\afli| du

7r ul o utt
Ké/"‘
_ Ko/l AT = (R o (E.5)
2| cos(am/2)] A+ ik|pl . '

where in the last equality we used‘the Telation I'(1 — 2)I'(z) sin(nz) = 7. Therefore, in
the limit of A — 0, we get

g O\ k) ~ exp {—#% ((—ik;)a‘l - !;TT—Z)] | (E.6)

Then the inverse Fourier transform of the above equation renders

d 1 > —ikx 2
—xp+()\7$) = 5= € C]+(>\7 k)dk

d 21 J_ o

~ oxp [%AH] % /_ Z exp {—i’fﬂf —fﬁiﬁ&i«iﬂf%)' Hk)al} dff

o [ ) (2 ) s (2 ) )
(E.7)

where Pgi(z, 1)is.a’one-sided a-stable probability law with the stable index 0 < a < 1.
Applying the boundary condition py (A, < 0) =0,

p+(A,x)zLQ_M<( 2|pf” )l)all@) exp {M’a)'v—l], (E.8)

K,|tan(am/2 2| cos (am/2

where

1 — a1 L(na) . “na
= —;;(—1) msm(nwa)x , a<l. (E.9)
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Thus, for the Laplace transform of the first-passage time PDF p(\) = 1 — p, (A, d) we
have

2|p|det o=t Ko /|p[ -1
~1— Ly 1 o/ e
p(3) 1L <(Ka| tan(ar/2)| P15 cos (ar/2)]

Apuld \*
~1—=1L,_ .1
bt <(Ka| tan(ar/2)]

1
2|p|a! ol Ko/lpl* Y. <
L. R YA P E.10
L1 ((m tan(an/2)| 2 cos (ar)2)] =0 (B10)

By applying the inverse Laplace transform we finally arrive at thelong-time asymptotic
(31) of the first-passage time PDF for symmetric a-stablésprocess with 1 < o < 2 and
w<0.

Appendiz E.2. >0

- 4
In this case, it is convenient to use the relation

/_OO fy)dy = /: fly)dy — /_: fly)dy = /: Fy)dy — /:O f(=y)dy, (E.11)

to get from equation (4)

o0 L — At o0
Ing,(\ k) = / _et {elk“t‘m"'“a — elfut . emik(Kat) "y p (y,1)dy
0 (Kat)l/o
+ / B, (y,1)dy — 1|dt. (E.12)
V{a‘:il/a

Here we use the symmétric/property P, (y,1) = P,(—y,1) and the characteristic
function of symmetric/-stable probability laws,

e e)

Next, by recalling equations (E.2) we write

T o 1
Ing (k) ~2 / eT Iie‘k“t_tK“”“| - 1] dt — %F(l + ) sin (am/2)
0

o . —M\t oo
></ e / <e—ik(Kat)1/ay+ik#t_ 1) dy dt. (E.14)
i _t o ycx+1

(Kozt)l/a

and changing the variable u = yt~'t1/, to arrive at

e M o 1
Inq, (A k) ~ / eT [elk“t_tKaW — 1} dt — ;F(l + a) sin (am/2)
0

00 o—At o0 . 1/ . d
x / ‘ { / (o usel et ) Ul}dt. (E.15)
0 ta MKojl/a UOH_
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4
5 Changing the order of integration,
6 oo e—)\t+ikut—Ka\k|at — oM 1
7 Ing, (N k) ~ / dt — =I'(1 + «a) sin (a7 /2)
8 0 t s
9 00 1 00 M—ikuKY “trikut -\t
10 X / = / ¢ ©  dtdu
-I-I /LK;I/O‘ ua 0 tOL
12 A 1

=1 — —I'(a)I'(1 — i 2
12 n A T ()I'(1 — o) sin (am/2)

K, [ — (ikp)~
15 o K (kp)® _ ya] | = (E.16)
16 e A —ikp
1; Thus, in the limit A — 0 we get
19 A Kol (o O
A\ k) & k) ——— A — 0. E.17
o R e e b= G- (1
22 Therefore, dp (A, z)/dz follows by inverse Fourier 4ransform of the above equation,
23
d 1 [~

24 —pi(\2) = — R (N k)dk
2 0 =5 [ R .
- K.\l 1 exp [—Ka(ik)ail ]
27 AT S 2u| cos(am/2)|

~ A — — i dk E.18
28 P [ 20| cos (aﬂ/Q)J 27r/ C ikt Ko ke © (E-18)
30 and with the boundary condition py(Nj@<.0) = 0 we get
g; K /\oc—l 1 0 1 —ikx €XP [%}

o — e | cos(am
A ~ A — — dk. E.19
i p+(A @)~ Aexp [ 2% cos (047?/2)[] on / ik —ikpt Kok (E-19)
35 Thus, for the Laplace transform of thefirst-passage time PDF p(A) = 1 — p, (A, d) we
g? have ~N
5 o) ~ 1A [ BN oK
39 21| cos (am/2)| e
40
Kaf<Oé, :ua KCH d)
41 ~ 1 =f(appt, Ko, d)X + A% N — 0, E.20
42 Hogrt Ko DX 3 e costam 2) (20
22 where f(a, u, Kgyd) is defined as
45 . Ka(ik)"‘_1
1 1 — g ikd €XP [2y|cos(a7r/2)|i|
46 K., d) = — dk. E.21
4 b - 5 [ e (E.21)
22 To make sure that f(«, i, K,,d) is a real-valued function, we consider the integrand
50 . Ko (ik)* 1
51 1 — e~ 1kd €XP |:2,u\cos(a7r/2)|:|
F(k) = . E.22
52 () ik —ikp + K, |k|® ( )
53 -
54 and check that the complex conjugate F'(—k) = F'(k). Thus the imaginary parts cancel
55 anduthe function f(a, p, Ky, d) is indeed a real-valued function,
56
1 [e.9]

>7 fla,p, Koyd) = = / Re [F(k)] d. (E.23)
58 T Jo
59

Finally, by applying the inverse Laplace transform we arrive at the desired result (34).
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