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Run-and-tumble particle (RTP) motion is a key model for certain bacteria and éther actively mov-
ing microscopic particles, combining phases of directed motion with "tumbles'sustationary phases
during which the particle reorients itself. We here continue previous studiesfof unconstrained RTP
motion and consider the transition path properties of an RTP subjected to an external potential.
Exact expressions are derived for the RTP transition path properties, supported by/results from
Monte Carlo simulations. We explore the effects of particle velocity, timble rate and the external
potential on the splitting probability, transition path time, coefficient of variation; transition path
shape, unsuccessful transition path distribution and duration, basedson forward and backward mas-
ter equations. Counterintuitively, the presence of the potential may aceeleratesthe escape of RTPs.
Moreover, we show that the external potential gives rise to the appearanceof an asymmetry of the
transition path properties which increases with the steepness of the potential. While the potential
does not affect the forward and reverse transition paths of the-RTP; these are affected by the particle
velocity, in contrast with free RTPs.

I. INTRODUCTION

Active particle systems [1-4] consume energy and convert it inte their own directional motion. The energy may
be extracted from the environment or from internal (e.g., biochemical) sources. The range of active systems is very
wide, from micro-scale microorganisms such as moving eells and bacteria [5], to the macro-scale including swimming
fish, flying birds, or animals migrating on land [6)indn.addition to natural active systems, there also exist a growing
number of artificial active systems, such as artificial self-driven particles or other active materials [7-9]. Research in
active systems aims to understand the complex behaviours and emergent phenomena that arise from the interactions
between active particles, with profound implications for physical, biological, materials, and robotics sciences [10-12].

A paradigmatic example of active particles is the run-and-tumble particle (RTP), which is a classic model for
describing the intermittent motion governed by phases of directed swimming and direction-changing tumbling. Typical
RTPs are bacteria such as Escherichia, eoli or Baeillus subtilis [13-15]. The movement of RTPs is effected by self-
propulsion, e.g., due to flagellar filaments, based/on the non-equilibrium conversion of energy, and they exhibit many
interesting dynamical phenomena [16]. Specialinterest has been devoted to the transition properties of RTPs, revealing
several remarkable dynamical behavigurs different from those observed in equilibrium systems. The study of RTPs
splits into two broad categariesy studying the motion of RTPs in unconfined environments or when the RTPs move in
complex environments with boundaries or obstacles. In the unconfined case the dynamics of RTPs was characterised
by quantities such as the pesition distribution [17-20], the escape/first-passage behaviour [21-23], or the distribution
of times required for an RTPs to reach a maximum displacement [24]. However, it is important to unveil the dynamics
of RTPs in their naturaly complex environments [25]. Understanding the interplay between RTP motion and obstacles
as well as boundaries provides relevant clues to bio- and medicine technology applications [26].

Rich behaviours for RTPs in confinement have been uncovered such as the steady state probability density [27-31],
entropy production [32534],{random search [35], or first-passage properties [36-39]. An active particle trapped in
a confining potentialigenerally has a non-Boltzmann stationary distribution [40, 41]. Interestingly, the probability
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density of RTPs confined in a box concentrates near the boundaries [42], similar to persistent long-range correlated
motion [43]. Here we study another important context of RTPs, their transition path properties, in a finite interval
and in the presence of an external potential.

Many processes in chemistry, physics and life sciences, ranging from chemical and enzymatic reactions to transport
processes in condensed matter, conformational transformation of macromolecules, protein folding, etc., need a thermal
activation to cross some barrier in the relevant coordinates [44, 45]. The transition path is an important concept that
describes the real occurrence of thermal activation process and the associated dynamics [46]. Transition path properties
mainly include the transition path time [47], the coefficient of variation of the transition path timerdistribution [48],
and the transition path shape [49]. The transition path time [50] is the duration that characterise§ the reaboccurrence
of thermal activation process, such as, the transit time of cell membrane pores, ion channel fransport, or polymer
translocation time through a pore [51-55]. The mean transition path time, which is défined as the average time it
takes for the particle to move along the transition path from an initial state to a final state, plays an important
role in characterising the dynamic behaviour. The transition path shape [56] characterigés the temporal‘and spatial
evolution of the distribution of the transition path within the transition region. The geefficient of variation (COV)
Cy, the ratio of the standard deviation and the mean of a probability density, is a statistical measure that describes
the degree of dispersion of the probability distribution and has also been used to quamntify the width of transition path
time distributions [57]. For an exponential distribution, Cyy = 1; when Cy < 1 ("Mow-variance") the distribution is
narrower than an exponential distribution, while for Cy > 1 ("high-variance") itsis broaders We note that the COV
is a vital measure for the multidimensionality of the system [58]. ~

Generally, the mean transition path time is calculated solely from successfulfbarrier crossing events, and it is
therefore (much) shorter than the mean first-passage time across the same(barrier, as the latter also includes (many)
unsuccessful ("unproductive") crossing attempts due to the height of the barrieras compared to thermal energy
[59]. Indeed, the study of unproductive paths started to emerge [59, 60]. It was shown that unsuccessful paths can
provide complementary information not available in the transition path, as these paths explore additional parts of
the reaction phase space than transition paths. A crucial exampleare unsuccessful folding events of proteins leading
to misfolded conformations [61-63], that are related to diseases, including Alzheimer’s and Parkinson’s [65, 66]. The
study of unsuccessful paths in protein folding is expected to also provide information on the dynamics in the presence
of pathogenic factors. We note that the transition path dymamies of\equilibrium systems are better studied both
theoretically [67] and numerically [68, 69], while the transition path dyn@mics of non-equilibrium systems, especially
concerning the theoretical aspects, remains somewhat elusive. Recently, we considered the transition path dynamics
of free RTPs for active, i.e., non-equilibrium RTPs [70]. We are here'extending this study to the case when the RTP
is under the influence of an external, confining potential.

Concretely, we here combine analytical derivations and stochastic simulations to quantify the transition path prop-
erties of RTPs subjected to an external potential, including the splitting probability, transition path time, the COV,
transition path shape, distribution of unproductiverattempts, and the average duration of unproductive fluctuations.
As remarked above, the study of unsuccessful paths of RTPs is expected to shed additional light on the system, on
top of the transition paths.

The paper is organised as follows. Wenfirst present the main analytical characteristics of the transition path for
an RTP in an external potential in Sec, II. "Then, we discuss the concrete results and compare them with Monte
Carlo simulations in Sec. ITI. We draw/our conelusions in Sec. IV. Appendix A and B provide analytical expressions
and a brief derivation of the backward equations and splitting probability, respectively. Explicit forms of the mean
transition path time and the COV_are presented in App. C. Two explicit results for the mean return times for the
linear potential case are revealed im App. D.

II. TRANSITION PATH PROPERTIES OF A RUN AND TUMBLE PARTICLE

Throughout this paper, we consider a one-dimensional RTP subjected to an external potential. The corresponding
Langevin equation reads |3§]
dz(t)
dt

= f(z) +vo(t), (1)

where x is the'time dependent reaction coordinate and v is the constant speed of the RTP. o(t) = %1 represents a
dichotomous noise switching between +1 with a Poisson rate v. Here we choose the convention that o = 41 defines
a right-movingistate and o = —1 a left-moving state. The rate v corresponds to the tumbling rate of the RTP. The
force acting on theparticle is f(z) = —dV (z)/dx in terms of the external potential V' (z).

The master equation for the probability density function (PDF) associated with the Langevin dynamic (1) then
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reads
DL H00:00) — D (f(0) ) Pu s thoos 03) = [P thoo, o) = Pt o)), (20)
O l20:90) - 0 (1) ) P (o thoo,07) + 4 [Py o thaw, o) = P, theo,o)], (20)

where the Py (x,t|xo,0;) denotes the PDF of particles located at x at time ¢ and state £1, given the initial state ;.

A. Splitting probability

For our analysis we use the transition path region [x4,xp|, where x4 and zp are the locations of the absorbing
boundaries. ngZj (20,0;) denotes the probability for a particle to exit through the left-hand boundary z 4 in the o;-
moving state given it was initially at position 2o € [x4, 23] in the state o;. Analogously ¢UBj (20, o1)hdenotes the exit
probability through the right boundary xp. qﬁ}  are the desired splitting probabilities,

The calculation of the splitting probability is related to the first-passage time defisity (FPID) K (x4, t|zo) from
7o to 4/p. The nth moment K™ (wa/p|ro) of the FPTD is defined as [49]

K™ (24,p|20) = / t"K (x4, t|70)dt. (3)
0

Similarly, K (x4 /BlZ0,0;) is the nth-order moment of the FPTD of a partiele inifially located at xo in the state
;. For the initial velocity we assume that positive and negative particle velocitiesioccur with equal probability (i.e.,
we consider the symmetric initial velocity condition o(0) = 1, each withiprobability 1/2). The "average" nth-order

moment K (x4 /B|Z0) of the FPTD of a particle initially located @t p,is then'given by

(n) 1 (n) (n)

K" (xa,B|x0) = 5 K" (24|70, 1) K" (v 4/B|70, +1)| - (4)

Moreover, K™ (x4 /B|Z0,0;) satisfies the coupled backwatds equations [49]

— 8 n n n
—nK " V(@4 plro, +1) = (f(w0) + v) 5— K™ (dapslzo, + 1)\l K™ (w4 5lw0, —1) — K™ (w4, 5]20, +1) | ,
8:50

5)
_ 9 o (n n n (
—nK " (2 4/p|z0, —1) = (f(z0) — V) 8—%K( )24/ BlE0, <t ¥ [K< @50, +1) — K )(:EA/B|:170,71)},
with the boundary conditions

K(n)($A|$Aa %1) N K(n)($A|sz +1) = 07 (6)

K(n)(xB|$Ba +1) = K(n)($3|$A7 71) =0.

We present the derivation of Eq. (5)in Appendix A. Moreover, the zeroth moment of the FPTD is the splitting
probability (¢a/5(z0) = KO(za/plzo)= [,° K(Za/5, tlwo)dt, in fact, [ K (wa,t|zo)dt + [i° K(xp, t|zo)dt = 1),
ie. N

(1 (ao) Bo)fo— o oo, +1) + 26 (w0, —1) = 67 0, +1)] = 0
(7
(f(ma)sv) aixoﬁf (zo, —1) + v[¢7 (w0, +1) — ¢ (w0, —1)] =0,

and the associated boundary conditions are

H( ) Nap,+1) =0,
1(1’A, —-1) = ¢A (xp,+1) =0.
)=d4 (

Zo, +1)+¢2 (‘TO, 71)} and MA(xo) = ¢Zl($0a +1)7¢21($05 71)~
results in

Ta,—1

(®)

1

Without loss of genérality/ we define p(zo N
Then, substitating pa(zg)and pa(zo) into Eq. (7)

0 0
f(fﬂo)axo Ao )+Ua_0:uz4($0):07 o

0 0
f(wo)a—%uA(!Eo) + Ua—mPA(ifo) — 2ypa(wo) = 0.
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According to the boundary conditions Eq. (8), we obtain
_ ro v C C
63 (w0, —1) = =C1 | s Ni(w)de + S+ SN (o),
1 za L o o (10)
¢a (x0,+1) = -C1 o f2( ) — 02 Ni(z )dx—i—?— 5 — Ni(z0),
where N1($0) = exp (7 f;UB fgzyf;(—y'?ﬁ ) CQ =2 + ClNl(IA = *1/ ( A W ( )dl’ an Nl(Z'A) %)
Similarly, combining Eqgs. (7) and (8) we obtain
rB v C C
(w0, 1) = Cs fQ(V)_UQ 2(2)dw + 5+ No(ao),
I;B Yyv 04 03 (11)
+1 1) = N e\
A (@, +1) = Cs v f2(x) — 02 2(w)de + 5= = N2 (a0
which yields
o 29f(y) )
Ny(xg) = exp < ——dy |, ~
2ol e
v v 1 1\ !
- - T N N o) 12
e = =0r. Co= ([ Nt — Pt ; (12)

The results for ngUBj (zo9,%1) can be obtained in a similar mannergas shown in App. B, where we also derive the
results for the special case of a linear potential.

With our assumption of a symmetric initial velocity (o(0) =4£1 each with probability 1/2) above, the "average"
splitting probabilities read

63" (x0) = 5163 (o 1) A 6 080, 1),

Hze) = g, +1) P (2, 1)),

2
balwo) = 3065 ) + 08" o). (13)
Meanwhile,
o300, +1) :%[ W0, +1) + 675 (w0, +1)],

: (14)
¢A(x07 _1) :E[ Xl(mm _1) + ¢Zl($0a _1)]'

In our notation, qﬁjl(mo) and (b;ll(xo) are the splitting probabilities that the particle leaves the transition region at
x4 and is in the right-moving (H1l) and leftemoving (—1) state, respectively. ¢a(xo,+1) is the splitting probability
of a particle starting from zy in theight-moving state and subsequently leaving the transition region through z 4.
Similarly, ¢ (z,—1) denotes'the case wheén the particle is initially in the left-moving state. ¢p(xo) can be obtained
in a similar way.

B. | Transition path time and coefficient of variation

We define 71 (&p|r4) and ¥ (z4|z5) as the mean transition path time of the RTP from z4/xp to xp/7a.
TP (zplra) is calledshe forward mean transition path time, and 77 (z4|zp) is the reverse case. According to
Eq. (5), the fizsteorder moment K (1) (z 4,p|70, 1) of the FPTD satisfies the coupled backward equations

d
(o)t v) o KW (24,p|z0, +1) + 7 [KW (2 4/p]w0, —1) = KW (24, 5|70, +1)] = —da,5(z0, +1),
(15)
0
(f(x0) W) 90 KW (24)p]w0,—1) + v[KM (24)8]70, +1) — KD (24,570, —1)] = —¢a,5(70, —1).
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In order to solve Eq. (15), we define
ne(z0) = KW (zplzo,+1) + KW (xp|re, —1),
ep(ro) = KW(xpleo, +1) — KW (aplzo, ~1), (16)
with which we immediately obtain
0 0
f(xo)5—nB(x0) + v5—€p(20) = —PB(20, +1) — PB(T0, 1),
Oz dz (17)
0 7]
f(xo)5—e€n(z0) +v5—nB(20) = d5(20, —1) — B (T0, +1) + 276mB(20).
(9$() 83:0
For our choice of the potential V(x) = ax? + bx + ¢, we arrive at the expression
1 0 dp(x,—1)Mq(x) /10 ¢p(x, +1)M(x) Dy
ep(rg) = dx — dr )
ale) M (o) /:nA flz)—v Mi(zo) Jo, — f(x) W M (o)
“ ¢p(z,—1) /I0 “ oy, —1)M(y) da
T9) = — ———dr — 2yv dy
mlan) = - [ e [ [ ST @ )
" ¢p(z,+1) /IO /J“ ¢5(y, +1)Mi(y) da
— ——————=dz + 2yv d
/IA F@+v T LT T Q@) P (@) — )
o dx
—2~yvD + Do, 18
WP e e "
where
/(2a)
(2axp + b)? —v?]” Dy
1(z0) [(2%0 R and < 2 TACHA (19)

and where D; can be derived via the relation ng(zp) + eg(rp)/= 0. The form of Dy is quite complex, and we do not

present it here. For the linear potential case, we havepresented the'detail forms of Eq. (18) in App. B. As a result,

we showed how K (zg|zo, +1) = 2[ep(z0) + np(zo)handuk V(zg|zo, —1) = $[np(20) — €5(20)] can be calculated.
The mean first-passage times from the initial positiomzo to 4 /xp are then given by

K(l)($A/B|$Q)

ba/8(w0) (20)

TFP(JUA/B|1E0) =

where KM (24, 5|z0) = 2 [KW (24, p|zo, )+ KD (245|270, —1)]. As 24 and 2 are two absorbing boundaries, the

mean transition path times 71F (v 5|z 4 )@nd 7 (4|2 ) can be derived via the limits [49]

TP "P(aplro = 2a),

7 (xglra) =71

TTP( (21)

Ta|lrp) =7 (xa|lz0 = 2B).
We continue with the derivation of the GOV Cy of the transition path time distribution. Cy has the form [48]

((tp) — (trp)?)"”

C - )
v (tTp)

(22)

in terms of the firstgand second-order moments of the transition path time distribution, and where (t2,) =
K®(xp/alza/p)/@p/a@a 5)Moreover, (trp) stands for 777 (zp|za) or 777 (z4]2zp). In order to obtain (t3p)
we need to first obtaindthe second moment K(2)($B/A|l’0) of the FPTD. Similar to K(l)(xB/A|x0, +1), the expression
K@) (x5 4]20,21) obey,thé backward equations

0
—2K W (rapg|o, #1) = (f(z0) + v)a—%K@)(wA/leo, +1) + 7 [K® (24520, 1) = K@ (24520, +1)],
23)
P (
—2K(1)(xA/B|wo, —1) = (f(xo) — U)a—%K(Q)(zA/B|an —1) +y[K (2)($A/B|$o, +1) — K (2)(=TA/B|=TOa ~1)].
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Here, we present the forms of K () (xp|z,+1). A derivation of K (2 |y, +1) is shown in App. C.
Defining
wp(zo) = K®(zp|ro, +1) + K2 (25|20, —1),
0p(x0) = KP(xp|ro, +1) — K@ (zp|xo, —1), (24)
Eq. (23) can be rewritten as
9 9 (1) (1)
f(xo)—w3($0)+v—93(170) = 2K (.I’B|l’0,+1) — 2K (.I}B|.I’0,—1),
Oxo 0xo (25)
0 0
f(xo)g——ﬁg(xo)4*@———%UB($0)::2793(z0)4*2[1((U(x3|x0,71)4—}((U(z3|zof+1)]
i) 8$0
With to the boundary conditions (6) we obtain
2 7o My (z) KM -1 2 7o My (z) KM 1 D
93(1‘0) _ / 1($) ($B|£L‘, >d:L'* / 1($) (.Z'B|IL',+ )d.T+ 3 7
Mi(zo0) Ja, flx)—v Mi(zo0) Ja, f@)+v M (o)
o KW (zple, —1) w0 My () KD (zg|y, =b) dx
wp(w :—2/ —’dx—4’yv/ ’ dy
aiz0) b T@ v I o R (2(2) — o7)
® KO (e, +1) 2 M, () KO (o g0 da
7471)/ —’d:r+2/ / ’ dy
TA f($)+U za Jxa f(y)-i—v Ml(,ib)(fQ(.I')—’UQ)
o dx
—9vuD / + Dy, 2
T M@ (@) ?) (26)

where Dy = D3/[Mi(z4)], and D3 can be derived from 0p(xp)+ wp(zg)h= 0. M;(z¢) appears in Eq. (18) and
K®(2zp/alw0) = $[KP(xp/alw0, +1) + K@ (25)4]z0, —1)]. Then we can determine the theoretical results of Cy
from Eq. (22).

L

C. Mean/transition path/shape

We define Tsfgpe(xouA) and T;{]Fa’pe(x0|x3) as the mean transition path shapes of RTPs from x4 /25 to xg, respec-

tively. They are given by [49]

Tehape(T0|TANE 7 (#Blza) = 71" (wp]w0),

N (27)

Teitdpe(70|75) = Teo(w alwp) — 717 (2.a]z0)-

The analytical results of the transition path shape for RTPs are given in App. C, i.e. Egs. (C3-C6).

D. DBistribtition of unproductive attempts

As shown in Fig. 1, showing simulations results of Eq. (1), we observe from the sample trajectories (gray lines) of
RTPs the unproductive fluctuations in theforward and reverse directions, shown by the red and pink lines, respectively.
The yellow lines represent transition paths in the transition path region [—1, 3].

p(z|NPFp) and p(z|NPFg)rare distributions of forward and reverse unproductive attempts, respectively. The
position distribution for forward or reverse unsuccessful reaction attempts can be expressed, respectively, as [59]

p(z|NPFR) o [¢A($)]2peq($)a

2 (28)
p(z|NPFg) o [¢5(2)]"peq (@),
where peq(x) istthe stationary distribution of the system (1). peq(z) can be obtained from Eq. (2) [38], yielding
1 MAC)) ]
Peq(T) X —————exp 27/ ——5—dy]| . 29
R e ey 2

For the linear potential case, in Eq. (29), peq(z) 712—;2 exp (0221122 ac)
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FIG. 1: (a) Sketch of the RTP trajectory of Eq. (1) including the transition paths and unproductive attempts. The transition
region is [xa,xB] = [—1,3]. (b) Unproductive attempts. Red lines are unproductive attempts from x4 to x4, pink lines are
unproductive attempts from zp to xp, and yellow lines stand for transition paths. ~

E. Mean duration of unproductive fluctuations

The mean duration of unproductive fluctuations, i.e., the mean returmytimes' rr(za — z4) and 7r(zp — zp).
These are also the forward and reverse durations of unproductive fluctuationsyrespectively. Then, 7r(x4 — z4) and
Tr(zp — xp) satisfy [59]

K(l)(acA|scA)
o AllT ) ¥

K (D(zp|2n)
oB(@R)

where K1) (z4]x4) and KM (xg|zp) can be obtained from BEqa(D1).

TrR(TA — Ta) =
(30)

TR(wB — .Z'B) =

III. RESULTS

We proceed with the analysis of how theisystems parameters, such as the height of the potential barrier, on the
transition path properties of RTPs, wedwork with the linear potential function V(z) = Ux/2 as an example, other
potential functions can be studied analogously. Here, we assume that |U| < 2v, otherwise the RTP always just moves
in one direction, which would result_.in a\rather trivial transition path behaviour.

A. Splitting probability

The variation of the splitting probability ¢4 (z¢) with the initial position zo is shown in Fig. 2. As expected,
¢pa(xo) decreases as xo increasesh However, as can be seen from Eq. (B10), the decrease with ¢ is not linear, which
is significantly differentpfrom the free RTP case [70]. The splitting probability of the particle initially in the +1 state
is significantly smaller than, that of the —1 state, i.e., gbjl(zo, +1) is less than gbjl(zo, —1), and (b;‘l(zo, +1) is less
than gb;l(xo, —1). Moreover, the splitting probability is the same when the particles have the same initial position
zo and the same g state. Thus, as,the particle gets closer to x4 = —1, it has a higher chance to escape through the
left-hand boundary &4 .

Fig. 3 compares the analytical splitting probability ¢5(xg) (solid lines), for different cases, with simulation results
of the Langevin equation (1) (symbols). Unlike the splitting probability ¢a(xo), ¢p(z¢) gradually increases with
growing xg, butyagain the relationship is non-linear. We see that q%l(aco, +1) is greater than q%l(xo, —1). Moreover,
qb;l(aco,:tl) and @57y, =1) are the same. Here, the probability for the particle to exit at the left-hand boundary
x4 = +1 is always equal to the case at the right-hand boundary zp. Indeed, Figs. 2 and 3 demonstrate that the
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FIG. 2: Splitting probability of an RTP as a function of xgy with the parameters V(z) = Uz /2, U = —4, v = 2.0, and v = 5.0.
The transition region is [—1,3]. We find excellent agreement\between the numerical simulations (symbols) and the theoretical
predictions (lines) from Egs. (B9) and (B10).

analytic results of the splitting probabilities, shown hy.the solid lines, is very good quantitative agreement with the
numerical results from Monte Carlo simulations.

B. Transition path time and COV
N

We now consider the forward and reversedransition path times 7(xp|z4) and 7(x4lxp), as well as the COV Cy of
the transition path time distribution./We specifically consider effects of the particle speed v, tumble rate ~y, transition
region boundaries x4 and Zpgyand thewsteépness U of the potential function U on 7(xp|z4) and 7(zalzp), as shown
in Figs. 4 and 5, respectively.

We see that upon increasingw. the A-dépendence of 7(zp|x 4) approaches a linear dependence, see panel (a) in Fig. 4.
From panel (b), as intuitively expected, larger v leads to smaller 7(zg|x4). Changing the size of the transition path
region, panel (c) demonstrates that 7(zp|r4) monotonically decreases with zp — 4. In panel (d), 7(zp|r4) is shown
to increase as rp — z@ increases.<To obtain additional insight into the behaviour of the RTPs in an external potential
we plot in panels (¢) and (f) the values of T7(zp|x4) as function of U. We observe that 7(xp|z4) is monotonically
increasing with U. Wefnote that for the largest v value a plateau-like region emerges around U = 0. As evidenced in
this figure, thetheoretical solutions for T(zp|x4) are nicely consistent with Monte Carlo simulations of the Langevin
equation (1),

Similarly, inFig. 5, the effects of the systems parameters on the reverse transition path time 7(z 4|« ) are considered.
7(2 4|2 B )eexhibits a nionotonic behaviour with respect to these parameters. In panels (a-d) we present the variation
of T(x Az p) with.y, v, and x5 — x4, demonstrating consistency with that of 7(xp|z4). As seen in panels (e) and (f),
the difference to the case in Fig. 4 is that growing U effects a decrease in 7(z4|xp). Again, as in panel (e) of Fig. 4,
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FIG. 3: Splitting probability of an RTP as a function of &g, where the parameters are V(z) = Uz/2, U = —4, v = 2.0, and
v = 5.0. The transition region is [—1,3]. The lines are analyticizesults from Eqgs. (B9) and (B10), the symbols represent
numerical results. The agreement with the theoretical predictions is excellent.

panel (e) exhibits a plateau-like crossover around vanishing U. Generally, excellent agreement between the theoretical
results and the numerical simulations is‘observed.

To further detail the difference between: the situations of Figs. 4 and 5, we plot in Fig. 6 the dependence of the
difference 7(xp|ra) — T(xa]|zrp) on thelsystems parameters. The difference 7(zp|xa) — 7(xa|xp) the the transition
path times is shown as function of v andw in panels (a) and (b), respectively. Remarkably, the difference 7(xg|z4) —
7(zalxp) is completely independentof 4swhichds different from the free RTP case [70]. In fact, we previously proved
theoretically that the system parameters cannot effect a symmetry breaking in the transition path properties of these
RTPs for unconstrained motion (i.e.,#(zp|za) = T(zalzp)) [70]. Panel (b) demonstrates that (zglxa) — 7(zal|zB)
decreases with growing v, as.ntuitively expected. Panels (c) and (d) show the effect of the transition path region
on the difference 7(xp|ra) & T(xa|rp), for various v and 7. In both cases a linear dependence is observed. As v
increases, panel (c), the slopesof décredses, i.e., T(zplra)) and 7(x4lxp) approach each other. In panel (d) we see
that the different choice§ of v doynot affect the difference 7(xplra) — 7(za|xp). Finally, panels (e) and (f) show
the dependence on theslope U of the external potential, for different v and v. In both cases the difference of the
transition path timess#As shown/by the dashed lines, the absolute values of the time difference are fully symmetric
around U = 0, as they should..Summarising Fig. 6, the time difference 7(zg|x ) — 7(va|zp) decreases monotonically
with the particle speed(v, left-handyboundary =4, and the steepness U.

From Figs. 4.te 6 we see'that the forward and reverse transition path times differ significantly. In fact, this can
be rationalisgd as follows. The potential function defined used here is V(z) = Ux/2. When U > 0, in the forward
direction, the particle'moves from x4 to xp, and the RTP is in the process of climbing the potential. In the reverse
direction, the particleimoves from xp to x 4, and the RTP is going downhill. When for this situation U > 0 the value
of U ingreases, the reverse transition path time becomes significantly less than the forward transition path time. The
difference between 7(zalzp) and 7(xp|za) thus increases as the absolute value of U increases. (When U < 0, the
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FIG. 4: Forward transition path times 7(zg|za). (a) 7(zp|za) as function of ~y for different values of v with U = 0.2, x4 = —1,
and zp = 3. (b) 7(xp|z4) versus v for different values of v with U = 0.2, z4 = —1, and p = 3. (¢) 7(zB|z4) as function of
xp — x4 for various vwith Un= 0.2; v = 1.0, and x4 = 2. (d) 7(xp|za) as function of xp — x4 for various v with U = 0.2,
v =1.0, and zg = 0! (e) 7(zplza) versus U for various v with v = 6.0, z4 = —1.0, and g = 3.0. (f) 7(zg|za) as function

of U for various v with = 4.0, x4 =,—1.0, and zp = 3.0. Solid lines correspond to the predictions from Eq. (C5), while the
symbols represent numerical simulations of Eq. (1). Both show excellent agreement.
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48 FIG. 5: Reverse transition'path times 7(za|zg). (a) T(xa|zp) as a function of  for different values of v with U = 0.2, x4 = —1,
and zp = 3. (b) Plot of w(zalzp) vé v for different values of v with U = 0.2, z4 = —1, and g = 3. (¢) 7(zalzp) as function
of xp — xa for various v with U'=0.2, v = 1.0, and x4 = 2. (d) 7(za|zB) versus zp — x4 for various v with U = 0.2, v = 1.0,
and zp = 0. (e) 7(za|zg) as function,of U for various v with v = 6.0, x4 = —1.0, and xp = 3.0. (f) 7(zalzs) as function of
51 U for various v with = 4.0, &4 = —1.0, and g = 3.0. Solid lines represent Eq. (C5), the symbols represent the numerical
52 simulations from Monte Carlo simulations.
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FIG. 6: Difference of the transition path times in both directions from Eq. (C5). (a) 7(zp|za) — 7(za|zB) as a function of v
for different values of v withhU' = 0.2, v4 = —1, and g = 3. (b) 7(zB|ra) — T(xa|zB) Versus v for different values of v with
U=02 24 =-1, and 2 = 3u(¢) 7(zp|ra) — T(xa|zr) as function of xp — x4 for various v with U = 0.2, v = 1.0, and
za =2. (d) 7(zBlza) — 7(xa|lzp) Versus xp — x4 for various v with U = 0.2, v = 1.0, and zg = 0. (e) 7(zB|za) — T(za|TB)
as function of U for various v with v'= 6.0, z4 = —1.0, and zp = 3.0. (f) 7(xB|ra) — 7(za|zB) Versus U for various v with
v =4.0, 24 = =110; and. 2= 3.0. Solid lines represent the theoretical predictions of 7(xp|za) — T(za|zB), the dotted lines
are the absolute values of the theoretical predictions of 7(xp|xa) — 7(xalzr) for U > 0.
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situation is opposite.) This is exactly the result presented in Figs. 6(e) and (f).

In order to consider the influence of the system parameters on the COV Cy/, we choose Cy for the forward transition
path time distribution as an example to carry out a specific discussion. Fig. 7 displays the Cy as function of the
systems parameters. As can be seen from panels (a) to (d), when U is positive, Cyy < 1 for all selected parameters.
Interestingly, one observes a clear non-monotonic behaviour as function of 7, panel (a). Overall, the dependence of Cy
on the parameters exhibits quite diverse behaviour. When looking at the influence of U on Cy/, it graduaally decreases
with growing U. For very negative values of U, Cy exceeds unity, i.e., leading to wider than exponential distributions
of the transition path times.

The COV Cy for additional parameter values is shown in Fig. 8, concentrating on negative values of U. The
variation of Cy with v and v in panels (a) and (b) is consistent with those shown in the same panels of Fig. 7. In
particular, panel (a) demonstrates again a clear maximum of Cy as function of v. For the selected parameters, smaller
v or U values allow Cy to exceed unity. As shown in panels (¢) and (d), depending on the ehoice of the parameters
the functional dependence of Cy on x4 or xp switches between monotonic behaviour andva slight maximum.

C. Mean transition path shape

We continue by discussing the effect of the systems parameters on the meandransition path shapes Tslfgpe(xdx A)

and 74P (%o|rp), which are obtained from simulations of Eq. (1) and compared with those obtained analytically in

shdpe
q. (27).
In Fig. 9 shows the variation with the initial position x( of the transition path shapes. Panels (a), (c), and (e) show

the case U > 0; panels (b), (d), and (f) represent the case U < 0. As shown in (a)and (b), the transition path shapes

show the expected monotonous dependence on xg. Moreover, a monotonous dependence on v is seen: An increase of

v effects a decrease of 715 . (zo|za) and 735 (zolzp) for fixed xo. Panclsi(c) and (d) show that for larger v effects

higher transition path shape amplitudes. However, the influence of U on T;fll,;pe(zdz 4) and T;{]Epe(zdx]g) is more
subtle. Panels (e) and (f) demonstrate that regardless of the (positive or negative) value of U, 731 (xo|xp) decreases

with the increase of U, Whlle T, hgpe(z(ﬂz 4) shows the opposité dependence. For negative values of U, in panels (b),
(d), and (f), we see that 7.1

shape ($0|$B) is larger than 7, shipe(am'xl‘l) y

We note that the results shown in Fig. 9 demonstrate that the quantities 7, aLpe(xo|z 4) and Tbhape($0|$ B) are no
longer symmetric for the chosen systems parametet, ie., the potential causes a visible asymmetry of the transition
path shape. This asymmetry becomes more pronounced as,the absolute value of U increases, see panels (e) and (f).
Especially when the U > 0, the values of 7, hape(zo|z 4 ) are larger than those of 7 Shape(x0|x B)- The trend is reversed

for the case U < 0.

D. Position distribution of unproductive attempts

We now consider the positional distribution, p(z|NPFp) and p(z|NPFg) for unproductive attempts in forward
and reverse directions, respectively. Ag¢cording to Egs. (28) and (B10), the monotonic behaviour of p(z|NPFp) and

p(z|NPFR) is clearly visible. As shown imFig. 10, the forward distribution p(z|NPFf) is a decreasing function of the

position z for fixed system parameters. For symmetry reasons, the dependence on z is increasing for p(z|NPFg), as
seen in Fig. 11.

Panels (a) and (b) in Fig. 10 show/that when the particles are close to the left boundary x4 of the transition path
region, they have a high probability p(z|NPF ) for unproductive attempts. Indeed, it can be shown from Egs. (28)
and (B10) that p(z|NPF p) has @maximum at = 4. Simultaneously, the distribution of unproductive paths decreases
as v increases. However, if increases with growing . As shown in panels (¢) and (d), a larger U leads to an increase
of p(z|NPFp).

Fig. 11 shows the opposite case of the reverse direction, i.e., p(x|NPFg), for different values of v, v and U. We see
that here the maximtim is attained at the right boundary, 5. The influences of v, 7, and U on p(x|NPFg) show an
opposite trend to the behavieur in Fig. 10.

E. Mean duration of unproductive fluctuations

Fig. 12§'shows thednean durations 7(z4|z4) and 7(xp|zp) as function of the systems parameters of the duration
of the forward and reverse unsuccessful path. Panels (a) and (c¢) show plots of 7(za|z4) as function of v or v for
different walues of U, as calculated from Eq. (D1). Increasing v and v lead to a decrease of 7(xz4|x4) at larger values,
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with an initial increase. Similarly, panels (b) and (d) show a decreasing trend of 7(xp|rp) for larger values of v or
v. A quite rich behaviour is shown by the mean durations 7(za|z4) and 7(xp|zp) in dependence of U on variation
of v and v. In panels (e) and (f) we see that with increase of U, 7(z4|xa) increases initially, then turning into a
decreasing trend. Moreover, 7(zp|rp) and T(x4|r4) are symmetric with respect to U = 0.

From the results presented in Figs. 4, 5, and 12, we see that as the tumbling rate v increases, the forward and
reverse transition path times 7(zp|xa) and 7(x4|zp) both increase, while the durations of the unsueéessful forward
and reverse paths 7(z4|z4) and 7(xp|zp) decrease. In fact, according to the motion characteristics oftran RTP, the
particles are affected by the tumbling rate during their motion. Thus, when the particles approachiesithe target and
the motion direction of the particles suddenly changes, the particle moves backward and thus away from,the target
position. Therefore, the random tumbling characteristic of the RTP may hinder the escape behavior of the particles
and promote unsuccessful paths.

IV. CONCLUSIONS

We here provided an efficient theoretical scheme to analyse the transition pathgroperties for an RTP under the
influence of an external potential. Specifically, we studied the effect of the particle velocity, the tumble rate, the
potential stiffness, and the transition path region on the transition path preperties for & one-dimensional RTP.
In addition, we also determined the theoretical description of the failed (upproductive) attempts for RTPs. The
nonequilibrium behaviour of such RTPs results in transition path properties that are significantly different from those
of equilibrium systems. Particularly, the transition path properties exhibit‘an, interesting monotonous dependence on
the system parameters. All our theoretical results are confirmed by Monte Carlo,simulations.

When an external potential is introduced, we find that the tumble,rate of the»rRTP has no effect on the time
difference of the transition path times in the two directions. Interestinglypour theoretical results demonstrate that
the symmetry properties of the transition path time and shape aré quite sensitive to the steepness of the potential:
increasing stiffness leads to more pronounced asymmetry. Moreover, the presence of the potential accelerates the escape
of the RTP. These results will be useful in the study of bacterial ¢hemotaxis in complex systems, their community
behaviour, or phenomena such as the transport of nanoparticles in, fluids. The research on the unsuccessful paths of
RTPs is expected to promote the related work in life, medicine and other fields, and for the investigation of active
drug delivery.

Our method succeeds in obtaining theoretical resultsiof transition path properties of RTPs subjected to an external
potential. These were shown to be in excellent agreement,with Monte Carlo simulations results. In agreement with
the results of Ref. [71], where the phenomenon of symmetry breaking in the transition path time during a telegraph
process was observed in the presence of an external potential function, we indeed found a pronounced asymmetry in
the settings of our system. It will be interesting to'set-up our system for telegraphic noise. Moreover, the analysis
presented here may also be generalised to other active systems, such as active Brownian particles.
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Appendix A: Detailed derivation of Eq. (5)

Here, we focus ondhe derivation of K (zpg,t|xo,0;), the case K (x4, t|zo,0;) can be obtained in a similar manner.
Following Eq. (1), welderive the backward master equation for K(zp,t|xo,+1) and K(z4,t|zg,—1). To this end
we first write the disretised version of Eq. (1). We suppose that at time ¢, the RTP is in the state o(t) = +1. Then,
one obtains [72]
(4 dt) = {z(t), w%th probab%l%ty vdt and o(t + dt) = —1 (A1)
x(t) + [f(z) + v]dt, with probability 1 — vdt and o(t + dt) = +1.
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Conversely, when the RTP particle is in the state o(t) = —1 at time ¢, we find
Wt +dt) = x(t), w%th probab%l%ty vdt and o(t + dt) = +1 (A2)
x(t) + [f(z) — v]dt, with probability 1 — vdt and o(t + dt) = —1.

Now we assume that the RTP starts to move at time ¢ = 0 at the initial position x(0) = z¢. At first, there is no
change of state such that o(t) = +1 with probability 1 — vdt. According to Eq. (1), from time ¢ =.0.to time ty= dt,

the RTP has the velocity dg;gt) = f(z) + v, therefore, the RTP’s position is xg + [f (z) + v]dt at time d¢. Imdaddition, if

the RTP particle tumbles and the state changes to o(t) = —1, it has position zy + [f(x) — v]ditwith probability ~dt.
Then, we arrive at

K(xzp,t+ dtlzg, +1) =(1 — vdt)K (zp, t|zo + [f(z0) + v]dt, +1)

+ ’}/dtK(:L'B, t|£L'0 + [f(l'o) - ’U]dt, 71). (AB)

In order to solve Eq. (A3), we perform the Taylor expansion of the first and Second terms’to first order in dt,
resulting in

K(zp,tlro + [f(xo) + v]dt, +1) = K(xp, t|xo, +1) + [f (x0) + pldtO,g (B, t|x0, +1),

K o + [F(z0) — old, ~1) = K, thao, —1) + [ (ro) = Wltd, K (i, o, 1) )
Substituting Eq. (A4) into Eq. (A3) and retainiing only first-order terms of order,d¢, we find
K(zp,t+ dtlxe,+1) =K (zp, t|zo, +1) + [f (20)Fw]|dt0ssK (x5, t|x0, +1) (A5)
+ vdt[K (x g, t|xg, —1) — K (zgyt|xo, +1)].
Then, taking the limit dt — 0 leads to
O K (zp,tlxo, +1) = [f(x0) + )0z, K (x5, t|xo, 1) ’Y[K(l';,ﬁlxo, —1) — K(xp,t|zg,+1)]. (A6)

K(zalzo,0;) can be obtained in a similar manner. Finally, according to Eq. (3), we obtain from Eq. (A6) the set of
equations

n— 8 n n n
—nK! 1)($A/B|£E0,+1) = (f(xo) +U)G—$OK( )(.’IZA/B|.T0,+1) + |:K( )(-TA/B|-T0,—1) — K¢ )(xA/B|£E0,+1)} ,

(A7)
— a n n n
—nK(” 1)($A/B|$Oa —1) = (f(l'o) — ’U)a—wOK( )(mA/B|.T0, —1) +’7 |:K( )(.TA/B|.T0,+1) — K( )(xA/leo, —1)} .
Appendix B: Detailecktheoretical results for the splitting probability ¢z (zo)
The splitting probabilities ¢ (@, £1) satisfy
% I 7 I
(f(l'()) = U) a—(bB (CC(), +1) +7|: B (.TQ, _1) - (bB (mOa +1)] = 07
o
0 4. o o (B1)
(f(zo) =) a—x(](bé' (z0, —1) +7[0F (zo, +1) — ¢% (z0, —1)] = 0.

We define pp(z0) # ¢ 5 &0, St ¢5" (v0, —1) and pp(zo) = ¢5' (x0, —1) — ¢5* (v0, +1). Therefore, Eq. (B1) can be
rewritten as

f(zo) 0

0
8—;1;0’)3(%) + U7OMB($0) =0,

0 (B2)

0 0
f(xo)a—%uB(Io) + Ua—xopB(Jfo) —2ypup(wo) = 0.
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Then, we obtain (bgl(zo, +1),
_ B v C C
¢B1(‘T07 —1) = 05 m]\h(l’)dx + 72 + 75]\[1(.1'0),
zo
z (B3)
o5 w0, +1)=Cs [ — 1% Ni@)de+ L~ BN (o)
BT v fHx) =02 2 2 ’
where Cg =2 — C5, C5 = —1/[[;; 7=z Vi(z)de — $N1(za) — 3], and Ni(zo) appears under{Bq. (10).
Similarly, we find
o Cs C
¢§1($07 —1) =—-CY %Nl(lﬂ)dlﬂ + 78 + %Nl(xo),
o B4
(20, +1) = C IOLN(:C)CZ:E_,_%_QN(:E) Y
B 05 7 - f2($) 2 1 2 9 1 L0 )y
where Gy = C7Ni (z4), and C7 = 1/ | [7 8z Ny (2)dw + $Ni (2.4) + 3
For the case of a linear potential, the force is f(z) =b (i.e., V() = Ux/2, b= fU/zz, and the results become
+1(1’ —1) = _U_CQ ex ( 2vbxg ) ~ex (Q’YbIEA ) @ 0 @ex ( 2vbxg )
A N0 2p | P2 2 P =2 2. 2 b2 — 0?2 (B5)
11 B _v_Cg 2vbxq B 2vbx 4 % @ 2vbxg
a (w0 +) = - [ex (b2 71;2) P (b2 - 2) ho Ty (b2 7u2)
where C1g = 2 + Cg exp (i;ﬁfﬁ) and Cy = 1/ [(% — 55) €xp (i—;i&ﬁ) + (3% &) exp (i;bfj‘;)]. Similarly,
+1 = ~vCn ( 2vbxg ) B (27be) ¥ Ca Cun ( 2vbz )
95 (70, ~1) 20 {eXp 2_o2) P\ 2T T 2 P\ e) (B6)
11 B _an 2vbxq ) 0 29bx 4 ) @ @ 2vbxq
T [eXp (b2 —o2 S, R (b2 2)| Tty (b2 - v2)
where Co = C11 exp (i;ﬁiﬁ) and Cy; = 1/ [(% ~55)hexp (i;@iﬁ) + (34 &) exp (ilbfﬁ‘)}
Moreover,
-1 o ’1}013 2’}/b$0 2’}/be 014 013 2’}/1)%0
ba (w0, —1) =-— [eXp <b2 »1)2) TP (b2 —UQ) Py e (b2 —UQ)’
(B7)
—1 v013 2")/bIL‘() 2")/be 014 013 2’}/17:17()
Oa (w0, H) === [e@ (rz) oo (ps)| v 5 5 oo (e s):
where C4 = 2 + C13exp (i;ﬁf}g) and C13 = 1/ [(% — 55) exp (i;ﬁff;) + (% + 55) exp (i;ﬁf}‘;)}, and
1 T _1)015 2vbxg B 2vbx 4 % B % 2~vbxg
¢ (w0, =5 [eXp(bQUQ) eXp(vaQ) T eXp(b2 UQ)’ -
1 B 71}015 2vbxq 7 2vbx A % % 2vbxg
¢5 oS —377 [eXp(tﬂ —1)2) eXp(b2 702) Tt eXp(b? 7v2)’

where Ci6 = C15.6xp (g;ﬁfﬁ) and Ci5 = 1/ {(% — 37) exp (i;iﬁf;) + (3 + %) exp (i;ﬁfﬁ)}
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Finally, we obtain
1 1 (1-3)exp (328) + (1 +3) exp (#223)
z (xo,_l):(bg (ZCQ,—l): 2vbx 2vbx
13 exp (328) + (1+ 3) exp (3224 )
) 2vbxp 2vbxo
) (1 %) [exp (228 — oxp (2]
jl(xo, +1) = ¢A1($0a +1) = v 2vbrp v 2ybw 4
(1_b)eXp(b2 u2)+(1+3)eXp(b2 UZ) -
(1 + v) 29bxra ) 2vbzo ( )
41 _1 b) |€XP | 3202 CXP | p2—2
B (zo,il):gbB (1'0,71): v 2vbx v 2vbx
e () + (14 §) e (229)
» B (1+3) exp (328) + (1 - %) exp (%)
B ($O,+1) - ¢B ($O,+1) - 2vbx 2vbx
1 §)exp (322) + (1+3) o (3224)
Then from Eq. (14) we derive
~
d)A(an 71) = zl(zoa - ) ¢A($0,+1) = ¢Zl(x07+1)a
¢5(x0,—1) = El(ﬂﬁo, 1), ¢5(xo, +1) = ¢ (doy+1)s
(1—%)exp (ilbfﬁ) Y okp (,f?fﬁ%)
¢A($0) = ’
(1——)6Xp( — g)-ﬁ-(l—I— )exp(%b“) (B10)
(1+3) exp (B Joig oxp (722%)
d)B(xO) - 2vbx 2vbx )
(1-3) exp (B224) + (1Yo (322)

Then, combining Eqgs. (28) and (B10), we obtain theéspositional PDEs p(z|NPF ) and p(xz|NPFR) for unproductive
attempts in forward and reverse directions, respectively.

Appendix C: Detailed theoretical results of the mean transition path time, transition path shape and
variation coefficient

According to Eq. (15), we define na(@) = KM (zaldo, +1) + KM (x 4]z, —1) and ea(xo) = KD (x4]20,+1) —
KM (24|z0,—1) and find that

f(ifo)ai%mx(il?o) -1'\0%614(550) = —¢a(zo,+1) — pa(wo, —1), o

Flao) 2

0
B0 ealxo) + Ua—mOnA(fUO) = ¢a(xo,—1) — pa(zo, +1) + 2vea(zo).
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With the help of the boundary conditions (6) we then get
ea(zo) = N (20) M (20),
a(ao) = 470°Cs / / |7 DQu () dy[W () % da
— 29020y /’”0/ )~ GEHD dy W ()] %=~ Lda
za
# 320 [ g M)W ) e~ 20D W) [ ) o
Ta
’ 03/ Qile 2aa:24c—wl;)+ Wi~ Ztogihy(ao)] + 00y / [W(q;.) %
H(a0) = 2nanCy [ WG Qo) +ngnCa [ W]
za -
nZC3 log[M>(z0)] + Ds,
where C3 and C4 are given below Eq. (1 ) and ng = [(2azp + b)? — as Ma(zo) = %7

W(IZIO) = (20':1:0 +b) - ’U ) Ql LZIO f 2“_1d117, and D6 =D

na(zg) +ealzp) = 0.
Eq. (20) can be rewritten as

. D5 can be obtained from

TP (wplra) =
(C3)
T (zalzp) =
For the linear potential case f(x) = -U/2 =10 (a
Gi1 = —a1biCri(zp — ,
Ga = b3C11(n2 — n1wa) — agb;C11(rp — 7a)
bor 2(ﬂc xA)
a9 b B A)s
(C4)
2 2 2
where ag = =27, a 3), az = exp(apra), az = i, by = %, by = 2?;5), by = %ﬁ;g)’
2
by = == = b(b%%ﬂ), by = o5, m = H8 np = aio(ale — asxg — ny), and Cqq appears
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The final results based on Eq. (C3) then read
o) L B ) e (358) + [3 - e o) e (32252)
T rB|TA) = :
(1= ) e (3228 ) + (14 ) exp (3252
v v —v 2vbx v v b2 402 2vbx
TTP(.TA|.T )_[_%"'W— P (.TB—wA)} eXp(bz_ﬁ)—i— [%—W— b2(zr+v)($3 ,TA):| exp(b;y vg) (05)
b B )
(1—2)exp (ilﬁfﬁ) +(1+%)exp (ggﬁffg)
22— wa) oxp (BEE) + 2007 + b+ %) (o — wa) g ( )
T (walzp)—7"" (wplea) =
B0+ 0) [(1— Brexp (B28) + (1 + 1) exp (2224)]
Then,
K(l)(l‘B|l‘0) = b3011(’ﬂ4 — ZL’Ang) =+ b4011n3 — a2b5011(x0 r_ iUA)
—agnzDy + Do,
K(l) (ZL’A|I‘0) = b3011(’ﬂ4 — l’Ang) —+ b4011n3 — a2b5011($0 _‘554) (CG)
1 2
- a_b(in?) - 5(1'0 — I'A) — agnzDs ¥ -D67
2
where n3 = % [exp(aol’o) - az}, ng = al—o [3:0 exp(apxo) — xAG2 — ng}_

We define wa(zo) = K@ (xal|zo, +1) + K@ (2 4]20, —1) and 0 y@o)i= KE(@ 4 |z0, +1) — K® (xa|z9, —1). Then
Eq. (23) can be rewritten as

0 0
f(il?o)am wa(zo) +v=—"=0a(z0) = —2K(1)(:1:A|x0,+1) —zK(l)(li’O, —1),
0

Oz
5 80 (C7)
F(@o) 5 =0a(w0) + v ~wal(wo) = 298 (o) + 2[5 Ofwalzo, —1) = KO (walzo, +1)].
This leads us to
2 My (z) KW =1 2 “0 My (z) KW 1 D
o) = s [ A sl N2 [ Ml D
M (o) f@) —wv Miy(xo) flx)+v M (zo)
o K(l)(xA|x M ( K<1> (zalz, —1) da
wa(x :—2/ dx—47v/ / dy
=2 T “v YME0E ) o
0 KW (242 +1) My ( )K<1 (:L’A|3: +1) da
2 f —’dﬂc+47v/ / ROPY
wa f@)Fv fly)+v My () (2 () — v?)
*o dor
-2 UD / + D )
T e M@(P@ - "
where Dg = %, D7 can be derivedufrom 04 (xp) + wa(xp) =0, and M;(z0) appears under Eq. (18).
Similarly, for the linear potential case f(z) = —U/2 = b (a = 0), we present the simplest forms of the second

moment of the forward transition path time, (t25) = K®) (zp|ra)/¢p(ra) and COV Oy of the forward transition
path time distribution,
(xp —2a)’Ti+ (x5 —2a)To + Ts
2
2[(1 = F)ar + (1 + §)as]
1/2

(x5 — 24)?Ty + (x5 — za)T5 + Tg) /
[m1 +ma(zp —x4)] a1 + [—m1 +ms(zp —xa)] a2’ (C9)
Ty =E1a} + Esajas + Ega3, Ty = Ega} + Esaias + Eqa3,
T5 =F3a] + Esaiaz + Esa3, Ty = s1a1as,

<th‘P> ==

Cy =

2 2 2 2
T5 =s7aj + sza1az + ssa3, Tg = s2aj + sqa1a2 + Seas3,
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where
B - 72(b2 +v?%)? 430t —bY)
T b4 0)2 TP b2 —0?)”
v2(b% — v?)(6bv — 4b% — 20?) 8v2%(b? — 3bv)
Es = 208 By = 5 )
40%(20* — b2 —ovt) —2(b+ v)?
Es = 200 Be = —r—
20 — 6b%v2 — 4b3v —202%(b? — v?)(2b% + 3bv + v?)
Er = 5 By = 208 )
B — 20(b — v)(2b% + bv + v?)
9 — ’7b5 )
B 4ot (0= 0?) (20t + %0 —3®) 8_113
51= b (b2 — v2)’ 52 = ~26 153 35 bt
202(b? — v?)(b? + 20?) v(2bv? + b0 + v3)
S4=— 216 )85 = 205 ’
@2 =) (PP + 200+ 3% (b—v)%W? =
56 = 28 T T
S _’U(b2 —v?) S b2 + v?
1 — ’yb3 ) 2_b2(b+v)a
b+wv
m3 = 2 (C10)

and a1, ag were presented below Eq. (C4).

4
Appendix D: Explicit reselts of Eq. (30)

Here, we present some resluts of the mean return times 7r(z4 = z4) and 7r(zp — xp), for the linear potential
case. Then, Eq. (30) could be rewritten as

08— o) e (1252 + [ 00 =] e (D) — oo — ) e (2222
TR(TA — 1) = |
270 [U(b +v) exp (iggﬁ) +(b.— v)(b+ 2v) exp (%) + (b—v)2exp (i;iﬂi}g )}
v(b+v)exp (g;’ﬁfﬁ%) - {%U(b +v) - W} €Xp (%) — (v® = b*v) exp (22&?5)
TrR(Tp — B) =
Q’Yb[(b +v)2 exp (;f;ﬁfjg) +.(b+v)(b—2v)exp (%) —v(b—v)exp (i;izﬁ )}
N (D1)
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FIG. 12: Mean duration offorward and reverse unproductive attempts for the transition path region [—1, 3]. Parameters: (a,b)
v =2.0. (c,d) v=3.0. (¢)w=75.0.(f) v =3.0. Note the two different y-axes in panels (e,f). Solid and dashed lines represent
the theoretical predictions for 7(xa|za), T7(zp|zp) from Eq. (D1), respectively. The symbols represent numerical simulations.



