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Abstract

In this paper we introduce a fractional variant of the characteristic function of arandom
variable. It exists on the whole real line, and is uniformly continuous. We show that
fractional moments can be expressed in terms of Riemann—Liouville integrals and
derivatives of the fractional characteristic function. The fractional moments are of
interest in particular for distributions whose integer moments do not exist. Some
illustrative examples for particular distributions are also presented.

Keywords Fractional calculus (primary) - Characteristic function - Mittag—Leffler
function - Fractional moments - Mellin transform

Mathematics Subject Classification 60E10 - 26A33 - 33E12

1 Introduction and preliminaries

In this section we present the definition of our notion of the fractional characteristic
function and some of its basic properties. For a real random variable X with probability
density (pdf) p(x), the (classical) characteristic function of X is defined by
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oo

p(t) =E("™) = / e p(x)dx,

—00

or via Taylor expansion

p(t) = kz (D' / X p(x)dx = Z(EX]‘ (l]z)

where EX* = go(k) (0) are the integer moments.

Definition 1 We define the fractional characteristic function (fractional CHF) ¢, (),
0 <« < 1,1 € R, of the random variable X via the Mittag—Leffler transform of p(x),
ie.

oo
9o () = E(Eq(i(tX)%)) = / Eq(i(tx)*) p(x)dx.
—00
Here Eq(2) = Y . L genotes h ter Mittag—Leffler f
ere Ly(2) = k=0 F(ak+ 1) enotes the one-parameter vittag—L.errer runc-

tion, for details see Appendix. Note that variants of the Mittag—Leffler transform other
than the one used here have been considered in the literature on integral transforms,
see e.g., [1]. Since Ey(0) = 1, it s clear that ¢ (0) = 1. For o« = 1, it follows from
Eqi(t) =expt that o1 (t) = ¢(2).

Definition 2 The fractional moment generating function (fractional MGF) M, (1),0 <
a < 1,1 € R, of the random variable X is defined by

o0

Mo (1) = E(Eq((1X)%)) = f Eqo((tx)*) p(x)dx.

—0Q
If X is not clear from the context, we write ¢, x and M, x. In general, the fractional

MGEF has complex values. For non-negative random variables, it is real-valued on R™.
If % < « < 1, then the fractional CHF and the fractional MGF are related by

My (1) = @a (e /%Dy, 1> 0.
This follows from the equality

(tefin/(Zot))oz ztaefin/Z — _ita, (]])
which requires arg(t) > n(ﬁ — 1). For X > 0, the estimate

loa ()] < E[Ea(I¢X)*])] < Mo(l]), 1 €R,
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follows from the triangle inequality. Below, we will find explicit expressions for the
fractional CHF of several distributions. For some, this generalizes the well-known
expressions of the CHF, but not always, as in some cases « may be profitably matched
with a parameter of the distribution (see Example 7).

2 Some properties of the fractional CHF, and first examples

After the basic properties of the fractional CHF mentioned at the end of the preceding
section, we present some further results, partially based on the asymptotic behavior of
the Mittag-Leffler function. We also give evaluations of the fractional CHF for some
concrete examples in this section.

Proposition 1 The fractional CHF ¢, (t) exists for all t € R.

Proof For t = O this is clear, and for t # 0, by (5.2), E,(i(tx)¥) = O(]x|™*) for
x — Foo. O

Proposition 2 The fractional MGF exists exactly for thoset € R forwhich the classical
MGF exists.

Proof Indeed, by (5.1), for t > 0 we have

1 tx

~elX, X — 00,
Eo{((IX)a) ~ {a (_tx)fo(efairr

——Fia ~ X —%.

and fort <O

_ (—tx)fo‘e*m’”
E,((tx)%) ~ 17 T+ * 7%

Lotx X — —00

o ’ :

From these estimates it is clear that E, ((fx)%) can be replaced by e'* when assessing
existence of the fractional MGF. O

Due to the branch cut of the power function, we presume the fractional CHF and
MGEF to be most useful for non-negative random variables, and thus focus on these in
our examples. In the following example, we find the fractional CHF of the half-Cauchy
distribution. By the two preceding propositions, it exists on R, but the fractional MGF
exists only for r < 0.

Example 1 Let X have the half-Cauchy distribution with parameter 8§ > 0, i.e. the pdf

px) = % # ,x > 0.Let p*(s) and g*(s) be the Mellin transforms of the functions

p(x) and g(x) = E,(ix%), respectively. Since

M 1T =HTE)

E,(i(tx)Y) <— T —s) (e7'2t%) @«
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and (see [2], p. 322, integral 3.241 (4))

xziﬁz =~ ﬂ;2F<2) (1—2), 0<s<2 B#0,

by application of Parseval’s convolution equality [3],

+00 X ptico
/ p(x)gxr)dx = o f p*(1 — $)g*(s)t*ds,
i
0 pP—io0
we obtain
,3 Eqy(i (tx)"‘
fult) = / e

pieo SV (S _SV(S
_ 1 1 / F(l - &)F(E)F(l 2)F(2)(ﬁei%l_2)sdé‘

afr 2mi r(—s)

pP—i00

1o, Be'%
= _H3,3 2
afm t

where H32 32 is the Fox H-function. Conversely,

LH a.d a0 }
b ah o -n

M(t)—zﬁ/Ez((fC;Z dx =00, >0,

see Proposition 2, because x — ¢'*/x? is not integrable for > 0.

For t > 0, we have

Eq (i(1x)%) = cosq ((tx)*) + i sing ((1x)%),

where
CcoS ((tx)a) — i M
= I'Cna +1)
and

. P N e D
sing ((2x)%) = nX:(:) '2n+Da+1)

@ Springer



Fractional characteristic functions, and a fractional...

are fractional cosine and sine trigonometric functions, respectively. This implies

0ult) = / cosa (1)) p(x)dx + i / Sing (1)) p(x)dox.

Since

|Ea (i (1)%)] = [sin2 (1)) + cos3 (1)),

we obtain the following bound for the fractional CHF:

a0 = [ Vsind (o) + cosk(eompedx, 120,

The fractional CHF is always continuous on R, by the bound (5.3) (see in Appendix)
and the dominated convergence theorem. In fact, we have:

Proposition 3 The fractional CHF of any random variable is uniformly continuous on
R.

Proof By Theorem 4.3 in [4], we have
Ego(u®) =0(u|™®), u— +oo in R,

where

00 k
z
Eqp(z) = /; Tkt p) 2.1

denotes the two-parameter Mittag-Leffler function. Indeed, the exponential term
exp(z!/%) in (4.4.16) of [4] decays for z = iu®, and is negligible compared to the
algebraic asymptotic expansion. It follows that

d
EEa(iu"‘) = iu" " Eqq(iu®)

is bounded for u € R\ [—1, 1]. As E, is an entire function, this implies that u +—
Ey (iu®) is uniformly continuous on R. Now let ¢ > 0. By (5.3) (Appendix), we have

sup |Eq(iu®)| < oo.
uelR

We can thus choose A > 0 such that

/ |Eq (i ((t + h)x)*) — Eq(i(tx)*)|p(x)dx <&, t,heR.

[x[>=A
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Now consider the integral

A

/ |Eq (i ((t + h)x)¥) — Eq (i (tx)*)|p(x)dx, te€R. (2.2)
—A

We have (¢t + h)x — tx = hx, and x is bounded. Therefore, by uniform continuity of
E,(iu®), we can make (2.2) smaller than ¢ by choosing & small enough. O

We now comment on the related paper [5], which defines the fractional Laplace
transform of a function f by

b
o lim / (b — x)* VEg(—s%x%) f(x)dx.
0

b—o00

For 0 < o < 1, any function with bounded support, such as the density of a bounded
random variable, has a fractional Laplace transform that is identically zero under this
definition, which raises doubts about its usefulness. Moreover, the inversion formula
presented in [5] rests on the identity

Eo((x + 9)%) = Ey(x*)Eo(y9), (2.3)

which is wrong for o # 1, see [6] for a discussion. The second formula used in the
proof of (3.9) of [5] is also incorrect. It was recently established in [7] that < holds
in (2.3) for 0 < o < 1. This implies the following inequality for the fractional MGF
of the sum of two independent random variables. (Recall that we assume 0 < o < 1
throughout.)

Proposition4 Let X, Y be non-negative independent random variables and t > 0.
Then we have

My x4y (1) < Mo x () Mg,y (7).
Proof We use the inequality from [7] we just mentioned, and compute

My x4y = E[Eo (VX +11/*y)%)]
<E[Eq(tX*)Eq(tY®)]
= a,X(t)Ma,Y([)- ]

The Mellin transform and special functions like Mittag—Leffler, Fox’s H-functions
and Meijer’s G-function, have found a large number of applications in probability
theory. These functions are representable as Mellin—Barnes integrals of the product
of gamma functions and are therefore suited to represent statistics of products and
quotients of independent random variables whose fractional moments are expressible
as gamma or related functions. Applications of the Mellin transform and special func-
tions to statistics and probability theory can be found, for example in [8—12] and the
references therein.
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Example 2 (Space-time fractional diffusion model) Fractional moments are very useful
in dealing with random variables with power-law distributions, F(x) ~ |x|*, u > 0,
where F(x) is the distribution function. Indeed, in such cases, moments EX? exist
only if ¢ < p and integer order moments greater than p diverge. Distributions of this
type are encountered in a wide variety of contexts, see the extensive literature in [13]
and [14] where power-law statistics appear in the framework of anomalous diffusion
in many fields of applied science. Fractional partial differential equations are a useful
tool for modelling of various anomalous diffusion in complex systems exhibiting
pronounced deviations from Brownian diffusion, which is normally described by the
standard diffusion equation. Let Lz x),0 <a <2,10] < min{a, 2 —a}, x € Ris the
class of the «-Lévy stable probability densities, where o denotes the index of stability
(or Lévy index) and 6 is a real-parameter related to the asymmetry, improperly referred
to as the skewness. The fundamental solution of space-time fractional diffusion model
with space Riesz-Feller fractional derivative of order « is given in [15-18] by

1,1) (c,c)

E. 1) (.0

0
L(x(x) = 1 2,2 |x|

1 Hl,ll:(m)“l’
a(nt)

i|du, O<a<l1,|0] <a.

Another form of this density is given by

1= 1y ad—-co
0,1) 1—c,c)

1 x|
Ll (x) = —IH;;;[ T
a(nt)« (nt)a

:|du, l<a<2,10|<2—c.

In both cases ¢ = % # 0 and 7 is a diffusion constant. The Mellin transform of
Lg (x) can be found in [16]:

M1 re)re=s

L% (x) = .
al'(c—cs)I'(1 —c+cs)

From this we can compute the “upper” fractional CHF ¢, where we only integrate
over R*. Assuming 0 < p < 1 (see [16] for details), we have

MO / Eq(i(tx)*) LY (x)dx
0

p~+ioo
1 f ra—-)re)re)
I'(cs)I'(1 —cs)

i A& —2\s
= — (e'2¢t7) ds
2mia?
p—i00

1 1.2 Ei%
= —H,’ —2
t

o2 3,2

1 1
1,5 @, 3 O, C)]. 2.4)

(1, 1y 0,—0

Using (1.1), we can express the upper fractional MGF M for % <a<landt >0,
we just have to replace the argument of H3122 in (2.4) by 37/ =2,
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3 Fractional moments

Fractional moments have been investigated by many authors. For example, in [19],
fractional moments are used to compute densities of univariate and bivariate random
variables numerically. As already mentioned in Section 2, fractional moments are
indeed important when the density of the random variable has inverse power-law
tails and, consequently, it lacks integer order moments. Fractional moments of a non-
negative random variable are expressible by the Mellin transform of the density and
this fact has been widely used in the literature, in particular in research on algebra of
random variables. That is, the Mellin transform is the principal mathematical tool to
handle problems involving products and quotients of independent random variables.
If the fractional moments E((i X*)¥) do not grow too fast, namely

IE(G X% < * Mok +1)

for some ¢ > 0, then they appear in the fractional power series expansion of the
fractional CHF:

o ak

_ (it%) ak
soa(t)—kz (ozk—i—l)/ (x)dx—ZIE«l —F( o GD

This is correct for small |¢|, under the assumption that # > 0 or that X > 0. If neither
of these is satisfied, then

(l (tx)a)k — (itot)kxak

does not hold in general.! The fractional moments in (3.1) can be expressed via frac-
tional derivatives of the fractional CHF at ¢+ = 0. In this part we will show how the
fractional calculus operators of RL (Riemann-Liouville) type can be used to calculate
the fractional moments of random variables, via its fractional CHF. The fractional RL
integral (I f)(x), resp. derivative (D f)(x) are defined by

UL P = —— / S s du, y >0,
ro) Jo
d _
(D) f)(x) = d—(li 7 F)x)
X

—1 d /OO Y f( )d 0 1
— - <y <l
Fd—y)dx Jo u XFu)du, y

Hilfer [20] gave the following representation of the RL fractional derivative:

14 T . < dv
L) = i | [f(x:Fu)/u v1+y]du

1 Note that, for complex u, v and B > 0, the numbers (uv)ﬁ = \uv|/S exp(Bi arg(uv)) and ubvf =
|uv\ﬂ exp(Bi(argu + argv)) do not agree in general; they do for argu + argv € (—m, 7).
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Interchanging the order of integration, we get

(le)(X)=F 1 “f(xﬂFu)—f(x)du.

) Jo ul 2

In the notation of [21] (see p. 70), our DY is the operator D}, with y € (0, 1) and
a = —oo. The operator Dg 4 with y > 0 is defined in the standard way, as in [21]. By
(2.1.17) in [21], we have

Dakt(xj — IMej + 1) tot(j—k)
0+ F(j—k+1)

’

and so the fractional moment in (3.1) can be expressed by the recursive relation

k—1 ;
ak _ Ay 1%
Do+<<oa<r> jZOJE[ox ) ]F(aj+1)>

t=0
£ Gi—k)

_ . vk
F@( =0 D)y~ X

t=0

o0
=Y E[GX*)]
j=k
We now calculate the fractional integral of the fractional CHF,

(I pa)(x) = %}/) 0/ u’ gy (x F u)du

N F(ly) O/Myl_/ Eq(i(k(x Fu)®) p(k)dk du. (3.3)
In particular,
(U0 ©) = F(ly)_/ p(k)dkO/”ylEa(i(ﬂFku)“)du. (3.4)

Using the well-known integral formula (see, e.g., p. 313 in [4])

o0
_ rs)yrd—s) _ .
/Zs VEy(—wz)dz = mu) S0 < N(s) < 1,
0
we conclude that

o0

R rora-y oo,
w’ T Ey(((Fku)*)du = —2— 2 (—i(F)) @, 0<y <a,
al'(1 —vy)
0
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and thus
y sin(ﬂy)ei% r —y
o —00
Analogously,
y sin(ry)e ™ T y
(D1¢y)(0) = m (Fk)” p(k)dk.
« —00

We have shown the following result:

Proposition5 If0 < y < « and the double integral in (3.4) is absolutely convergent,
then

. i1y
sin(mry)e' 2«

(I 9a)(0) = —————E(FX) ™) (3.5)
asin(%y)
and
sin(r )ei%
(DL¢a)(0) = .y—nE((ﬂFX)y). (3.6)
o sin(5y)

For o = 1 we get the result given by Cottone et al. [19]:

(g1 (0) = (I19)(0) = &' 2 E(FX) 7).

(DLg1)(0) = (DL@)(0) = e " FVE((FX)7).
Itis well-known that RL fractional integrals and derivatives can be defined for complex
order y with R(y) > O (see [21]). Clearly, Proposition 5 extends to 0 < R(y) < «.
The following formulas generalize (11a)—(12b) of [19], and are derived analogously.

From (3.3) and (3.2), we obtain the connections of (1¢,)(0) and (D.¢,)(0) with
the Mellin transform of the fractional CHF:

()L 0a)(0) = M{gy (Fu); v}
I'(=y)(DL¢a)(0) = M{(ga(Fu) — ¢a(0)); =y}

Applying the inverse Mellin transform and recalling ¢, (0) = 1, we obtain two repre-
sentations of the fractional CHF:

p+ioco
1
o) =5~ f uY T (I, ) (O)dy 3.7
Tl

pP—i00
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p+ioco
1 r 7
=L / w LD i T EYE(—X) )y
2wia ' sin(ry) o
p—i00
and
p+ioco
1 (- 7
$a(—u) =1+ —— f u’ .( 2 Sin(zy)e_'ﬁy]E((—X)y)dV,
2wia / sin(mry) o
p—i00

where # > 0 and the integrals are performed vertically with fixed real part p, belonging
to the so-called fundamental strip of the Mellin transform of the function ¢y. The
latter equations are integral extensions of (3.1). The density function is restored in
[19] from (3.7), with ¢ = 1, by using inverse Fourier transform:

p+ioco
1
_ _ i) Y)Y ]
p(x) = 2np / rora—y{E—iX)=")(x)
P—100

+EG X)) (—ix)" " dy.

4 lllustrative examples

Example 3 Let X be uniformly distributed, i.e. X ~ U (a, b), with 0 < a < b. Then

b

1 & (i19k

1) = ok g

¢a(l) b—akz_:of(ak+l)/x x
- a

" ko LGabye 4 E,s(i(ta)®
Iy ,2(i(th) )—m a2 (ta)”),

and

b
M) = 7=—Eaa((tD)") - ﬁEa,z((ra)“),

where Eq o is the two-parameter Mittag—Leffler function (2.1). To investigate the
fractional moments, we compute

(IZ9a)(0)

1 o0
- y—1
o) O/M Qo (u)du

{ b /uV—lEa,z(i(ub)“)du
0

1
I'(y)(b—a
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o0

/ uylEa,z(i(ua)“)du}

0

Y _Y

_ ord =g { b (—ip)~% - 4 (—ia“)Z}
al'(Y)r2—y)|b—a b—a

sin(ny)ei%

_ I—y _ 1-y
S al b —asmEn” T

a
b—a

By (3.5) from Proposition 5, we finally get

pl=r —al-v

EX7V = —u——
(I=y)b—a)

This is just an illustration for Proposition 5; of course, the fractional moments
can be computed directly as well. The same applies to the examples below: We find
an expression for the fractional CHF, and for some examples we also illustrate our
fractional calculus approach to get the fractional moments.

Example 4 Let X be exponentially distributed, i.e. X ~ £(X), A > 0. Then

o0 k 00
(t) = )‘Z @@t*) e—kxxakdx
Y =Ry

:)\i (it*)k F(ozl;—l—ll)
S (ak+1)  aek+

Ol

ST = <

k=0

~.

and

o

A
Ma(t):)\‘a_ta’ [t] < A.

Example5 Let X be a random variable with p(x) = cpe_xp, x > 0, p > 0, where
c¢p =1/I'(1 + 1/p) is the normalization constant. Then,

o0

ak

o aNk 1 o
Z (@ir%) (ak+l):c_pllpl|:(p,p) it"‘},
= pl(ak +1) p p (1, @)
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where 1 is the Fox-Wright function. We note that, if p € N, then using the Legendre
multiplication formula for the Gamma function, the last result can be expressed via
the multi-index Mittag—Leffler function, defined by Kiryakova [22]. For p = 2, using
the Legendre duplication formula for the gamma function, we get

o= 3550(3)).

Note that the fractional moments are

00 [‘(1—_7’)
EX7V = cp/xﬂ’e*xpdx = —pl’ 0<y <l
0 pF(l'f‘E)

Especially, for p = 2, i.e. the half-normal distribution (up to scaling), we have

1 1—vy
EX~7 = —F(—) 0 1.
Jr 2 sr=

Finally, for p = 1,i.e. X ~ £(1), weobtain EX™Y = I'"'(1 — y).

The preceding example is not so amenable for illustrating Proposition 5, as we did
in Example 3, because the fractional integral of the fractional CHF is less easy to
compute.

Example 6 We will calculate the fractional CHF and MGF for a random variable with
pdf p(x) = E4(—x%), 0 < o < 1, defined by Pollard [23] and Mainardi [24]. Let
p*(s) and g*(s) be the Mellin transforms of the functions p(x) = E4(—x%), x > 0
and g(x) = E4(ix“). By application of Parseval’s convolution equality [3],

+00 1 p~+ioco
f px)g(xt)dx = i f pr(l—s5)g* ()t ds,
i
0 pP—ic0
we obtain
o0
Palt) = / Eai (1)) Eqf(—x%)dx
0
ptioo 1—s 1—s s s
1 (HIMA =210 ra-:3) =
= — _ o o _ o o (—ita)at Sds
27 o I'(s) a TI'(l-y)

pP—Ii00
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! p+i°°p(1;8)p(1 EHrera -5
:2-2/ @ O (e'ar72) ds
Tio rs)ra—s)
pP—io0
_in,z[ein 2 —2) 0,-1) 1):|
=232 (é’é) (1,5) 0, -1

where H; 32 is the Fox H-function. To investigate the fractional moments, we first find
the fractional integral of CHF, and use Proposition 5 and the Mellin transform formula
for the H-function [9]:

(3 ——) ©0,—-3) (, 1)]
(3-2) (1,3) (0,=1)

o ;
(ULg)O) = 77 /uy‘lef[e &
0

A LA Tt LA U )
207 L)L (=5ra -5

Hence, by Proposition 5 we get

e~ sin(Z) (=) I(L - —)F(l — -2 -%£)

oI —2)

EX7V =

Example 7 We consider the Mittag—Leffler waiting time density
p(x) =x""Ego(—x), x >0,

as in [25]. Since

sta—1 sta—1
M LTI — =)

’

xa—l Ea,a(_xa)

o r(—s)
we obtain
Pu(t) = / Eo(i(tx)*)x* " Eg o (—x*)dx
0
+lOO _ S _ S
_ ! 2/p ra-5rEra-9re 2 (i 12y
2rios Jp_ico I'l—s) I'(s)
_ 10 [eZa a, b ad (0,1)}
o2 3 (1L (,H 0Dl
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Then,
7 e (Lh a 'y o
y _1 , o 3 3 ’
(IZ¢a)(0) = T()[“y Hy5 [_2 1 1) 1 1) —1 }du
o Y u ( 5 G{) ( ) Ol) (07 )
0
—iny 7T2
= —¢ 4 ) % .oy’
yasIl’ (—7) sin” 5
and hence,

2 Ty
EX—7 — _e_i%y = cot(z,)

yal2(=%)sin(ry)

The computation of the fractional CHF and fractional moments for the Mathai

waiting time density [26], p(x) = x“ﬂ_lEgﬁ,a(—x“), a, B >0, x > 0, is similar,

and we leave it for the reader.
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copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

Appendix: The Mittag-Leffler function

The (one-parameter) Mittag—Leffler function is an entire function, defined by

o k

z
Ey(z) = Z CTES Y

k=0
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In this paper, we only consider the case 0 < o < 1. By (5.1.26) in [27], the expansion
of E, at infinity is

1 1/a 00 —k 3
Ea(z) ~ an - Zk—T] m’ | argZ| < jna’ (51)
_thil m, |arg(—z)| < %n(Z—ot).

We specialize this to z = iu* with u € R. We have

lul exp (), u>0,
1

(iu*)"/* = {lulexp (i

From this it follows that the conditions 9 (z'/*) > 0 and |argz| < %na cannot be

simultaneously satisfied for z = iu® with u € R. Therefore, the exponential term ezl/a
in (5.1) is negligible, and the algebraic expansion yields the first order asymptotics

Eo(iu®) ~ F(ll—)"‘ u — tooinR. (5.2)
—)Uu

In particular, since E,, is an entire function,

sup |Eq (iu®)| < oo. (5.3)
uelR

For similar results and details on the two-parameter Mittag—Leffler function
Eq.6(2), (2.1), we refer to [4].

References

1. Kilbas, A.A., Saigo, M.: H-Transforms. Chapman & Hall/CRC, Boca Raton (2004). https://doi.org/
10.1201/9780203487372

2. Gradshteyn, 1.S., Ryzhik, I.M.: Table of Integrals, Series, and Products, 7th edn. Elsevier/Academic
Press, Amsterdam (2007)

3. Luchko, Y., Kiryakova, V.: The Mellin integral transform in fractional calculus. Fract. Calc. Appl.
Anal. 16(2), 405-430 (2013). https://doi.org/10.2478/s13540-013-0025-8

4. Gorenflo, R., Kilbas, A.A., Mainardi, F., Rogosin, S.V.: Mittag-Leffler Functions, Related Topics and
Applications Springer Monographs in Mathematics, 2nd edn. Springer, Heidelberg (2014). https://doi.
org/10.1007/978-3-662-43930-2

5. Jumarie, G.: Laplace’s transform of fractional order via the Mittag—Leffler function and modified
Riemann—Liouville derivative. Appl. Math. Lett. 22(11), 1659-1664 (2009). https://doi.org/10.1016/
j-aml.2009.05.011

6. Peng,J.,Li, K.: A note on property of the Mittag—Leffler function. J. Math. Anal. Appl. 370(2), 635-638
(2010). https://doi.org/10.1016/j.jmaa.2010.04.031

7. Gerhold, S., Simon, T.: A converse to the neo-classical inequality with an application to the Mittag—
Leffler function. arXiv:2111.02747 (2022)

8. Kiryakova, V.: Generalized Fractional Calculus and Applications. Pitman Res. Notes in Math. Ser.,
Vol. 301. Longman Sci. & Techn., Harlow; Copubl. in US with John Wiley & Sons, Inc., New York
(1994)

@ Springer


https://doi.org/10.1201/9780203487372
https://doi.org/10.1201/9780203487372
https://doi.org/10.2478/s13540-013-0025-8
https://doi.org/10.1007/978-3-662-43930-2
https://doi.org/10.1007/978-3-662-43930-2
https://doi.org/10.1016/j.aml.2009.05.011
https://doi.org/10.1016/j.aml.2009.05.011
https://doi.org/10.1016/j.jmaa.2010.04.031
http://arxiv.org/abs/2111.02747

Fractional characteristic functions, and a fractional...

9.

10.

11.
12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

Mathai, A.M., Saxena, R.K., Haubold, H.J.: The H-Function. Theory and Applications. Springer, New
York (2010). https://doi.org/10.1007/978-1-4419-0916-9

Mathai, A.: A Handbook of Generalized Special Functions for Statistical and Physical Sciences. Oxford
University Press, Oxford (1979)

Mathai, A., Haubold, H.: Special Functions for Applied Scientists. Springer, New York (2008)
Paneva-Konovska, J., Kiryakova, V.: On the multi-index Mittag—Leffler functions and their Mellin
transforms. Int. J. Appl. Math. 33(4), 549-571 (2020). https://doi.org/10.12732/ijam.v33i4.1
Metzler, R., Klafter, J.: The random walk’s guide to anomalous diffusion: a fractional dynamics
approach. Phys. Rep. 339, 1-77 (2000)

Metzler, R., Klafter, J.: The restaurant at the end of the random walk: Recent developments in the
description of anomalous transport by fractional dynamics. J. Phys. A 37, R161-R208 (2004)
Mainardi, F.,, Luchko, Y., Pagnini, G.: The fundamental solution of the space—time fractional diffusion
equation. Fract. Calc. Appl. Anal. 4(2), 153-192 (2001)

Mainardi, F., Pagnini, G.: Mellin—Barnes integrals for stable distributions and their convolutions. Fract.
Calc. Appl. Anal. 11(4), 443-456 (2008)

Sandev, T., Tomovski, Z: Fractional Equations and Models Theory and Applications. Ser. Developments
in Mathematics, vol. 61. Springer, Cham (2019). https://doi.org/10.1007/978-3-030-29614-8
Tomovski, Z, Sandev, T., Metzler, R., Dubbeldam, J.: Generalized space—time fractional diffusion
equation with composite fractional time derivative. Physica A 391(8), 2527-2542 (2012). https://doi.
org/10.1016/j.physa.2011.12.035

Cottone, G., Di Paola, M., Metzler, R.: Fractional calculus approach to the statistical characterization
of random variables and vectors. Physica A 389(5), 909-920 (2010). https://doi.org/10.1016/j.physa.
2009.11.018

Hilfer, R.: Fractional derivatives in static and dynamic scaling. In: Dubrulle, B., Graner, F., Sornette,
D. (eds.) Scale Invariance and Beyond, pp. 53—-62. Springer, Berlin (1997)

Kilbas, A.A., Srivastava, H.M., Trujillo, J.J.: Theory and Applications of Fractional Differential Equa-
tions. North-Holland Mathematics Studies, vol. 204. Elsevier, Amsterdam (2006)

Kiryakova, V.S.: Multiple (multiindex) Mittag—Leffler functions and relations to generalized frac-
tional calculus. J. Comput. Appl. Math. 118(1-2), 241-259 (2000). https://doi.org/10.1016/S0377-
0427(00)00292-2

Pollard, H.: The completely monotonic character of the Mittag—Leffler function E,(—x). Bull. Am.
Math. Soc. 54, 1115-1116 (1948). https://doi.org/10.1090/S0002-9904-1948-09132-7

Mainardi, F.: On some properties of the Mittag—Leffler function Ey (—t%), completely monotone for
t>0 with O<a<1. Discrete Contin. Dyn. Syst. Ser. B 19(7), 2267-2278 (2014). https://doi.org/10.
3934/dcdsb.2014.19.2267

Hilfer, R., Anton, L.: Fractional master equations and fractal time random walks. Phys. Rev. E 51(2),
848-851 (1995)

Mathai, A.M.: Some properties of Mittag—Leffler functions and matrix-variate analogues: a statistical
perspective. Fract. Calc. Appl. Anal. 13(2), 113-132 (2010)

Paris, R.B., Kaminski, D.: Asymptotics and Mellin—Barnes Integrals. Encyclopedia of Mathematics
and its Applications, vol. 85. Cambridge University Press, Cambridge (2001). https://doi.org/10.1017/
CB09780511546662

Publisher’'s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


https://doi.org/10.1007/978-1-4419-0916-9
https://doi.org/10.12732/ijam.v33i4.1
https://doi.org/10.1007/978-3-030-29614-8
https://doi.org/10.1016/j.physa.2011.12.035
https://doi.org/10.1016/j.physa.2011.12.035
https://doi.org/10.1016/j.physa.2009.11.018
https://doi.org/10.1016/j.physa.2009.11.018
https://doi.org/10.1016/S0377-0427(00)00292-2
https://doi.org/10.1016/S0377-0427(00)00292-2
https://doi.org/10.1090/S0002-9904-1948-09132-7
https://doi.org/10.3934/dcdsb.2014.19.2267
https://doi.org/10.3934/dcdsb.2014.19.2267
https://doi.org/10.1017/CBO9780511546662
https://doi.org/10.1017/CBO9780511546662

	Fractional characteristic functions, and a fractional calculus approach for moments of random variables
	Abstract
	1 Introduction and preliminaries
	2 Some properties of the fractional CHF, and first examples
	3 Fractional moments
	4 Illustrative examples
	Acknowledgements
	Appendix: The Mittag–Leffler function
	References




