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Numerous anomalous diffusion processes are characterized by crossovers of the scaling exponent in the
mean squared displacement at some correlations time. The bi-fractional diffusion equation containing
two time-fractional derivatives is a versatile mathematical tool describing specifically retarded subdif-
fusive transport, in which the scaling exponents acquires a smaller value, i.e. the diffusion becomes
even slower after the crossover. We here derive closed-form multi-dimensional solutions for this integro-
differential equation in n spatial dimensions by generalizing the classical Schneider-Wyss solution of the
fractional diffusion equation with a single fractional derivative. In the two-dimensional case we develop
a limiting approach based on the solution of the space-time fractional diffusion equation. The probabilis-
tic interpretation in higher dimensions is discussed. The asymptotic long- and short-time behaviors are
derived. It is shown that the solution of the bi-fractional diffusion equation can be interpreted in terms
of the Fox H-transform of the Gaussian distribution.
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1. Introduction

Almost a hundred years ago Richardson postulated the char-
acteristic cubic scaling (r2(t)) ~t3 of the mean squared dis-
placement (MSD) in the relative diffusion of two pilot balloons
and other tracer particles in atmospheric turbulence [1,2]. This
Richardson-t3-law constitutes the first clear reported deviation of
the scaling of the MSD from the law of classical Brownian motion
characterized by the linear growth in time of the MSD, (r2(t)) ~t
[3]. By-now the term anomalous diffusion comprises many diffu-
sion phenomena that differ from classical Brownian motion, typ-
ically characterized by the non-linear scaling of the MSD in the
form [4,5]

(r?(t)) ~ t%, o £1. (1)

When 0 < «a < 1, a diffusive process quantified by the law (1) is
termed subdiffusive or dispersive, while for 1 <o <2 the pro-
cess is known as superdiffusion or enhanced diffusion. The limit-
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ing cases « = 1 and « = 2 correspond to classical Brownian motion
and ballistic motion, respectively. We note, however, that the ob-
servation of the law (1) is not necessarily sufficient to classify a
given process as Brownian, as there exist numerous examples in
which a linear scaling of (1) coincides with a non-Gaussian shape
of the test particles’ probability density function (PDF) [6-8].

Anomalous diffusion phenomena quantified by (1) are quite
ubiquitous in nature ("anomalous is normal” [9]) and their occur-
rence is measured over an impressive range of scales, from phos-
pholipids and cholesterols in a lipid bilayer [10] and nanoscale dif-
fusion of membrane hydration water in fluid-phase lipid bilayers
[11] to the propagation of cosmic rays in the galaxy [12]. Many
more examples can be found in comprehensive reviews [4,5,13-
16] and tutorial articles [17-20].

In many circumstances, however, the MSD does not follow the
mono-scaling behavior (1), rather a crossover is observed in the
sense

t% fort — O+
2 ~ s 5
{rf®) = {t“l, for t — oo,

where o # «y. Examples for such crossover dynamics can be seen
in polymeric particle transport in living cells [21], transport of
vacuoles in motile amoeba cells [22], active motion of amoeba

(2)
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cells themselves [23], viscoelastic flow [24], quasiperiodic interact-
ing systems [25], dewetting-spreading-wetting transitions of run-
and-tumble clustered disks in a substrate with randomly placed
pinning sites [26], lipid diffusion in bilayer membranes [10,27],
or in drug molecule diffusion in a silica nanoslit [28], see also
[16,29] and references therein.!

The construction of a corresponding mathematical model that
describes such crossover behaviors in anomalous diffusion remains
in the focus of theoretical modeling of stochastic processes. In
fact, starting from the works of Richardson [1], Hurst [35] Man-
delbrot [36,37], Scher and Montroll [38], Seshadri and West [39],
Klafter and coworkers [40], and Zaslavsky [41] the development
of flexible stochastic models to describe anomalous diffusion pro-
cesses has continued to gain much attention. From a conceptual
point of view the formulation of an integro-differential equation
with a fractional derivative spanning a range of 0 < @ < 2 of the
MSD scaling exponent was the Schneider-Wyss equation and its
exact solution in terms of Fox H-functions [42]. Despite the suc-
cess of the fractional diffusion equation, however, it is confined
to a mono-scaling behavior of the form (1) and thus not capa-
ble of capturing the crossover behavior (2). To account for such
crossovers the next step was to assume that the fractional order in
this generalized diffusion equation is not fixed but rather a vari-
able in time. In [43] it was shown that the replacement of the frac-
tional time derivative of fixed order o € (0,1) with a variable or-
der distributed over the interval (0,1) indeed produces the behavior
(2) with a specific choice of the integral kernel. The distributed-
order fractional derivative was first supposed by Caputo [44] and
successfully employed to model retarding subdiffusion and accel-
erating superdiffusion [43] as well as accelerating subdiffusion and
retarding superdiffusion [45-47], see also a variety of applications
in [48-55] and the references therein.

In most of the cases anomalous diffusion has been considered
analytically in one-dimensional space, while there is a lack of ex-
act results for the description of anomalous diffusion in higher-
dimensional space. In particular, the variable order equation were
derived for one-dimensional random walks processes, in contrast
to various physical phenomena, such as diffusion in crowded en-
vironments [56], diffusion in biological cells [57], protein diffu-
sion in mammalian cell cytoplasm [58], and many other phe-
nomena, which naturally are running off in higher dimensions.
Therefore, the aim of the present work is to explore the so-
lution of the multi-dimensional distributed-order diffusion equa-
tion and compare it, together with its moments, systematically
with the one-dimensional case. Before implementing this goal,
it is noteworthy referring to some investigations on the multi-
dimensional integrodifferential equations. A series of papers [59-
61] examined multi-dimensional propagators of the space-, time-
and space-time fractional diffusion and diffusion-wave equation.
Closed-form multi-dimensional solutions of the fractional wave
equation and fractional diffusion-wave equation and their proper-
ties were explored in [62-65]. A fractional elastic model, generaliz-
ing the space-time fractional diffusion-wave equation, was solved
analytically for certain special cases in [66], alongside with its
asymptotic behavior. The multi-dimensional fractional advection-
dispersion equation was analyzed in detail in [67], along with
establishing some stochastic foundations. The distributed-order
fractional diffusion-wave equation was analytically investigated in
[68]. The multi-dimensional solution of the time-fractional tele-

1 We note that we here do not intend to describe crossovers due to finite size
effects of the system, which lead to a plateau of the MSD in ergodic anomalous
diffusion systems [30]—see, however, the discussion in [31,32] for transient non-
ergodicity in the time-averaged MSD—or a crossover to a confinement-induced
power-law of the MSD [33,34]. Our focus is solely on systems with an intrinsic
crossover time scale separating dynamical regimes in unconfined systems.
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graph equation was derived in terms of the multivariate Mittag-
Leffler function and the Fox H-function with two variables in [69],
in addition to calculating the multi-dimensional moments, even
though their solution exhibits negative values in two and three
dimensions, as predicted previously in the ordinary case [70], see
also different perspectives in [71].

The paper is organized as follows: In Section II we present an-
alytical solutions to the multi-dimensional distributed-order diffu-
sion equation with two fractional orders, which represents a gen-
eralization of the model describing decelerating subdiffusion. Two
different approaches for solving the equation are discussed in de-
tail and some special cases of the equation are recovered. The
non-negativity of the corresponding solution, analyzed in terms of
Bernstein function and subordination approaches, is shown in Sec-
tion IlIl. The moments of the fundamental solution are calculated
and some special cases are analyzed. The various behaviors of the
PDF are confirmed by asymptotic analysis of the solution in the
short and long time-space limit. In Section IV we provide a sum-
mary and expand our future plans.

2. Multi-dimensional propagator

The fractional diffusion equation reads [42,72,73]
CoDAW M (r, £) = AW (1, 1), (3)
for which we consider the § initial condition
W™ (r,0") = 8(r), (4)

where W™ (r, t) is the multi-dimensional propagator (PDF) in n-
dimensional Euclidean space R", r= (xy,...,X;) is the position
vector, A is the Laplacian operator, and ©yD¢ stands for the Caputo
fractional derivative of order o with respect to time t, defined for
any generic function f(t) through [74,75]

F(ll—a) fy ?fifiﬁd{ for0<a <1, (5)

daf(t) _
= fora =1.

oD f(t) =

It is well known for the one-dimensional case that the time-
fractional diffusion equation can be derived from the continuous-
time random walk theory for a random process with long-tailed
waiting time probability density ¥ (t) ~t=*"1, 0 <& < 1, see for
example [5]. In an external force field, this equation generalized
to the fractional Fokker-Planck equation [76,77]. By calculation of
the associated MSD one observes subdiffusion of the form (1) with
O<a<l.

In analogy to the one-dimensional case we now consider the
generalization of Eq. (3) to higher dimensions. Strictly speaking
we introduce the distributed-order fractional diffusion equation of
natural type [43] in dimensionless form,

1
/ p)GDIW® (£, £)dv = AW® (x, ), (6)
0

where p(v) is a PDF in the sense that p(v) > 0 and f()] p(v)dv =
1. It is a generalization of the one-dimensional distributed order
diffusion equation analyzed in [43,78]. With the specific choice

p(v) =p18(v —oaq) + p2d (v — ), (7)

where p; and p, are positive dimensionless constants satisfying
p1+p2=1and 0 <oy <ay <1, (6) reduces to the bi-fractional
(or double-order time-fractional) diffusion equation of the natural
type,

p1% DI WM (x, £) + pSoDW ™ (x,t) = AW ™ (1, 1), (8)

which in the one-dimensional setting was introduced in [43] as a
model to describe subdiffusive crossover behavior with retardation.
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2.1. Generalized Schneider-Wyss solution

We here provide a multi-dimensional closed-form solution for Eq. (8) by generalizing the classical Schneider-Wyss solution [42]. The
propagator W™ (r, t) of Eq. (8) subject to the initial condition (4) can be written in Laplace-Fourier space as
P15~ + pps”!
P1s%1 + pas®z + |q|?”

" (ql.5) = (9)

where the tilde refers to the Laplace transform f(r, s) =2{f(r,t);t}(r,s) = [5° f(r,t) exp(—st)dt, the hat refers to the Fourier trans-
form f(q,t) = Zo{f™ (@, 0)}(q,t) = Jgn FM (r,t) exp(iq - r)d™, s € C is the Laplace parameter, and q = (q1, ..., qn) € R" is the wave vector,
la? =q¢? +...+q% and n=1, 2 or 3. Eq. (9) can be rearranged to take the form [52,79]

= (n) -1
w (|q|,S) =

P15~ + pps”! [ p1s™ ] (10)
pas® +q|? p2s*2 +|q|?
With the condition p; < p, we can make a formal expansion of the term in the square brackets of Eq. (10) to get
= (n) = (n) = (1)
W dql.s) =piW; (lg].5) + p2W, (19].5). (11)
where
sl
S _— 12a
" (al.s) = g( P e AP (12a)
= (n) >0 gaiktar—1
w )= (-p)f——oo—. 12b
, (gl.5) ZO< PN o (12b)

= (n) = (n)
The propagator W™ (r,t) in position-time space can be obtained by inverting the functions W, "(|q|,s) and W, (|q|,s) to (r,t) and
substituting into W™ (r, t) = p1W1(”)(r, t) + pZWZ(") (r,t). Let us start with inverting the Fourier transform in Eq. (12), for which we have

~ 1\"& B exp (—1q - r)
(n) _ _ ko (k+1)—1 nq
w, (r,s)—(ij) kEZO( pr)ks™ 5 (p25a2+|q|2)k+1d (13a)

~ 1\"& exp(—1q-r)
W(n) rs) = (7) _ ko ko —1 d"a. 13b
69 =(57) L) e ' (13b)

Due to the symmetry property f(q) = f(|q|) we can use the integral [80]

/R f(al)exp (—1q-)d"q = 2m)"r' "> /0 " Ja-22@na”?f(@)da. (14)

where q = |q|, r = |r|, and J, (-) is the Bessel function of the first kind. Thus Eq. (13) can be reduced to

W(n)(r s) = ri-n?2 i( )ksatl(lc+1) 1 qn/2 J (grd (15a)
@rye &P | @ pepa@
W) = - f( ket [T 0 and (15b)
(271)"/2 P 0 (@ + pyseryir 22D
With the help of the integral [81]
00 xv+1 p av—H "
/0 WJV(XY) X = my Ky (ay), (16)
where K, () is the modified Bessel function of the second kind, 9%{a} > 0 and —1 < %{v} < 2%{u} +3/2, Eq. (15) can be simplified to
1 1-n/2 ( pir k
(n) 1 .
W] (r9 ) (27[)"/2 (m) Z k' <2m> w1 (r’t7 k)’ (17&)
1-n/2 o k
1 r (- 1)" pir
(n) _ 1 .
Wy (r,t) = PIE (m) Z N wy (1, t; k), (17b)
where w1 (1, t; k) and w, (1, t; k) are given in Laplace space as
a)l (r’ s; k) — s(otl _az/2)(k+1>+a2n/4_11<(n_2)/2_k(\/1727’5&2/2), (18&)
&')2 (r’ s: k) — s(a1—az/Z)Iﬁ—otz(n+2)/4—1K(n72)/27k(mrsaz/z)_ (18b)
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To invert the Laplace transform of (18) we first pass from Laplace to Mellin domain, @1 5 (r, s; k) — &1 (1, z; k), where z is the parameter
of the Mellin transform defined for any generic function as .Z{f(x)}(z) = f(z) = Jo° x*~1 f(x)dx, and then convert from the Mellin domain
to the physical domain, see [42,82] for details. Utilizing the useful relations [81,83]

()@ = 2T () (550, (192)
AR f (@)} (2) = a I f)(S50). (19b)
2 1
f@) = ] /z{f(s)}(l -2), (19¢)
we arrive at
Qo fay=1) (k+1)+1/2 2/ P (T z a
1 (r,z; k) :i 2 o o 2 ’ 1ﬂ(|:072 ](k+1)+7_7) (072(’(4_1)_0%2) (20a)
Y 205 \ V/P2r b2t -z ’
201 Joa—1)k+n/2+1 2/0, 1 7% o
a2k 1 2 Qo fay—1)k+n/2+ 2 \7°| T([&-1]k+5-2)0(2k+1-2Z) (20b)
T 20 \ /P2 JPar r'a-z '
Now, inverting the Mellin transform of (20), compare (A.4), we obtain
Qo /ay=1) (k+1)+n/2 2/a @ a1 o 1
w1 (1, t; k) = Ho2| (-2 =gk =5 ). (1= 2 k+1). ) | 21)
Zcxz S \Vpar 0.1)
and
(2ay Jo—1)k+n/2+1 2/, o @
wy (1, t; k) = 1 2 HY?2 2 t (+(-2)k=5 ). (-8k &) , (22)
p2r | \VP2r 0.1)

where Hm ”[x] is the Fox H-function [84], refer to Appendix A. By simplifying the above two relations using some properties of the H-
functlon see pp. 11-13 in [84], we obtain

k+n/2+1
1 2 par? |(1+ (o —oq) (k+ 1), a2)
. _ = (az—aq) (k+1) 2.0
a)l(r,t, k) = D) (pzl’) t H [4’:‘12 (7 ) (k+1 _l) N (233)
k+n/2+1
1 2 _ par? | (1 + (o2 — 1)k, ap)
(ay—aq)kpy2,0
@2 (r, 5 k) = (4/ r) t H, [4t°‘2 (5.1), (k+1,1) ] (23b)
Substituting from (23) into (17), we get
) o tm (-1 <P1 a_a1> 29 par? |(1+ (az —ay) (k+ 1), 012)
WD = pz(mZ)ﬂ/zZ k! ) M| G |(31), (k4 101) (242)
(n) _ (= 1) <P1 @ a1> 20 par® |(1 4 (o — 1)k, oz)
Wt = o (mzwzz ) 2 e | (1), e+ 10D) (24b)

In view of Egs. (11) and (24) the multi-dimensional propagator of the bi-fractional diffusion equation of the natural type is given by

n _ 1 ( 1) D1 toa—an k
W(>(r,t)—( )n/zz i (p2 )
P14, o par? |(1+ (a2 —ar)(k+ 1), a) par® |(1 + (a2 — 1)k, o2)
(pt ”20[4ta2 (5.1). (k+1,1) } Hzo[mz (5.1). (k+1,1) D (25)

where p; < py, 0 <y <oy <1and n=1, 2, or 3. It is worth noting that Eq. (25) can be rewritten in the form

P2 \"*& (=D ps k
W(n)(r’t):(élntaz) > i (pztaz al)
k=0

P10, 20 par? [(1 =52 + (0 — 1) (k+ 1), arz) +H2Y par? [(1 = "2 + (0 — oy )k, t3) _ (26)
D2 4t (0,1), (1-5+k1) ate | (0,1), (1-5+k,1)

With respect to solutions (25) and (26) we note that the convergence of the infinite series of the H-functions essentially depends
on the expansion made in Eq. (10). In general if p;/p, <1 we may argue that the expansion is valid for sufficiently long times. In
each particular case the effectiveness of the solution can be verified by numerical simulations employing series representations of the
H-function as reported below in Section IIL
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We also note that, whenever n =1 Eq. (26) reduces to the one-dimensional solution of the bi-fractional diffusion equation of natural
type [52]. When p; =0, p, =1, and o1 = @y = «, Egs. (25) and (26) reduce to the classical Schneider-Wyss solution [42]

Loy V__ 1 aof[ ] (1-%.0)
(5.1). (1,1)} - (4ﬂta)"/2H]’2|:4t°‘ 0.1),(1- g,l)]’ 27

namely, the multi-dimensional propagator of the fractional diffusion equation (3).

WOty = — o]
0= Gyt

2.2. Alternative approach

It is known that in the two-dimensional setting (n = 2) the analysis of the solution W@ (r,t) of Eq. (27) is complicated by the fact
that the corresponding series expansion for the H-function presented in Appendix A diverges [85]. Indeed, disregarding the condition
(A.3b) and employing expansion (A.3a) we have that

1 e[ e ] 1T KDY T(-v) 2\
W(Z)(r’t)_4nt0‘H1-2|:4t°f|(0,1),(0,1)]_Zntavz_(:) v! F(l—oz—(xv)<4t“ = (28)

In this section we circumvent this problem by replacing the ordinary Laplacian A with the fractional Laplacian operator —(—A)#/2 in
our starting Eq. (8). We then solve the corresponding space-time fractional diffusion equation and demonstrate that its solution converges
to the solution of the two-dimensional time-fractional diffusion equation when p — 2. This trick is used as the series expansion for the
H-function converges for @ # 2. These properties of the solution to the space-time fractional diffusion equation allow us to use the series
expansion with u close to 2 in numerical calculations for the exclusively time-fractional case. Therefore, let us introduce the fractional
Laplacian defined for a generic well-behaved function f® : R" — R as a pseudo-differential operator characterized by its Fourier transform
[65,86] as

Fa{ (=22 f0 (1)} (@) = |qI* Zu{ f" () } (@), (29)
where 1 < u < 2. Then Eq. (8) with the fractional Laplacian (29) reads
P1SoDI WM (1, 1) + paSoDEWM (1, 1) = — (= AWM (r, 0), (30)

where, as we shall see, the propagator of the bi-fractional diffusion equation can be deduced from the solution of (30) by setting u = 2 in
the one- and three-dimensional cases or taking the limit

W@ (r, t) = 113312 W2 (r,0), (31)

in the two-dimensional case. The solution of Eq. (30) in Laplace-Fourier space is given as

= (n) = (n) = (1)

Wy, (|q|,S) =p1WM1 (lq 7S)+p2Wu2 (|q|!s)7 (32)

where

= (n) > st (k+1)—1

w ) =Y (—p)fe—e—— —— 33a
w (al.s) g( P e i (33a)

= (n) 0 Sa1k+a271

w )=y (—p)fe—o— ———. 33b
o (a1.9) é( PN o g (33b)
Inverting the Laplace transform of (33), refer to Eq. (A.16), we obtain (see [66])

A to2—0 ) D1 B k to2

WM (ql.6)= (f—t"‘z “l) E+1 (77 ﬂ), 34a
23} (|q| ) D2 g D2 o, (ay—atp) (k+1)+1 P2 |q| ( )

v 1 & P1aya \§ t*2

W(n)( )= — (_71_.(12 a1) Ek+1 (_7 ;1)’ 34b)
M2 |q| D2 g P2 o, (ap—ary ) k+1 D2 |q| (

where Egﬁ() is the Prabhakar generalization of the Mittag-Leffler function [75,87-89]. Making use of Eq. (14) the inversion of the Fourier
transform in expression (34) is given by

(n) A D1 ay—otq koo n/2 k+1 e “\d
Wy, (. t) = WZ(—EI ) /0 q f(nfz)/z(qr)Eaz_(az,al)(kﬂ)H(‘Eq ) q, (35a)
k=0
rl—n/Z 0 P1 _ k poo o2
W&?(r,t):W (—Etﬂtz om)/(; q”/zj(nfz)/z(qr)Egﬂaral)m(—EQ")‘W' (35b)
k=0

To evaluate the integrals of Eq. (35) we use the Hankel transform of the Prabhakar generalization of the Mittag-Leffler function (A.17),

ngn)(r 0 = oo ( D> )n/M i (_1)k <&t(xz—a1>kH22*3l |: part ( — %, ll); (1 - % +n(052 — Otl)(l; —l—M‘l), O[z):|
1 ’ . )
Dy \2HmH2t% ~ kI \p, 3| 2nte (0.5). (1+k—2.1);(1-5.%)

(36a)
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(36b)

(1-2.1): (1 -2 + (o —al)k,az)}
(0.5). (1+k=21); (1-4.%)

and the multi-dimensional propagator of Eq. (30) is then determined from

WP (1.6) = pIWY (1. 6) + paWD (1, 0). (37)

We note that when p; =0, p, =1 and oy = @y = @ we get the multi-dimensional solution of the space-time fractional diffusion equa-
tion,

1 n/u e |(
() _ 2,1
WM (T,t) - <2Mnﬂ/2t“) H2.3 |:2,u.ta

L0 o NS DY 1y o\ [ 2
() _ - 2 Pl iay—a 2.1 2
Wﬂz (T,t) - D2 (2/},7-[/1,/2“12) ZO Kl (pzt 2 1) H2,3 tn

1-2.1); (1- %2, a) }

" . (38)
©.8). (=51 0=5.)
which is equivalent to the Mellin-Barnes representation derived in [65] (refer to relation (30) of Ref. [65]). In contrast to the two-

dimensional Schneider-Wyss solution, the series expansion of the H-function in Eq. (38) in the two-dimensional case does not diverge
when the space-fractality is incorporated. By use of expansion (A.3) we get

1 )nm x (1)" zr(g(1+u))r(1_§(1+v))( ri )Zv/u FA+W(1=50+v)) , pp \1-2me
2ugni2te v! UL (1 =21 +v))(14v) \20te I‘(lfoc(1+v))l“(%(]+v))(2“f"‘) ’

W (r.t) = (

(39)

Moreover, it can be similarly shown that the two-dimensional limit of expressions (36) to (37) does not diverge in contrast to the two-
dimensional case of Eq. (26).
If we set @ =1 in Eq. (38) we obtain the propagator of the space-fractional diffusion equation,

ITAEIN
©0.4). (21 (1= 5.4)

_ 1 11| pm
_(zunwzt) Hl,z 2rt

(n) 1 Ny 1|
Wi (1. 0) = (g7 ) HZ’B[ZTM

(1-5 %)

2 1 T Rl
= it amre) 12 [‘”rz“‘ 0.1 (1-35, 1)}'
Using the relation between the H-function and the generalized Wright function, see Eq. (1.140) in [84], we get (cf. relation (36) in [65])
2 1 n/p 2 (ﬂ 2)

wm 27(7) 770 L e 41

o (Tr.t) 2\ Tt Wil — g (3.1) | (41)
Eg" ’g"; | is the generalized Wright function. We refer the reader to [90,91], where the one-dimensional space-time fractional

q- Bq

diffusion equation was investigated.

where W[z

3. Properties of the solution

We now proceed to analyze the properties of our general solution. In particular, we investigate the non-negativity, the moments, and
the asymptotic behavior of the PDF.

3.1. Non-negativity
The non-negativity of solutions (25) and (26) can be verified along two different routes.
3.1.1. Bernstein function approach

This first approach is based on finding the solutions in the Laplace domain and then check whether they are completely monotone
functions or not [92,93]. Inverting the Fourier transform in Eq. (9), we get [94]:

WO, 1) = % P1A% + paA® exp <fl><|\/p1k°‘1 + Pz)»“2> : (42)
W®(r, 1) = ﬁ(mk“l + P222?)Ko (r\/ 1A% + pWZ) . (43)

~ 1
W 1) = m(mk“‘ + paA%2)exp (—r PIA® + pszZ) , (44)
where A = %i{s} > 0.

Since we have that A% is a complete Bernstein function (CBF) for A > 0 and « € (0, 1] then A% and A%2 are CBFs. Since the linear
combination of two complete Bernstein functions is also a complete Bernstein function, p;A%1 + p,A% e CBF. Furthermore, since +/A € CBF

6
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and the composition of two complete Bernstein functions is a complete Bernstein function, we see that \/p;A% + p,A% e CBF. From the

fact that the function ¢ (A)/A is a completely monotone function if ¢ (1) € CBF we have that (p1A%1 + p;A%)/A and /p1 A% + pyA%2 /A
are completely monotone functions. Conversely, since exp(—aA) and Ky(aA) are completely monotone functions for a, A > 0, and since the
completely monotone function of a complete Bernstein function is completely monotone function, we see that exp(—ry/piA% + pyA%2)
and Ky (ry/p1A% + poA%2) are completely monotone functions.

From this discussion we conclude that W™ (x, 1), W@ (r, 1), and W3 (r, 1) are completely monotone functions as products of two
completely monotone functions, see Eqs. (42) to (44), thus proving the non-negativity of the solutions of the bi-fractional diffusion equa-
tion of the natural type in higher dimensions.

3.1.2. Subordination approach and H-transform

The second approach for proving the non-negativity of solutions in higher dimensions is based on the subordination principle
[43,52,95,96]. The subordination approach is a mathematical tool transforming a given distribution at a physical timescale u to another
distribution at an operational time t. It depends on the integral transformation [85,97,98]

W (rt) = /w N(u, t)G™ (r, u)du, (45)
0

where G™ (r, t) is the solution of the ordinary diffusion equation, namely,

1 r
() = -
G (rt) = @) exp < 4t)’ (46)

and N(u,t) is a PDF. Utilizing the identity {1 = Jo~ exp(—ug)du [99], Eq. (9) can be recast into the form (45) such that

N(u.s) = (p1s™~" + pas® ") exp (—[p1s* + pas™ u). (47)

In [43] the non-negativity of the solution of the one-dimensional space was verified by showing that the kernel (47) is a completely
monotone function. In [52] it was shown that N(u, t) can be expressed in the convolution form

N(u,t) = /[ [O1(u, T)P(u, t — 7))+ Oy (u, T)P1 (u, t — 7)]dr, (48a)
0
where
pit t 1 t
Oiu.t) = o (pu) /e eai((Pi“)”""’)’ S.1) = (piu)t/en ZO”((I’z‘ll)]/"‘f). (48b)

Here (q,(-) is the one-sided Lévy stable density, and i =1, 2.
In what follows, we give an interpretation for the integral transform (45). Using the expansion exp(—x) = Z,;";O(—x)k /k!, Eq. (47) can
be rewritten as

N(u. ) —Z( " DNy w0+ PN D], (49)

where N;(u,t) and N, (u, t) are given in the Laplace domain by

Ny (u, s) = s ®+D=1exp (—pyus®), (50a)
Ny (u, s) = s¥*+%2=1 exp (—p,us®). (50b)
Using the useful relation (A.11) we can invert the Laplace transform in Eq. (50) and obtain the following form
0 (1 —ai(k+1), )
Ny(u, t) =t (k+1)H1 |:?32L' ©0.1) , (51a)
- 1.0 (1 —ark -0z, @)
Ny (u, t) =t~k ~%H] |:f§2” 0, 1) . (51b)

Now substituting (51) into (49) and rearranging the arguments, we arrive at

00 k
N(u,t) = == Z D Etaz—al Pt ooy gyr0| P2t (14 (2 —apk—ay, ) +H1 of p2u
tez =kl \p, P2 L1t

1+ (02 — o)k — az, 062):“ (52)

(k. 1) to% k. 1)

We now use the H-transform of a generic well-behaved function f(t) as [100]

cene = [ H'“"[

Then substituting from (52) into (45) and utilizing the definition (53) we have

(bg. Bg)

(ap,qu ftdt (53)

W™ (r t) = t%kz_: ( kl!) <p2 to2- "‘1)({%#’2“"1 ACY (1, t) + (,%G(”))(r,t)}, (54)

7
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where G™ (r, t) is the Gaussian distribution (46), whose H-transforms are given by

A+ (0 — )k —aq, o)

(FAC™) (6= 5™ Hy; 0[’3 (k.1)

:|G(") (r, u)du, (55a)

(1 + (a2 —aq)k —az, a2)

(%G(H))(rﬁt):fo H10|:;;52u (k 1)

i|G(")(r, u)du. (55b)

Therefore, the subordination trick, or alternatively the integral transform (45) for the bi-fractional diffusion equation of natural type
can be viewed as an infinite series of H-transforms of the Gaussian distribution.

It is interesting to show that the H-transforms (54) and (55) are exactly equivalent to the generalized Schneider-Wyss solution (26).
Indeed if we use the Gaussian (A.12) together with the integral relation (A.13) we can rewrite the H-transforms of the Gaussian (55) as

t n2 21(1 =22 + (a3 —aq) (k+ 1), az)
(n) _ D2 ) 20| P2l ( ) 2 1 2
(JﬁG )(r t) (47-”:012 H],Z |:4to(2 (0’ 1), (l _ % +k, l) s (56&)
) t2 ¢ pa \"? ;0| P2l (1 — 52+ (az —ay)k, 052)
(7AG™)r6) = (4maz) Hiz| 4 ©0.1),(1-5+k1) [ (56b)

Combining (54) with (56) it is easy to check the equivalence between the H-transforms (54) and (55) and the generalized Schneider-
Wyss solution (26).
As a special case, if we set p; =0, p, =1, and oy = @y =« in Eq. (54) the H-transform reduces to

‘l —
WO t) = 2 (#6M)(rt) = *fo Hf?[tli (l(o,o;’)a)}c(")(ﬁu)du (57)
tla My (%)G(“) (r, u)du, (58)

where Ma() is the M-Wright function. Using the relation between the M-Wright function and the one-sided Lévy stable density, i.e.,
Lo (t) = taﬂ Ma(ta) the transform (57) reduces to the inverse Lévy transform suggested in [85,98],

*© 1
WO (r,£) = &/o vt (7 )6 (59)
3.2. Moments

We now derive the moments of the PDF W™ (r, t) in n dimensions. The non-zero, even moments are defined through [80]

M@2my, ..., 2m,) =/ XM x2ma (r,t)d"r:/ e ... e2mW ™ (r, t)rmd r
R" Rn

- / €2 2w ) (r, £)r2mpn-1drdn-Te, (60)
]Rﬂ
where m; are positive integers for all i=1,2,...,n, m=3Y1,;m;, and d"'e is the angular integral with the radial unit vector e =
(e1,...,en) and e; = x;/r. Therefore,
MQmy, ..., 2m,) = (/ exm ~~-eﬁm”d”*1e) (/ p2mEn=Ty (., t)dr)
Ri-1 0

=Qu(myq, ..., My, n) (W™ (r,t))2m +n,t), (61)
where
Qu(my, ..., my n)=/ e2m .. e2mgn-le — #]l[r(mjtl). (62)

e e S T ey 2

The Mellin transform of solution (26) with respect to r, using Eq. (A.4), yields

CAWD (1. t)) (2. t) = %( D2 )n/Z i (—1)k (&ﬁz*%)k
k=0

4mtoe k! D2
5 &taz_m< P >—z/2 F(3)r(1-5+k+3%) +< D2 )—zxz F(Er(-5+k+3%) (63)
2 4t T(1-2 4 (- ar)(k+1) + %) \4te T(1-"2+ (a0 —ak+ %) |
Now, upon inserting Eq. (63) into (61) we obtain
n P poa—ar\K
M@y, ... 2m) = QnF(m+§)F(m+l)<4t“2> Pt o “lZ (m + 1 (= Brper)
2712 p2 P2 <KD (1 4+ apm + (o —aq) (k+1))
(m o 1)(- Beeen) o
+k2:;:k!r‘(1+a2m+(a2—a1)k) (64)
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Recalling the definition of the generalized Mittag-Leffler function and utilizing the recurrence relation (A.18), we write the closed-form
moments of the bi-fractional diffusion equation in n dimensions as

M@, ..., 2mp) = Cuat@mED - 1+a2m< 21 g al), (65)
2
where
22m 1
Cn = g I‘(m—i—l)]_[l“(m, 5). (66)

Next we calculate the gth order moment from the solution (26), given by
) = [ WO e d'. (67)
]RH
Due to the radial symmetry, W™ (r,t) = W™ (|r|,t) = W™ (r, t), we have that

(r(t)) = f MW (1, £)d™r = f FW ) (r, ) drd™ e
R R

= (/}RM d””e) (fooc ratn=Tw O (., t)dr), (68)

where
27"/
[ ate=au. .o =0 (69)
Rr-! r(3)
and Qp(mq, ..., my, n) is defined in Eq. (62). Therefore,
n/2
) = / PO (1 £)dr (70)
r'(3) Jo
From result (B.4) in Appendix B, we obtain for the gth order moment
ar (&
(Tq(t)) — 2 F( 2( ))F(;lz—i— )tazq/qu/Z /2+]< D1 F1 o m) (71)
r(e pq ol —0,024, D2
2)F2
For the one-dimensional case, n = 1, one recovers the result obtained in [52],
F(q + ) P10,
< x> (2L o (). (72)

From here we conclude that the process governed by the multi-dimensional bi-fractional diffusion equation of natural type belongs to a
multifractal process of the form

(ri(t)) ~ tH@0, (73)

where w(q,t) is a time-dependent exponent [52].
For q = 2 we find the second moment

2n
(P 0) = S By (L), (74)
which for the one-dimensional case reduces to the MSD
(2 (0) = —ﬂ@wmﬂ(gﬁm) (75)

3.3. Asymptotic behaviors of the PDF

We finally turn to the PDF. While the exact form of the PDF for given time and position needs to be analyzed numerically, we ob-
tain explicit expressions in the limits of short time-long distance and long time-short distance and evaluate the asymptotic expressions
graphically.

3.3.1. Short-time and long distance asymptotics

From the calculations carried out in Appendix C.1 in the limit pzr > 1, i.e, short-time and/or long-distance behavior, we find the
asymptotic shape of the PDF (25) in the form

W (1 t) ~ Alr—(l—az)n/(Z—az)t—orzn/[2<2—az)][1 +Azr—Z(az—al)/(2—012)t2(orz—a1)/(2—az)]EXp1 (r, )Exp, (1, ), (76)
where
A = 1 a£a2<n+1>721/[2<2—a2>1(&)"/[2(2"“)]
/2 /2 — o 4

AZ _ plp§01—1)/(2—012)22(a2—a1)/(2—az)a§((¥1—062)/(2—0(2),
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Fig. 1. Short-time asymptotic behavior (76) (black dashed line) and n-dimensional propagator, Eqgs. (36) to (37), as function of time for the fixed position r =2. For n =1
and 3 we set u = 2, and for n = 2 we take p = 1.9995. The model parameters are chosen as p; = 0.1, p, = 0.9, @y =0.3 and o, = 0.7.

Exp, (r,t) = exp (_22(012*011*1)/(2*012)191 p(2a1*1)/(2*012)a§2011 *02)/(2*012)r2(011*012+1)/(2*012)1'(0(2*20!1)/(2*012))’ (77)
and

por? 1/2-a2)
Exp;(r,t) =exp | —(2 - az)ag‘”@_‘“) (412%) . (78)

For very short times the asymptotic behavior (76) can be approximated to
wm (r,t) ~ A r(Otzfl)'1/(2*0!2)t*thﬂ/[Z(Z*Olz)]Expl (r, t)Esz (1, 0), (79)

while for p; =0, p, =1, and o, = «, Eq. (76) reduces to the classical asymptotic behavior (see Eqs. (2.25) and (2.26) in Ref [42].),

1/2-a)
2
W@ (1, t) ~ Ar@-Dn/@-a)p—an/22-O] ayp [ (2 — o)/~ <4t“ , (80)

where A = 27 @) g -1/2(2 _ ¢)~1/2gle(+1)=2]/[2(2-)] The graphical representation of the asymptotic behavior (76) is compared in Fig. 1
with the full propagator in Eqgs. (36) and (37). We observe very good agreement between the multi-dimensional propagator and its short-
time asymptotic behavior given the fixed distance r = 2. Note that approximation (76) fits the propagator well even for relatively long

. . . . 2 . .
times up to 101, at which the inequality 5[2;2 > 1 is already violated.

3.3.2. Long-time and short-distance behavior
Recalling the asymptotic behavior of the H-function near zero according to Eq. (A.5) we now derive the asymptotic behavior of the
propagator (8).
2
1D solution: From the calculations in Appendix C.2.1 for ﬁf;‘z « 1 we find the asymptotic of the PDF (26) (or (C.4)) in terms of the three
parameter Mittag-Leffler function (A.14),

1 Dy L 2—a; p1/2 P1 o, VP2 _a,2p1/2 D1 g,
w( )(X, t) W )(X =0,t)= 27\/1)72tozz/ mEotz—al.1+az/2—a1 (_Etaz on) + Tt o/ E(xz—al,l—azﬂ _Etaz o) (81)
Moreover, with the use of the asymptotic behavior (A.15) of the three parameter Mittag-Leffler function the solution (81) near the origin
reads

A -ty /2
W(l)(x, t) ~W“)(x=0,t) ~ ﬂtil (82)
2 T(-9)

In Fig. 2 we represent the one-dimensional solution (26) and compare it with the asymptotic behaviors (81) and (82). Note that the behav-
ior of the curves is in full agreement with the inequality indicating the short-distance regime: with increasing distance x the asymptotic
solution exhibits good agreement at longer times. The solution (82) for the long time asymptotics of Eq. (81) converges to the solution at
x =0 at longer times, as it should be.

10
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Fig. 2. Temporal evolution of the asymptotic behavior (81) (black dashed line) compared with the one-dimensional propagator (C.4) for different values of the position
variable. The blue dotted line represents the long-time behavior near the origin, (82). The model parameters are chosen as p; = 0.1, p, =0.9, ; = 0.3, and o, = 0.7. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

2D solution: Since the corresponding expansion (28) for the two-dimensional (2D) solution of the bi-fractional diffusion equation di-
verges, it is difficult to obtain an asymptotic formula near the origin based on the propagator (26). We follow an alternate approach to
derive the asymptotic behavior based on the two-dimensional solution in the Laplace space,

WA (r,s) = % (P15 + p25*2)Ko (r\/ p1s% + P25“2>~ (83)

With Ky (z) ~ —y —In(z/2) for z— 0, where y is the Euler-Mascheroni constant [101], near the origin r = 0 and for intermediate and long
times, Eq. (83) behaves as

(Y +05)P2 4,1 _
2

2/a
mr} s). (84)

WO (r,s) ~ ——);il sl _ 5

%(Pﬁal*] + s> In [

Inverting the Laplace transform of (84) we then obtain the asymptotic behavior of the two-dimensional solution near the origin,

- — /2
W, ¢y ~ —Pit :_y_aﬂ/fo(l 011)+1n<2f )}

27T (1 — ) 2 Dt
Dot~ _ o Iﬁo(] — o) 2to/2
+2nF(1—a2){ (y +0.5) 3 +In N ,r— 0, (85)
where ¥y (-) is the polygamma function. Finally, in the long-time limit (near the origin r = 0), Eq. (85) reduces to
- 2
@ N pit 2t/
W (r,t) ZnF(lfom)ln Jpir ) r—0, t— oo. (86)

In view of expression (85) we deduce the asymptotic behavior of the two-dimensional solution of the fractional diffusion equation near
the origin by setting p; =1, p, =0, and o =,

t ae(l—a) 2t9/2
(2) ~ —y -
W (r, 1) ZnF(l—a){ Y 3 +1In . , 10, (87)
which in the long time limit reduces to
= 2t%/?
) ~
W (r t) Zﬂr(l—a)ln< ; ), r—0, t— co. (88)

Although formula (88) was previously derived by Saichev [85,102], to our best knowledge formula (87) was not presented before in lit-
erature. The comparison between the two-dimensional propagator in Egs. (36) to (37) and its asymptotics (85) to (86) is presented in
Fig. 3. Note that we show three dashed lines in contrast to Fig. 2 since the asymptotic behavior depends on the distance r. However, the
qualitative behavior remains the same.

3D solution: From the calculations in Appendix C.2.2 for Z?ﬂi « 1 we find the asymptotic behavior of the PDF in terms of the three
parameter Mittag-Leffler function (A.14) in the form

1 1 p1t7a1 pztiaZ p1t7a17a72 p2t73a2/2
W@ t) ~ —1=
GO~ g ) r|Ta-an " Ta-w) | "V Ta-a— %) ' T(1- %)

1
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Fig. 3. Asymptotic behavior (85) (black dashed line) compared with the two-dimensional propagator, Eqs. (36) to (37) with n =2 and p = 1.9999, for different values of the
spatial variable. The long-time behavior (86) at r = 0.5 is shown, as well (blue dotted line). The model parameters are chosen as p; =0.1, p =0.9, &y = 0.3, and @, =0.7.
(For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 4. Asymptotic behavior (89) (black dashed line) as function of time compared with the three-dimensional propagator (C.6) for different values of the spatial variable r.
The long-time behavior (91) at r = 0.5 is also shown (blue dotted line). The model parameters are chosen as p; = 0.1, p, = 0.9, a; = 0.3, and «, = 0.7. (For interpretation of
the references to colour in this figure legend, the reader is referred to the web version of this article.)

At long times the asymptotic behavior (89) near the origin r = 0 reduces to

1 1|: Plt*% pzt*az ] \/IT plt—m—az/z pzt*3°‘2/2
2

WO~ 11
O~ | 7| FA—an) " T —a) F(1—a—9)  T(1-%2)

pen | pet
+ )
r(1-3%) r(l-aw-%)
Alternatively, the long-time behavior of the three-dimensional solution near the origin reads
1 pit™™ pat™
W) ~ — , 0, t , 91
O~ o Ta—ay " Tad—ay || "% 7> o1

where (A.15) was used. This result generalizes the result for the mono-fractional diffusion equation (for p; = 1, p, =0, o1 = «), see relation
(33) in [102]. We finally verify our analysis by providing a comparison between the three-dimensional propagator (C.6) and the asymptotic

solutions (89) and (91) in Fig. 4.

r—0, t— oo. (90)

—vP1

4. Conclusion

We analyzed the multi-dimensional bi-fractional time-fractional diffusion equation of natural type describing a retarding crossover be-
tween two subdiffusive states, as a generalization of the one-dimensional case. We derived a closed-form multi-dimensional solution for
this equation in terms of infinite series of Fox H-functions by generalizing the classical Schneider-Wyss solution for the mono-fractional

12
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case. The divergent series of the two-dimensional propagator was approximated by accommodating space-fractality of order 1 < i < 2, for
which the behavior is non-divergent, and then the two-dimensional propagator was obtained from this in the limit © — 2. The solution
was interpreted as the H-transform of the Gaussian distribution. Certain restriction are hereby imposed on the model coefficients, p; < p»,
in order to guarantee the convergence of the series in the long-time limit. The non-negativity of the solution, in different dimensions, was
shown by employing two different arguments, the Bernstein function approach and the subordination approach. The moments of the fun-
damental solution were obtained in terms of the Prabhakar three-parameter Mittag-Leffler function and the limiting cases were analyzed,
providing a rich behavior of the dynamics in the considered multi-dimensional model. Finally, we derived the asymptotic formulas for the
propagator in different dimensions, in the short-time long-space domain, and in the long-time short-space domain. Graphical comparisons
between the multidimensional propagator and its asymptotic formulas show good agreements.

As shown previously, the bi-fractional diffusion equation of modified type [46] shows a different behavior and thus provides an alter-
native behavior for the description of crossover dynamics. Its higher-dimensional solution is the topic of our future investigation. Another
important step is the consideration of confinement in bi-fractional processes in higher dimensions.
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Appendix A. A primer on some special functions

In this appendix we present some special functions that are used throughout the paper. The Fox H-function is defined in terms of the
Mellin-Barnes integral [84]

LAY, -+, (ap, Ap) 1
Hm.n (a1, A p>41p — 7/ S Al
pa [" (b1.By). - (b By) |~ 21 Jo OO (A1)
where m, n, p, and q are integers satisfying 0 <n<p, 1<m=<gq, a;, b;eC, A;,BjeRy,i=1,..., pji=1,..., q, and the function ©(s) is
given by
M Cj— Bs)[[L; T(1—a;+ Ajs
@(s) _ 1_[]_1 ( J J )1_[]—1 ( ] ] ) (A.Z)

T T(-bj+ B[, (- As)

j=m+1 Jj=n+1

where T'(-) is the Gamma function. The contour 2 in the right side of Eq. (A.1) separates the poles of I'(b; + Bjs), j=1,..., m from the
poles of I'(1 —a; — A;s), i =1,...,n. If the poles of ]'[T:1 I'(b; — Bjs) are simple, the following series expansion holds

by +v
ol ] @ 1 moe C1yx i [T D (b — By [Ty T(1— gy + A2 A3
pa | %] (bg. By) =22 V!B ¢ T(1-b;+ B;2)[P .. T A;brtvy’ (A.32)
h=1v=0 : j=m+1 ( —Dbj+ b5, ) j=n+1 (aj — Aj7p; )
provided that
By(bj +k) #Bj(by+v) for j#h, jh=12-.-.m kv=012,..., (A.3b)
Aj(by +v) #By(aj—k—-1), for jh=12,.--.n, kv=01.2,-... (A.3c)
The Mellin transform of the H-function is defined by
* Ap) -
- 1Hmn | ax| @A) iy gze(—2 , A4
[ o G e e
where ®(z) is given by (A.2).
The asymptotic behavior of the H-function near zero is given by [84,103]
m,n (aP’AP) ~ ¢
Hyy |:z (by. By) |z|®,  |z| = O, (A.5)

where ¢ = min; ;. {%(b;)/B;}, and provided that p > 0, |argz| < /2, and where p is given by

n p m q
p=Y Aj— > Aj+) Bi— Y B (A.6)
j=1 j=n+1 j=1 j=m+1
Using the asymptotic behavior (A.5) and the series expansion (A.3) of the H-function we find
1
20[ | (@A) L3 +k)
HT; |:z

(0, 1)’ (% +k, 1) ~ 71_‘((1]) s |Z| — 0, (A7)
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r(1)z 2 .
oL @Ay Gl ifk=0, |z - O
Hi; |2 1 ~ (al+ ) (A.8)
' (0.1), (7i+k*l) r(-3+k) .
ray k=1 ]z] >0,
The asymptotic behavior of the H-function for large values reads [103]
m,0 @p.Ap) | _ e _ 1/
Hy |:z (b By kZ'% exp[-8(2)'° |, 2| > oo, (A9)
where
q p q p—q+1 N "
— . . — . . — J J
§=) Bi—) Aj y_Zb]—ZaJ+T, e=[147 I8,
j=1 j=1 j=1 j=1 j=1 Jj=1
—p— p . PR §
k= @m)F e s 2 []Ar " []BY 2. (A10)
j=1 j=1
The following inverse Laplace transform relation is used throughout the paper,
—1 P _+p—1 i (IO7 G)
¢ s Pexp (—as”) } =t "H’ |:t0 0.1 | a,0 >0, (A11)
The Gaussian distribution (46) can be expressed in terms of the H-function through
1 4u| (1-n/2,1
GM(ru) = N1/ HYg |:r2 ( /20 i| (A12)
() —
The integral of the product of two H-functions is given by
* .Ap) (dp,.Dp,)
Hn | zxe | @A) gmem |yl (o Do) gy A13
J, [ (bg. By) ] Pl [’7 (eq.-Eq,) (A13)
_ 1 meninem | 2 | (an.An), (1 —e€q, — Eq,, 0Eq,), (ans1, Any1), -+, (ap, Ap) ) (A13)
n PHaatPe o | (b, Br), (1 —dp, — Dp,, 0Dp,), (bmy1. Bni1), -+, (bg, Bg)
The Prabhakar generalization of the Mittag-Leffler function (PML) is defined in terms of the series [87-89]
W 2" .
E} 4(2) = Z F@n+ il a,B,y,zeC, Ra} >0, (A14)

where (y)nls the ascending Pochhammer symbol defined by (y)o=1, (¥ )n=y(y +1)---(y +n—-1)=T(y +n)/T'(y). The PML func-
tion EV ( At¥) is a completely monotone function for t > 0, and A is positive constant, 0 < @, 8 <1, and 0 < y < B/«. The PML function

has the asymptotlc representation

By (1) ~ { i e ior . (A15)
TB=ay)’ or t — oo,
The Laplace transform of the PML function is given by
z{tﬂflh‘j;ﬁ(—kt“);s} = ﬂ, "B} > 0, (A.16)
s (Sa +)\)V

and its Hankel transform reads
o0 2p-1 1/a\°| (1,1); (B, @)
p—1 Y _hyO _ 211 2 (=
/0 XP=Jy (@)E; 4( bx )dx_aPF(y)H2‘3|:b<2> (p+v a)(y 1) ; (p;v %) - (A17)

The latter can be readily derived from the relation between the generalized Mittag-Leffler function and the H-function, and the Hankel
transform of the H-function [84].
For the three parameter Mittag-Leffler function the following recurrence relation holds true [104]

EV(—t) +t“E ) (—t%) = E} ,(—t*). (A18)
Appendix B. Calculation of moments
In the calculation of the moments an integral of the form

I(t) = f P ) (1 6 dr, (B1)
0

occurs, where W™ (r, t) is given by (26). Therefore, we have

0= () S e
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(-1 =12 4 (ay —aq)(k+ 1),0[2) ]dr

D1 0y-a, /” gen-1p20| P2r’
x {pzt 0 r H]’z 4t (0,1) (1—*"1"( )

patn-1 20| P2l (1—"“2+(a2—a1)k,a2)
+/0 H”|:4t°‘2 0.1, (1-5+k1) dre. (B.2)

From formula (A.4) for the Mellin transform of the H-function we find

1(t) = (4711“012) (‘H”) Z (- 1) (Pl (o2 a1>

X{Pltazal(Mz)"z I'(1+q/2+k) (4t“2>"5*” C(1+q/2+k) }

D2 p I'(1+a2q9/2 + 0y —oq + (0 — aq)k) D2 I'(1+a2q9/2 + (a2 — aq)k)
(P %F(%)F(l +4/2) & (- 1) P1 ey o\
- (4maz> Z (Et )
D1 e (1+q/2) (22)% (1+q/2), (%2) (B.3)
“\ 2 F(1+02q/2 +ay —ar + (@ —a)k)  T'(1+0a2q/2 4 (@ — a1)k) '

From the definition of the three parameter Mittag-Leffler function (A.14) we then have

g+n
ZqF(—)F(l-i- )tazq/Z{p] o2 0(1E1+q/2 ( P1 1 ton- (¥1>+El+Q/2 ( b1 Pl al)}
2

I(t) = ot pq/z D2 Qg —0t, 0y — 0t +02q/ 241 p ay—0,02q/2+1 D2
ar(an
_ 2 F( )F(l + )tazlJ/ZEQ/Z ( P P1 o - 0‘1) (B.4)
278 pq/z oy —0,02q/2+1 D2 ’

where we have used relation (A.18).
Appendix C. Deriving the asymptotic forms of the PDF
C1. The limit p,r?/(4t%2) > 1

Let us firstly rewrite the multi-dimensional propagator (25) as

n . “) ( par? (17%)k par® por’ (]7%)(“]) par’
W(>(r,t):( )EZ i ( ) (4> f1<4ta2,k>+(4> f2(4taz,k) , (C1)

where

par? o par?| (1.ay)

f‘<4taz’k>:H1zg[4raz (5+ (2 -1)k 1), (1+ %k, 1) } (C.2a)
par* )\ 20| P2r*| (1,a2)

f2<4taz’k>_H1v2[4wz G+ (2 -1)k+1).1), (1+2k+1),1) ] (C.2b)

Then, by using Eqs. (A.9) and (A.10) the functions f; (pzr ) and fz("2r2 k) have the following asymptotic behavior for 2 >> 1

t%2° 9
n 20y - k
pr 1 e e\ [ e (g aC
T ) ™ a=g® 4t % | G EXPp; (1, 1), (C3a)
-2
nory +4 (e —0p) 2ay-ay = K
2 @)@ —ap)-2 2 22;(27,&) 20q-e 2\ n i
par . 1 2(2-0) par 2 2 2 (por > >
f2<41’“2’k>~20(052 2 4t a, i Exp, (1, t), (C3b)
— 2

where Exp; (. t) is given by Eq. (78). In view of the asymptotic behavior (C.3) and Eq. (C.1) we get our result (76).
C2. The limit pyr?/(4t%2) « 1

C2.1. 1D case
The one-dimensional solution is given by setting n =1 in (26) [52],

o) / D" P10\ ) P1 -y py2.0| P2X (1—*+(052—011)(k+1)052)
WD = 4nt“22 k! (pzta a>{Pta H [4taz

(0.1), (3 +k.1)
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of P2 | (1-% + (2 — )k o)
+H12-g[4taz (0, 1),( +k1) “ (C4)

In view of the asymptotic behavior (A.7), therefore, near the origin x =0 and at intermediate and long times the one-dimensional
solution (C.4) behaves asymptotically as

M ~ P2 ) Plio,-o (-1 <p1 - a])k (k+%)
w (X,t) 4 toz { Z t F[(]+*—C¥1)+(a2_a1)k]
C T(k+3)

D1 -y k
Z kl (pzt )r[(l_"g)ﬂaz—al)k]}

which can be summed, using the definition (A.14) of the generalized Mittag-Leffler function, to yield

P1 7*051 ( & 0‘2*“1) P2 % (_ﬂ azfﬁtl)
N Ea2 a1+ \ "y 1/ drer Fa-ani-2 (7, : (C5)
C2.2. 3D case

The three-dimensional solution of the bi-fractional diffusion equation is given by setting n = 3 in (26), i.e
(1 — Ew% + (a2 —Ol])(k+ ]),Olz) i|

3
3) _ p2 X (-1)* <P1 - a1> P1 oy —ay 20 par?
AR _( 47”“2) g k! pzt Pzt M2 4w (0,1), (=3 +k. 1)
20 P2r?| (1-25 + (a2 — )k, a3)
+H1,2|:4ta2 (O,]), (_% +k, .l) . (CG)

We note that the asymptotic behavior of the H-function in Eq. (C.6) near the origin depends on the value of k, see Eq. (A.5). Therefore
the solution (C.6) near the origin r = 0 and for intermediate and long times behaves as

WD (x,t) ~

(&) ~ M 7“727‘11 i 4t - pl C(z aq k F(I B %)
PO e {F(l_a])<p2r2> 2} ' ( ) P[(1-% — o) + (2 —cn)k]
o | T el S T
873 {F(l—m)(Pzﬂ) kg kl ( > F[(l—%)—&-(az—a])k] ) (C.7)

where the asymptotic behavior (A.8) has been used. Moreover, utilizing the relation I"'(k — 1/2) = I"'(—1/2)(—1/2); and definition (A.14) we
obtain

« 3a-
1)1 pit™ Pt~ pit=—7 pat~ 7
(3) ~ - W
wErn 4ﬂ{r|:F(1—ozl)+F(l—otz)]+ p2|:r‘(]—a1—°‘22)+r‘(1—3‘§2)

—f[pﬁ o-% g ( Et“r“l>+p2r3¥5‘% 5 (—&to‘f"“ﬂ}, 0. (C8)
2

-y, 1-F —oy D2 ay—ay,1-22 D2
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