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a b s t r a c t 

We present an analytically tractable scheme to solve the mean transition path shape and mean tran- 

sition path time of one-dimensional stochastic systems driven by Poisson white noise. We obtain the 

Fokker-Planck operator satisfied by the mean transition path shape. Based on the non-Gaussian prop- 

erty of Poisson white noise, a perturbation technique is introduced to solve the associated Fokker-Planck 

equation. Moreover, the mean transition path time is derived from the mean transition path shape. We 

illustrate our approximative theoretical approach with the three paradigmatic potential functions: linear, 

harmonic ramp, and inverted parabolic potential. Finally, the Forward Fluxing Sampling scheme is applied 

to numerically verify our approximate theoretical results. We quantify how the Poisson white noise pa- 

rameters and the potential function affect the symmetry of the mean transition path shape and the mean 

transition path time. 

© 2020 Elsevier Ltd. All rights reserved. 
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. Introduction 

The concept of first-passage times dates back to the investi- 

ation of financial market dynamics by Bachelier [1,2] and in the 

ontext of molecular chemical reactions by Smoluchowski [3] . The 

otivation was to pinpoint the time when a fluctuating stock 

rice first crosses a given threshold or when a diffusing molecule 

rst hits its reaction target. Today, first-passage theory is well es- 

ablished [4–6] , albeit several breakthroughs have been reported 

ithin the last years. These include fundamental results for the 

global) mean first-passage time in quite general settings [7–10] as 

ell as the determination of the full distribution of first-passage 

imes in generic geometries [11,12] as well as in potential land- 

capes [13–16] . The need for such refinements of first-passage the- 

ries comes from new experimental insight, for instance, finding 

hat the geometric distance can indeed become relevant even in 

he confines of micron-sized bacteria cells [17–20] . In the context 

f molecular reactions or ”narrow escape” through a small win- 

ow in a bounded domain it is important to include the ”reaction 
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imitation” in terms of a reaction barrier or an entropic constraint 

21–25] . 

The crossing of an activation barrier in molecular reactions is at 

he heart of the famed Arrhenius law according to which the rate 

f a reaction is proportional to the Boltzmann factor for the ”ac- 

ivation energy” E a , i.e., the rate obeys k ∝ exp (−E a / [ k B T ]) [26,27] .

n most cases the barrier height | E a | considerably exceeds thermal 

nergy k B T and the barrier crossing is thus a rare event. An im- 

ortant step in reaction rate theory was the formulation of transi- 

ion state theory. We mention the two complementary pioneering 

pproaches of Eyring [28] (”thermodynamic approach” [29] ) and 

igner [30] (”classical mechanics approach” [31] ). A kinetic path- 

ay to rate laws was formulated by Kramers in his seminal work 

elating rate theory with the theory of Brownian motion [32] . For 

etails we refer the readers to the authoritative review article by 

änggi, Talkner, and Borkovec [33] . 

Due to the large barrier height compared to thermal energy 

he system spends most of its time vibrating in a locally stable 

tate, and the actual transition is a rare event. Experimentally, 

ew experimental techniques such as single molecule spectroscopy 

llow unprecedented insights into individual transition paths of 

pecific molecular reactions [34–38] . Single-molecule force spec- 

roscopy, similarly, resolves transition path kinetics [39–41,58,59] . 

imulations of transition paths relying on a naive simulation of 

https://doi.org/10.1016/j.chaos.2020.110293
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he process cannot generate sufficient statistics for such rare tran- 

ition events within reasonable computing times. New sampling 

ethods, based on original work by Chandler and coworkers 

42,43] have become standard tools in reaction rate calculations 

44–47] . 

Instead of considering all barrier crossing attempts, i.e., unsuc- 

essful and successful ones, transition path theory focuses on ”di- 

ect paths”, i.e., those paths that successfully take the particle from 

ts original point to the final point across the barrier. Somewhat 

ounter-intuitively at first, there exists a time reversal symmetry 

etween the successful barrier crossing path and the inverse path 

43,46,47] , and this equivalence even holds for the full distributions 

f crossing times [66] . The statistical properties of transition paths 

re thus vital for chemical reactions [33] and are extensively stud- 

ed in modern transition state theory [63] . As transition paths re- 

olve the transition time during direct crossing events they are of 

undamental difference from the first-passage paths which could 

e obtained after implementing reflecting and absorbing bound- 

ries for the transition region, as first-passage paths include all 

hose ”indirect” events, that repeatedly take the system back to its 

riginal state [51] . 

Mathematically, the transition paths are derived via installing 

wo absorbing boundaries at the extreme points of transition re- 

ion [52] . Some appropriate measures to quantify the transition 

aths are the transition path time (TPT) [53] and the transition 

ath shape (TPS) [54] . The TPT plays an important role in tran- 

ition paths and is conventionally defined as the time spent dur- 

ng direct transition paths. Generally, the TPT is a conditional first 

assage time (FPT) [41] of the switch events. The concept of the 

PT is ubiquitously used in protein folding [55] and nucleic acid 

ynamics [37] , pore tranversal [56] , ion channel crossing and poly- 

er translocation [57] . In addition to the TPT, the TPS is a more

etailed description of the transition path sequence as detailed be- 

ow. Measuring the TPS thus provides a crucial characterization of 

he transition paths, and much effort has recently been dedicated 

o the development and analysis of transition paths with respect 

o both theoretical and experimental aspects. 

The theoretical description of the transition path properties is 

ften derived from the Fokker-Planck equation [60] . Many theoreti- 

al aspects of the transition path properties have been unveiled for 

he cases of a cusp barrier [61] , conical tubes [62] , or a parabolic

otential [64] for overdamped and inertia-controlled cases [65] . 

uch simple potentials in which the transitions are driven by Gaus- 

ian white noise have been quite well studied. As mentioned, the 

ean TPT is identical in both directions for the case of Gaussian 

hite noise [66] , independent of any asymmetry in the potential. 

his symmetry, however, is broken in out of equilibrium situations 

ith fluctuating forces [67] . The symmetry of the TPS [68] is af- 

ected by the potential function. 

Here we demonstrate that the transition path dynamics changes 

ramatically in the presence of an alternative standard noise 

ource, namely, Poisson white noise. In fact non-Gaussian white 

oise [69,70] has been observed in the fields of science, engineer- 

ng, finance, and so on. Examples include the impact of traffic loads 

n road bridges and the excitation of ground structures by earth- 

uakes [71] , the Lotka-Volterra model [72] , power grids [73] , and 

amage evolution in mechanical systems due to wind or earth- 

uakes [74] . It is essential to recognize that Poisson noise driven 

andom processes are discontinuous, and the time and intensity of 

xcitation are random. Recently, Poisson white noise [74] is get- 

ing popular since it provides a mathematical model to describe 

his kind of discontinuous random process, in contrast to Gaussian 

hite noise [75] . Poisson white noise has been used with great 

uccess in the modeling of a series of independent and identically 

istributed random pulses, and the number of pulse arrival can be 

xpressed by a Poisson counting process. Changes due to Poisson 
2 
hite noise-driven jump processes include escape behavior [76] , 

tationary response properties [77] , non-stationary response be- 

avior [78] , extreme value distribution [79] , and more. Here we 

im at studying the effect of Poisson white noise on the transi- 

ion path properties, based on a generalization of the theoretical 

escription of transition paths. The challenge lies in the fact that 

here are infinite terms in the operator equations of the mean TPS 

nd the mean TPT. 

The central theme of this paper is to propose a new approx- 

mate theoretical approach to solve the mean TPS and the mean 

PT of one-dimensional system driven by Poisson white noise. Af- 

er truncating the equations satisfied by the mean TPS and the 

ean TPT, using a well-defined perturbation method, allows us to 

xpress the theoretical form of the mean TPS and the mean TPT. 

o demonstrate the generality of the proposed approximation ap- 

roach, we apply the method to three types of simple potential 

unctions: a linear potential, a harmonic ramp, and an inverted 

arabolic potential function. These three kinds of simple potential 

unctions (see Fig. 1 ) are also the basis for the application to real

ystems, such as, the Malthusian model [80] , the logistic map [81] , 

nd a micrometre-sized dielectric bead in an optical trap [82] . Ef- 

ects of the jumps of the Poisson white noise and the potential 

unction parameters on the mean TPS and the mean TPT in two di- 

ections are investigated. To the best of our knowledge this is the 

rst effort to obtain the theoretical results of the mean TPS and 

he mean TPT of one-dimensional systems driven by Poisson white 

oise. 

The remainder of the paper is structured as follows. In 

ection 2 we present a general scheme of calculating the solu- 

ion to the mean TPS and the mean TPT. Section 3 , the cen-

ral part of the paper, is devoted to the specific derivation 

f the perturbation method to obtain the mean TPS and the 

ean TPT of one-dimensional systems under Poisson white noise. 

ection 4 illustrates our approximate theoretical approach for the 

hree mentioned prototypical potential functions. The generaliza- 

ion to multi-state systems on this basis is then straightforward. 

e use the Forward Flux Sampling (FFS) scheme [83,84] to nu- 

erically verify our theoretical approximations for the mean TPS 

nd the mean TPT in these three potentials. Finally, a discussion of 

he validity of the proposed method and the conclusions are pre- 

ented in Section 5 . Some additional information is provided in the 

ppendices. 

. Transition path shape and time 

We consider the mean TPS and the mean TPT of one- 

imensional systems under the driving of Poisson white noise. The 

ystem can be described by the stochastic differential equation 

dx 

dt 
= f (x ) + W P (t) , (1) 

here x is the position of the particle, f (x ) = −d V (x ) /d x is the

orce acting on the particle derived from the model potentials V ( x ) 

hown in Fig. 1 . We consider three simple potential forms: a linear 

otential, a harmonic ramp, and an inverted parabolic potential. 

ere the coefficient U controls the height of the potentials V ( x ). 

In Eq. (1) , W P ( t ) is a Poisson white noise defined as 

 P (t) = 

N(t) ∑ 

k =1 

Y k δ(t − t k ) = 

dC(t) 

dt 
, (2) 

hich is the formal derivative of the so-called homogeneous com- 

ound Poisson process 

(t) = 

N(t) ∑ 

k =1 

Y k U P (t − t k ) . (3) 
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Fig. 1. Potential functions V ( x ) with the three characteristic shapes considered in this article: (a) linear potential V (x ) = U(x − 1) / 2 ; (b) harmonic ramp V (x ) = −U(x − 1) 2 / 4 ; 

(c) inverted parabola V (x ) = −Ux 2 / 2 . 

Fig. 2. Poisson white noise I 0 = 1 for two different pulse amplitudes: (a) E [ Y 2 ] = 0 . 1 ; (b) E [ Y 2 ] = 0 . 01 . 

Fig. 3. A transition path is also a first passage path, if x A = −1 and x B = 1 are ab- 

sorbing boundaries. 
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ere δ( t ) is the Dirac function, U P ( t ) is the unit step function, and

 ( t ) is a Poisson counting process with mean arrival rate λ. Y k are

ndependent identically distributed random variables, which are 

ndependent of the impulse arrival time t k . The noise intensity of 

 P ( t ) is I 0 , where I 0 = λE [ Y 2 ] . Here Y describes the random pulse

mplitude of W P ( t ), and E [ ·] denotes the expectation of a random

ariable. In this paper, without loss of generality, we take that Y 
3 
beys the normal distribution N (0, σ 2 ), such that E [ Y 2 ] = σ 2 . With

ncrease of λ, the number of pulses in the time interval [0,10] in- 

reases, as presented in Fig. 2 . 

According to the results in [68] the mean TPS τ TP 
shape 

(x 0 | x A ) is

qual to the mean FPT of particle arriving at x A from x 0 , under

he condition that x A and x B are the absorbing boundaries, see the 

ketch of the setup in Fig. 3 . Thus, 

TP 
shape (x 0 | x A ) = τ FP (x A | x 0 ) , (4) 

here [ x A , x B ] is the transition path region, and x 0 ∈ [ x A , x B ]. Using

his relation the solution of the mean TPS can thus be derived from 

he mean FPT of the system encoded in Eq. (1) . In what follows

e define the direction of particle motion from x A to x B as the 

ositive direction, otherwise we call it the reverse direction. 

The Fokker-Planck equation corresponding to the stochastic 

quation of motion (1) [85] 

∂ 

∂t 
P (x, t| x 0 , t 0 ) = L KM 

P (x, t| x 0 , t 0 ) , (5)

escribes the time evolution of the probability density function P ( x, 

 | x 0 , t 0 ). Here L KM 

is the Fokker-Planck operator, which can be de-

ived from the Kramers-Moyal expansion [85,87] , yielding 

L KM 

=− ∂ 

∂x 
[ f (x )] −λE [ Y ] 

∂ 

∂x 
+ 

λ

2 

E 

[
Y 2 

] ∂ 2 

∂x 2 
− λ

6 

E 

[
Y 3 

] ∂ 3 

∂x 3 
+ 

λ

24 

E 

[
Y 4 

] ∂ 4 

∂x 4 
+ . . . . (6) 

he splitting probabilities φA ( x ) and φB ( x ) then satisfy the rela-

ion 

 

∗
KM 

φA ( x ) = 0 , L ∗KM 

φB ( x ) = 0 , (7) 

ith the boundary conditions 

A (x A ) = 1 , φA (x B ) = 0 , φB (x A ) = 0 , φB (x B ) = 1 . (8)
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Fig. 4. (a) Mean TPS for different potential heights U , where I 0 = 1 , E [ Y 2 ] = 10 −3 . The symbols are defined in the figure panel. (b) Mean TPS for different noise intensities I 0 , 

where U = 5 and E [ Y 2 ] = 10 −3 . In both panels (a) and (b) symbols represent numerical results from the FFS scheme, while the lines are based on Eq. (38) . (c) Theoretical 

results for the mean TPS for two directions for different I 0 , showing a zoom into panel (b). 
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is the adjoint operator of L KM 

, and one can show that [87] 

L ∗KM 

= f (y ) 
∂ 

∂y 
+ λE [ Y ] 

∂ 

∂y 
+ 

λ

2 

E 

[
Y 2 

] ∂ 2 

∂y 2 
+ 

λ

6 

×E 

[
Y 3 

] ∂ 3 

∂y 3 
+ 

λ

24 

E 

[
Y 4 

] ∂ 4 

∂y 4 
+ . . . , (9) 

here y is the backward variable. 

We now define K ( x A / B | y ) as the first-passage distribution of par-

icles from y to x A or x B . Consequently, the n th moment of the first-

assage distributions is [68] 

 

(n ) (x A/B | y ) = 

∫ ∞ 

0 

t n K(x A/B , t | y ) dt , (10)

nd the first passage distributions K ( x A , t | y ) and K ( x B , t | y ) satisfy 

∂ 

∂t 
K(x A/B , t| y ) = L ∗KM 

K(x A/B , t| y ) . (11)

ombining Eqs. (9) and (10) we could obtain the following set of 

quations [68] 

nK 

(n −1) (x A/B | y ) = 

∫ ∞ 

0 

t n K(x A/B , t | y ) dt . (12)

oreover the first passage distributions K 

(1) ( x A | y ) and K 

(1) ( x B | y )

atisfy 

 

∗
KM 

K 

(1) (x A/B | y ) = −φA/B (y ) . (13) 
4 
hen the mean FPT is given by 

FP (x A/B | y ) = 

K 

(1) (x A/B | y ) 
φA/B (y ) 

. (14) 

hus we need to calculate φA / B ( y ) first, and then combine 

qs. (13) and (14) with Eq. (4) to get the mean TPS encoded by 

he stochastic differential equation (1) . 

The mean TPT τ TP ( x A | x B ) quantifies the transition path from 

he absorbing boundary x B to x A , its complement τ TP ( x B | x A ) is the

ean TPT from x A to x B . Meanwhile, the mean TPT is the mean

PT of the process (1) from x B ( x A ) to x A ( x B ), i.e., τ TP (x A | x B ) =
FP (x A | x B ) , τ TP (x B | x A ) = τ FP (x B | x A ) with y → x B , y → x A , respec-

ively. It can be shown that the mean FPT τ FP ( x A / B | y ) is also related

o K 

(1) ( x A / B | y ) and φA / B ( y ). 

. Approximate solution of the transition path shape and time 

Here, we develop the perturbation technique for the approxi- 

ate solution of the mean TPS of the process (1) driven by Pois- 

on white noise. According to [86,87] , without loss of generality, 

e take ε = λ−1 / 2 as the perturbation parameter. Hence, I n are fi- 

ite constants defined as 

 

n I n = λE 

[
Y n +2 

]
, n = 0 , 1 , 2 , . . . , (15)

hen Eqs. (7) and (13) turn into 

f (y ) 
∂ 

∂y 
φA/B (y ) + 

I 0 
2 

∂ 2 

∂y 2 
φA/B (y ) + ε 

I 1 
6 

∂ 3 

∂y 3 
φA/B (y ) 
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Fig. 5. Theoretical results of the mean TPS τ TP 
shape 

(y | x A ) and τ TP 
shape 

(y | x B ) , E [ Y 2 ] = 10 −3 . (a, c) I 0 = 1 , U ∈ [1, 10]; (b, d) U = 5 , I 0 ∈ [0.5, 5]. 

Fig. 6. (a) Mean TPS for different potential heights U , where I 0 = 1 and E [ Y 2 ] = 10 −3 . (b) Mean TPS for different noise intensities I 0 , where U = 5 and E [ Y 2 ] = 10 −3 . The 

results from the numerical FFS scheme are shown by the symbols, the theoretical results based on Eqs. (38a) and (38b) correspond to the lines. 

a

 

w B B  
+ ε 2 
I 2 
24 

∂ 4 

∂y 4 
φA/B (y ) + . . . = 0 , (16) 

nd 

f (y ) 
∂ 

∂y 
K 

(1) (x A/B | y ) + 

I 0 
2 

∂ 2 

∂y 2 
K 

(1) (x A/B | y ) + ε 
I 1 
6 

∂ 3 

∂y 3 
K 

(1) (x A/B | y ) 
5 
+ ε 2 
I 2 
24 

∂ 4 

∂y 4 
K 

(1) (x A/B | y ) + . . . = −φA/B (y ) . (17) 

Here, we show the detailed derivation of φA ( y ) and K 

(1) ( x A | y ),

hile the results for φ ( y ) and K 

(1) ( x | y ) are obtained analogously.
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Fig. 7. Theoretical results of the mean TPS τ TP 
shape 

(y | x A ) and τ TP 
shape 

(y | x B ) , E [ Y 2 ] = 10 −3 . (a, c) I 0 = 1 , U ∈ [1, 10]; (b, d) U = 5 , I 0 ∈ [1, 10]. 
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uppose that the solution for φA ( y ) has the form 

A (y ) = φA 0 (y ) + εφA 1 (y ) + ε 2 φA 2 (y ) + . . . . (18)

hen substituting Eq. (18) into (16) and grouping terms of the 

ame order in ε, we find 

 

0 : f (y ) φ(1) 
A 0 

(y ) + 

I 0 
2 

φ(2) 
A 0 

(y ) = 0 , (19a) 

 

1 : f (y ) φ(1) 
A 1 

(y ) + 

I 0 
2 

φ(2) 
A 1 

(y ) = − I 1 
6 

φ(3) 
A 0 

(y ) , (19b)

 

2 : f (y ) φ(1) 
A 2 

(y ) + 

I 0 
2 

φ(2) 
A 2 

(y ) = − I 1 
6 

φ(3) 
A 1 

(y ) − I 2 
24 

φ(4) 
A 0 

(y ) , (19c)

here the φ(n ) 
A m 

(y ) denote the n th derivative of φA m (y ) . 

As Y obeys the normal distribution N (0, σ 2 ) we have I 1 = 0 ,

nd the solution of Eq. (19b) is φA 1 
(y ) = 0 . Therefore, Eqs. (18) to

19c) can be rewritten into 

A (y ) = φA 0 (y ) + ε 2 φA 2 (y ) + . . . , (20) 

nd 

 

0 : f (y ) φ(1) 
A 0 

(y ) + 

I 0 
2 

φ(2) 
A 0 

(y ) = 0 , (21a) 

 

2 : f (y ) φ(1) 
A 2 

(y ) + 

I 0 φ(2) 
A 2 

(y ) = − I 2 φ(4) 
A 0 

(y ) . (21b)

2 24 

6 
According to the boundary condition (8) we obtain 

A 0 (y ) = 

∫ x B 
y e 

2 
I 0 

V (s ) 
ds ∫ x B 

x A 
e 

2 
I 0 

V (s ) 
ds 

, (22a) 

A 2 (y ) = φA 0 (x ) 

∫ y 

x A 

∫ x B 

x 

2 

I 0 
g 1 (s ) e 

− 2 
I 0 

V (s ) 
d se 

2 
I 0 

V (x ) 
d x 

−φB 0 (x ) 

∫ x B 

y 

∫ x B 

x 

2 

I 0 
g 1 (s ) e 

− 2 
I 0 

V (s ) 
d se 

2 
I 0 

V (x ) 
d x 

= φA 0 (y ) N 1 (y ) − φB 0 (y ) N 2 (y ) , (22b) 

here g 1 (x ) = (I 2 / 24) φ(4) 
A 0 

(x ) . Then combining Eq. (20) with

qs. (22) we get φA ( y ). 

Next we assume that the solution K 

(1) ( x A | y ) is of the form 

 

(1) (x A | y ) = K 

(1) 
0 

(x A | y ) + εK 

(1) 
1 

(x A | y ) + ε 2 K 

(1) 
2 

(x A | y ) + . . . . (23)

ombination with Eq. (17) leads to the set of equations 

 

0 : f (y ) K 

(1) (1) 

0 
(x A | y ) + 

I 0 
2 

K 

(1) (2) 

0 
(x A | y ) = 0 , (24a)

 

1 : f (y ) K 

(1) (1) 

1 
(x A | y ) + 

I 0 
2 

K 

(1) (2) 

1 
(x A | y ) = − I 1 

6 

K 

(1) (3) 

0 
(x A | y ) , (24b)

 

2 : f (y ) K 

(1) (1) 

2 
(x A | y ) + 

I 0 
K 

(1) (2) 

2 
(x A | y ) 
2 
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Fig. 8. (a) Mean TPS for different potential height U , where I 0 = 1 and E [ Y 2 ] = 10 −3 . (b) Mean TPS for different noise intensities I 0 , where U = 6 and E [ Y 2 ] = 10 −3 . (c) 

Simulation results for the mean TPS for the two transition directions. Results from the FFS scheme are shown by symbols, lines depict the behavior encoded in Eqs. (38a) and 

(38b) . 
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t B  
= − I 1 
6 

K 

(1) (3) 

1 
(x A | y ) − I 2 

24 

K 

(1) (4) 

0 
(x A | y ) , (24c) 

here K 

(1) (n ) 

m 

(x A | y ) is the n th derivative of K 

(1) 
m 

(x A | y ) . 
Since Y ~ N (0, σ 2 ), we see that K 

(1) 
1 

(x A | y ) = 0 and Eqs. (23) and

24) can be simplified to 

 

(1) (x A | y ) = K 

(1) 
0 

(x A | y ) + ε 2 K 

(1) 
2 

(x A | y ) + . . . , (25)

nd 

 

0 : f (y ) K 

(1) (1) 

0 
(x A | y ) + 

I 0 
2 

K 

(1) (2) 

0 
(x A | y ) = 0 , (26a)

 

2 : f (y ) K 

(1) (1) 

2 
(x A | y ) + 

I 0 
2 

K 

(1) (2) 

2 
(x A | y ) = − I 2 

24 

K 

(1) (4) 

0 
(x A | y ) . 

(26b) 

Therefore, 

 

(1) 
0 

(x A | y ) = φA 0 (y ) 

∫ y 

x A 

∫ x B 

x 

2 

I 0 
φA 0 (s ) e 

− 2 
I 0 

V (s ) 
d se 

2 
I 0 

V (x ) 
d x 

−φB 0 (y ) 

∫ x B 

y 

∫ x B 

x 

2 

I 0 
φA 0 (s ) e 

− 2 
I 0 

V (s ) 
d se 

2 
I 0 

V (x ) 
d x 

= φA 0 (y ) M 11 (y ) − φB 0 (y ) M 12 (y ) , (27a) 

 

(1) 
2 

(x A | y ) = φA 0 (y ) 

∫ y 

x 

∫ x B 

x 

2 

I 0 
G 1 (s ) e 

− 2 
I 0 

V (s ) 
d se 

2 
I 0 

V (x ) 
d x 
A 

7 
−φB 0 (y ) 

∫ x B 

y 

∫ x B 

x 

2 

I 0 
G 1 (s ) e 

− 2 
I 0 

V (s ) 
d se 

2 
I 0 

V (x ) 
d x 

= φA 0 (y ) M 21 (y ) − φB 0 (y ) M 22 (y ) , (27b) 

here G 1 (y ) = φA 2 
(y ) + 

I 2 
24 K 

(1) (4) 

0 
(x A | y ) , and K 

(1) (4) 

0 
(x A | y ) is the

ourth derivative of K 

(1) 
0 

(x A | y ) . 
Then, substituting K 

(1) 
0 

(x A | y ) and K 

(1) 
2 

(x A | y ) into Eq. (25) one

an obtain the first-passage distribution K 

(1) ( x A | y ). The mean TPS 

an be derived from Eq. (4) , 

TP 
shape (y | x A ) = τ FP (x A | y ) ≈ K 

(1) 
0 

(x A | y ) + ε 2 K 

(1) 
2 

(x A | y ) 
φA 0 (y ) + ε 2 φA 2 (y ) 

, (28) 

hen combining Eq. (22) with Eq. (27) we obtain 

TP 
shape (y | x A ) = τ FP (x A | y ) ≈ H 1 (y ) + ε 2 H 2 (y ) 

1 + ε 2 [ N 1 (y ) − C 1 (y ) N 2 (y )] 
, (29) 

here C 1 (y ) = 

φB 0 
(y ) 

φA 0 
(y ) 

, H 1 (y ) = M 11 (y ) − C 1 (y ) M 12 (y ) , and H 2 (y ) =
 21 (y ) − C 1 (y ) M 22 (y ) . 

Moreover, according to Eq. (14) when y → x B , 

TP (x A | x B ) = τ FP (x A | y → x B ) ≈ M 11 (x B ) + ε 2 M 21 (x B ) 

1 + ε 2 N 1 (x B ) 
. (30) 

Since we want to compare the mean TPS and the mean TPT in 

he two directions, as Y ~ N (0, σ 2 ) the splitting probability φ ( y )
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Fig. 9. Theoretical results of mean TPS τ TP 
shape 

(y | x A ) and τ TP 
shape 

(y | x B ) , E [ Y 2 ] = 10 −3 . (a, c) I 0 = 1 , U ∈ [1, 10]; (b, d) U = 6 , I 0 ∈ [1, 10]. 
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s assumed to obey 

B (x ) = φB 0 (y ) + ε 2 φB 2 (y ) + . . . . (31) 

ubstituting this form into Eq. (7) and combining with the bound- 

ry condition (8) we get 

B 0 (y ) = 

∫ y 
x A 

e 
2 
I 0 

V (s ) 
ds ∫ x B 

x A 
e 

2 
I 0 

V (s ) 
ds 

, (32a) 

B 2 (y ) = φB 0 (y ) 

∫ x B 

y 

∫ x 

x A 

2 

I 0 
g 2 (s ) e 

− 2 
I 0 

V (s ) 
d se 

2 
I 0 

V (x ) 
d x 

−φA 0 (y ) 

∫ y 

x A 

∫ x 

x A 

2 

I 0 
g 2 (s ) e 

− 2 
I 0 

V (s ) 
d se 

2 
I 0 

V (x ) 
d x , 

= φB 0 (y ) N 1 (y ) − φA 0 (y ) N 2 (y ) , (32b) 

here g 2 (y ) = 

I 2 
24 φ

(4) 
B 0 

(y ) , and φ(n ) 
B 0 

(y ) denotes the n th derivative of

B 0 
(y ) . 

Similarly, we assume that 

 

(1) (x B | y ) = K 

(1) 
0 

(x B | y ) + ε 2 K 

(1) 
2 

(x B | y ) + . . . . (33)

his leads us to 

 

(1) 
0 

(x B | y ) = φB 0 (y ) 

∫ x B 

y 

∫ x 

x A 

2 

I 0 
φB 0 (s ) e 

− 2 
I 0 

V (s ) 
d se 

2 
I 0 

V (x ) 
d x 

−φA 0 (y ) 

∫ y 

x 

∫ x 

x 

2 

I 0 
φB 0 (s ) e 

− 2 
I 0 

V (s ) 
d se 

2 
I 0 

V (x ) 
d x , 
A A 

8 
= φB 0 (y ) M 11 (y ) − φA 0 (y ) M 12 (y ) , (34a) 

 

(1) 
2 

(x B | y ) = φB 0 (y ) 

∫ x B 

y 

∫ x 

x A 

2 

I 0 
G 2 (s ) e 

− 2 
I 0 

V (s ) 
d se 

2 
I 0 

V (x ) 
d x 

−φA 0 (y ) 

∫ y 

x A 

∫ x 

x A 

2 

I 0 
G 2 (s ) e 

− 2 
I 0 

V (s ) 
d se 

2 
I 0 

V (x ) 
d x 

= φB 0 (y ) M 21 (y ) − φA 0 (y ) M 22 (y ) , (34b) 

here G 2 (y ) = φB 2 
(y ) + (I 2 / 24) K 

(1) (4) 

0 
(x B | y ) , and K 

(1) (4) 

0 
(x B | y ) is

he fourth derivative of K 

(1) 
0 

(x B | y ) . Then the mean TPS of particle

rom x B to y is 

TP 
shape (y | x B ) = τ FP (x B | y ) ≈ K 

(1) 
0 

(x B | y ) + ε 2 K 

(1) 
2 

(x B | y ) 
φB 0 (y ) + ε 2 φB 2 (y ) 

. (35) 

hen combining Eq. (32b) with Eq. (34) one has 

TP 
shape (y | x B ) ≈ H 1 (y ) + ε 2 H 2 (y ) 

1 + ε 2 [ N 1 (y ) − C 2 (y ) N 2 (y )] 
, (36) 

here C 2 (y ) = 

φA 0 
(y ) 

φB 0 
(y ) 

, H 1 (y ) = M 11 (y ) − C 2 (y ) M 12 (y ) , and H 2 (y ) =
 (y ) − C (y ) M (y ) . 
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Fig. 10. (a) Mean TPT τ TP ( x A | x B ) for transitions from x B to x A for different potential heights U , where I 0 ∈ [1, 28] and E [ Y 2 ] = 10 −2 ; (b) Mean TPT τ TP ( x B | x A ) for transitions 

from x A to x B for different potential heights U , where I 0 ∈ [1, 28] and E [ Y 2 ] = 10 −2 ; (c) τ TP ( x B | x A ) changes with U , where U ∈ [1, 30] and E [ Y 2 ] = 10 −3 ; in (a), (b) and (c) the 

symbols represent numerical results from the FFS scheme, lines represent the theoretical results (30) and (37) . (d) Error of the mean TPT between numerical and theoretical 

results as function of the perturbation parameter ε. 
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Similarly, when y → x A the mean TPT from x A to x B can there- 

ore be approximated by 

TP (x B | x A ) = τ FP (x B | y → x A ) ≈
M 11 (x A ) + ε 2 M 21 (x A ) 

1 + ε 2 N 1 (x A ) 
. (37) 

e thus obtained the theoretical results for the mean TPS and 

he mean TPT of a particle moving from y to x A as shown in

qs. (29) and (30) , and Eqs. (36) and (37) are the approximate 

esults of the mean TPS and the mean TPT in the opposite direc- 

ion. 

. Results 

.1. Mean transition path shape 

.1.1. Linear potential 

To illustrate the theoretical approach introduced in the previous 

ection and to verify the correctness of our approximation scheme 

e study the application to the three simple potential functions 

hown in Fig. 1 . In this paper, the FFS scheme is applied to verify

ur proposed approximation approach. First, we obtain the mean 

PS of a stochastically moving particle in a linear potential func- 

ion V (x ) = U(x − 1) / 2 represented in Fig. 1 (a) under the action of
9 
oisson white noise. From the above perturbation scheme we ob- 

ain the concrete form of the mean TPS in the two directions, see 

qs. (28) and (35) , respectively. The main terms in these equations 

re 

 11 (y ) = 

2 

cI 0 

[ 
I 0 
U 

ye 
U 
I 0 

y − I 0 
U 

(
1 + 

2 I 0 
U 

)
e 

U 
I 0 

y 

+ 

I 0 
U 

e 
U 
I 0 (y + 1) + 

2 I 0 
U 

(
1 + 

I 0 
U 

)
e 

− U 
I 0 

] 
, (38a) 

nd 

 11 (y ) = 

2 

cI 0 

[ 
− I 0 

U 

ye 
U 
I 0 

y + 

I 0 
U 

(
2 I 0 
U 

− 1 

)
e 

U 
I 0 

y 

+ 

I 0 
U 

e 
− U 

I 0 (1 − y ) + 

2 I 0 
U 

(
1 − I 0 

U 

)
e 

U 
I 0 

] 
, (38b) 

hile the other terms are presented in Appendix A . 
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Fig. 11. Comparisons of the mean TPT for transition paths from x B to x A and x A to x B , respectively, from Fig. 6 , with E [ Y 2 ] = 10 −2 and I 0 ∈ [1, 10]. We show results for three 

different barrier heights, (a) U = 3 , (b) U = 8 , and (c) U = 15 . 
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The numerical results for τ TP 
shape 

(y | x A ) and τ TP 
shape 

(y | x B ) confirm

he accuracy of our approximate theoretical predictions for the 

ean TPS shown in Eqs. (28) and (35) , as illustrated in Fig. 4 . Note

he complex way in which the potential height U enters these ex- 

ressions. 

The mean TPS for various potential heights U and noise inten- 

ity I 0 is shown in Fig. 4 (a) and 4 (b), corresponding to the two

irections of transition paths, respectively. Fig. 4 (a) shows that the 

ean TPS increases with decreasing potential height, in accordance 

ith results (38a) and (38b) . It also shows that the noise inten- 

ity has a beneficial effect, such that higher noise intensity ef- 

ects shorter mean TPS. A similar phenomenon can be observed 

n the Fig. 5 . We also see that the numerical results from the FFS

cheme nicely verify the approximate theoretical results. The dif- 

erence between the theoretical and numerical results decreases 

ith increase of U . Remarkably, the mean TPS of the system in 

he two directions is indeed symmetrical for the parameters in 

ig. 4 (a). We note that in all examples the maximum of the mean

PS curves are located right at the interval boundaries x A or x B . 

his is a feature that is consistent for all examples considered here. 

n order to further detail the effect of the noise intensity on the 

ean TPS, in Fig. 4 (c) we zoom into the central region of panel

 (b). We see that with increasing noise intensity I 0 the asymme- 

ry of the mean TPS in forward and backward directions becomes 

ncreasingly distinct (both with respect to the crossing points and 
10 
he amplitude difference between the two larger noise intensities). 

his is in fact a remarkable outcome for the mean TPS τ TP 
shape 

(y | x A )
nd τ TP 

shape 
(y | x B ) : the noise intensity of Poisson white noise alters 

he symmetry of the mean TPS with respect to forward/backward 

ransitions, while the symmetry is fulfilled for any noise intensity 

n the case of Gaussian white noise sources. Note that for better 

isibility we only show the theoretical result in panel 4 (c), for the 

wo different directions, without the numerical results, as Fig. 4 (b) 

emonstrates that theoretical and numerical results are in good 

greement. 

According to Eqs. (29) and (36) , it is clear that a bigger U or I 0 
esults to a smaller mean TPS as shown in Fig. 5 . 

.1.2. Harmonic ramp 

We proceed to study the mean TPS for the harmonic ramp 

otential V (x ) = −U(x − 1) 2 / 4 shown in Fig. 1 (b). The numeri-

al FFS simulations for the stochastic process (1) are compared 

o our approximate theoretical results in Eqs. (28) and (35) . As 

ig. 6 demonstrates the general behavior is similar to the linear po- 

ential case considered previously. Namely, the mean TPS decreases 

ith increasing potential height U and decreases with increasing 

oise intensity I 0 . Concurrently the agreement between the nu- 

erical results and our approximate theory becomes increasingly 

etter as the height of potential U or the amplitude of the noise 

ntensity I grow. In Fig. 6 (a) we show the effect of the potential
0 
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Fig. 12. (a) Mean TPT τ TP ( x A | x B ) for transition paths from x B to x A , for I 0 ∈ [1, 28] and E [ Y 2 ] = 10 −2 ; (b) Mean TPT τ TP ( x B | x A ) for transitions from x A to x B , for I 0 ∈ [1, 28] 

and E [ Y 2 ] = 10 −2 ; ; (c) τ TP ( x B | x A ) changes with U , where U ∈ [1, 30] and E [ Y 2 ] = 10 −3 . In these panels symbols represent numerical results from the FFS scheme, while lines 

represent the theoretical approximation based on Eqs. (30) and (37) . (d) Absolute deviation between the theoretical and numerical results for the mean TPT. 
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eight on the mean TPS. We observe that the mean TPS for the two 

irections become more asymmetric with increasing barrier height. 

s illustrated in Fig. 6 (b), the mean TPS as a function of noise in-

ensity increases with decreasing I 0 for both directions. Moreover, 

ith decreasing noise intensity the asymmetry of the mean TPS 

ecomes more pronounced as shown in the shaded part of panel 

 (b). In both panels of Fig. 6 the agreement between the numer- 

cal FFS results and the theoretical approximation is very nice for 

ll parameters. 

In Fig. 7 , we show the influence of U and I 0 on the τ TP 
shape 

(y | x A )
nd τ TP 

shape 
(y | x B ) . With the increase of U or I 0 , both τ TP 

shape 
(y | x A ) and

TP 
shape 

(y | x B ) show a decreasing trend. This also verifies the phe- 

omenon shown in Fig. 6 . 

.1.3. Inverted parabolic potential 

Another paradigmatic case is the inverted parabolic potential 

 (x ) = −Ux 2 / 2 , which corresponds to Fig. 1 (c). To check the influ-

nce of the potential height and the noise intensity on the statis- 

ics of the mean TPS for this example, we show the FFS numerical 

esults along with the theoretical approximation in Fig. 8 . Overall 

ery nice agreement is observed. When the potential height U de- 

reases the mean TPS increases, while it increases with decreasing 

oise intensity I , as revealed in panels 8 (a) and 8 (b). 
0 

11 
In Figs. 8 (a) and 8 (b) the effect of the barrier height and the

oise intensity on the asymmetry of the mean TPS cannot be 

learly observed. Therefore, it is necessary to reduce the perturba- 

ion parameter to examine the symmetry of the mean TPS in more 

etail. In Fig. 8 (c) we can see that, as the perturbation parameter 

decreases, the asymmetry of the mean TPS becomes more signif- 

cant. Furthermore, the error of the approximate theoretical result 

ecomes more significant, and therefore we present only the sim- 

lation results in Fig. 8 (c). As observed before, an important piece 

f information from Fig. 8 (c) is that Poisson white noise may effect 

symmetries of the mean TPS with respect to the forward versus 

he backward transition. 

The effect of U and I 0 on the τ TP 
shape 

(y | x A ) and τ TP 
shape 

(y | x B ) as

evealed in Fig. 9 . With the increase of U or I 0 , both τ TP 
shape 

(y | x A )
nd τ TP 

shape 
(y | x B ) decrease gradually. 

.2. Transition path time 

.2.1. Linear potential 

To study the mean TPT for the stochastic process (1) driven by 

oisson white noise we first consider the case of the linear poten- 

ial function shown in Fig. 1 . Approximate theoretical expressions 

or the mean TPT for the forward and backward directions were 

btained in Eqs. (30) and (37) . Accordingly we obtain the follow- 
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Fig. 13. Comparison of the mean TPT for transition paths from x B to x A with those in the opposite direction from x A to x B , for E [ Y 2 ] = 10 −2 and I 0 ∈ [1, 10], based on the 

results shown in Fig. 9 . The respective barrier height are (a) U = 3 , (b) U = 8 , and (c) U = 15 . 
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 11 (x B ) = 

2 

cI 0 

[ 
2 I 0 
U 

(
1 − I 0 

U 

)
e 

U 
I 0 + 

2 I 0 
U 

(
1 + 

I 0 
U 

)
e 

− U 
I 0 

] 
, (39a) 

 11 (x A ) = 

2 

cI 0 

[ 
2 I 0 
U 

(
1 − I 0 

U 

)
e 

U 
I 0 + 

2 I 0 
U 

(
I 0 
U 

+ 1 

)
e 

− U 
I 0 

] 
, (39b) 

he remaining terms are derived in Appendix B . Obviously, both 

erms are equal and have a similar dependence on the barrier 

eight U as the respective terms (38) for the mean TPS. The nu- 

erical results of the mean TPT for these three potential functions 

re also obtained by the FFS scheme. 

Fig. 10 exhibits the mean TPT of transition paths with differ- 

nt heights of the potential, as derived from Eqs. (30) and (37) . 

ig. 10 (a) shows the mean TPT of transition paths from x B to x A as

unction of the noise intensity I 0 . We see that the mean TPT de-

reases with increasing noise intensity I 0 , as it should. Moreover, 

he mean TPT is has an increasing trend with decreasing potential 

eight U , albeit this difference becomes hardly distinguishable for 

arge noise intensities. A similar behavior is observed in Fig. 10 (b), 

hich displays the mean TPT of transitions from x A to x B as func- 

ion of the noise intensity I 0 . The behaviour is analogous to panel 

ig. 10 (a). With the increase of U, τ TP ( x B | x A ) decreases gradually as

resented in Fig. 10 (c). U has a similar effect on τ TP ( x A | x B ). In all

ases the agreement with results from our theoretical approxima- 

ion scheme is very good. The error 
∣∣τ TP 

theo 
− τ TP 

sim 

∣∣ between the the- 

retical and the simulation results is indicated in Fig. 10 (d), where 
12 
 · | denotes the absolute value. As can be seen the error increases 

pproximately linearly with the perturbation parameter ε. 

As M 11 (x B ) = M 11 (x A ) according to Eq. (39) , it is the term

ontaining the perturbation parameter ε that controls how much 

TP ( x B | x A ) and τ TP ( x A | x B ) differ from each other. Indeed, we can

ee from Eqs. (30) and (37) that when the perturbation parame- 

er ε becomes large, the mean TPT τ TP ( x B | x A ) becomes increasingly 

isparate from τ TP ( x A | x B ). However, when ε is relatively large, our 

pproximate theoretical results are no longer accurate. Therefore, 

e numerically compare the mean TPT in the two directions with 

ariation of the barrier height when the noise intensity is relatively 

mall, that is, the corresponding perturbation parameter ε is rel- 

tively large. The results are presented in Fig. 11 . Indeed, as the 

oise intensity I 0 decreases, the mean TPT in the two directions 

s no longer equal. Similarly, it can be observed that as the bar- 

ier height U increases, the disparity between the mean TPT in the 

wo direction becomes more prominent. We conclude that for the 

inear potential function, the noise intensity of the Poisson white 

oise and the barrier height can influence the degree of deviation 

f the mean TPT in the two directions. 

.2.2. Harmonic ramp 

We now turn to the mean TPT behavior for the harmonic ramp 

otential driven by Poisson white noise. For this case we exhibit 

he curves based on Eqs. (30) and (37) for the two directions 

f the transition paths in Fig. 12 . As before, the mean TPT de- 

reases with increasing noise strength I and with decreasing bar- 
0 
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Fig. 14. (a) Mean TPT τ TP ( x A | x B ) for transition paths from x B to x A , where I 0 = ∈ [ 1 , 28 ] and E [ Y 2 ] = 10 −2 ; (b) Mean TPT τ TP ( x B | x A ) for transitions in the opposite direction 

from x A to x B , where I 0 ∈ [1, 28] and E [ Y 2 ] = 10 −2 ; (c) τ TP ( x B | x A ) changes with U , where U ∈ [1, 30] and E [ Y 2 ] = 10 −3 . In both panels (a), (b) and (c) symbols represent results 

from the numerical FFS scheme while the lines represent our theoretical results based on Eqs. (30) and (37) . (d) Absolute deviation between the theoretical and numerical 

results for the mean TPT. 
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ier height U for paths from x B to x A in pabel 12 (a), the analo-

ous trend for the opposite direction is shown in panel Fig. 12 (b). 

or ease of observation, in Fig. 12 (c), only the change of τ TP ( x B | x A )

ith U is considered. It is clear that a small U leads to a larger
TP ( x B | x A ). Comparing the theoretical and numerical results in 

igs. 12 (a), 12 (b) and 12 (c) we see that our approximate theoret-

cal results show very good agreement over the entire parameter 

ange. In Fig. 12 (d) we analyze the absolute deviation 

∣∣τ TP 
theo 

− τ TP 
sim 

∣∣
etween the theoretical and the numerical results. We observe an 

lmost linear increase of the deviation with growing perturbation 

arameter ε. 

Fig. 13 shows the effects of noise intensity and barrier height on 

he mean TPT in both directions of the transition paths. As before, 

his comparison is based on numerical results, as for large pertur- 

ation parameter ε our approximate scheme becomes less reliable. 

imilar to the linear potential case the discrepancy between the 

wo directions for small noise intensity I 0 and high barrier height 

 is obvious. Again, this discrepancy is due to the employed Pois- 

on white noise, in contrast to the case of Gaussian white noise. 

.2.3. Inverted parabolic potential 

We finally consider the case of an inverted parabolic poten- 

ial centered around its maximum at the origin. As we can see in 
13 
ig. 14 the general behavior is in line with the previous results for 

he linear potential and the harmonic ramp. 

Fig. 15 shows a somewhat surprising result in comparison to 

ur previous analysis. Namely, when we compare the mean TPT in 

he two directions of transition paths for different barrier heights 

 as function of the noise intensity I 0 , the agreement between both 

s almost perfect in all cases. We conclude that for this poten- 

ial type the symmetry is more robust in the analyzed parameter 

ange, even in the presence of Poisson white noise. 

. Conclusions 

We developed an approximation scheme for the mean TPS and 

he mean TPT of transitions paths across different barrier shapes 

or a stochastic process driven by Poisson white noise. In particular 

e obtained an asymptotic expression for the mean TPS and the 

ean TPT in the linear potential case. Combining the approxima- 

ive results with a numerical FFS scheme we analyzed in detail the 

nfluence of the different model parameters of the potential func- 

ion and the Poisson white noise on the mean TPS and the mean 

PT. We observe generally very good agreement between the the- 

retical approximation and the numerical results, over the entire 

ange of parameters that we analyzed. Deviations between numer- 

cal results and the approximative scheme naturally emerge when 
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Fig. 15. Simulations results of the mean TPT for particle from x B to x A and x A to x B , I 0 ∈ [1, 10]. (a) E [ Y 2 ] = 10 −2 , U = 10 ; (b) E [ Y 2 ] = 10 −2 , U = 30 ; (c) E [ Y 2 ] = 0 . 1 , U = 10 ; 

(d) E [ Y 2 ] = 1 , U = 30 . 
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he perturbation parameter assumes larger values, in particular, for 

ow noise intensities and large barrier heights. This error can be 

ecreased by taking along additional terms in our expansion. How- 

ver, the detailed theoretical analysis of this point is considerably 

ore involved and will therefore be performed in a future work. 

A remarkable result is the observed asymmetry between the 

ean TPS and the mean TPT of the process with respect to the 

orward versus backward direction of the transition paths. While 

or Gaussian white noise the symmetry persists over the entire pa- 

ameter range, in the case of Poisson white noise we demonstrated 

ow the asymmetry grows with higher barriers and lower noise 

ntensities. Interestingly, the asymmetry was shown to also depend 

n the precise barrier shape: for the inverted parabolic potential 

he asymmetry turned out to be much reduced in the analyzed 

arameter range in comparison to the linear potential and the har- 

onic ramp. As for many realistic systems the assumption of Gaus- 

ian white noise as the nature of the driving stochastic force is not 

ustified, this point will certainly deserve further study in the fu- 

ure. 

Apart from Poisson white noise, it will be of interest to study 

he mean TPS and the mean TPT for other types of noise, in partic-

lar, for Lévy white noise. Indeed, for Lévy motion the first-passage 

nd first-hitting dynamics is strikingly different from the case of 

aussian noise [48–50] , such that we would expect interesting ef- 

ects for the transition path dynamics, as well. 
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 1 ( y ) = 

∫ y 

x A 

∫ x B 

x 

2 

I 0 
g 1 ( s ) e 

− 2 
I 0 

V ( s ) 
d se 

2 
I 0 

V ( x ) 
d x 

= 

αI 2 U 

2 

12 I 3 
0 

[ 
ye 

U 
I 0 

( y −1 ) −
(

1 + 

I 0 
U 

)
e 

U 
I 0 

( y −1 ) + 

(
2 + 

I 0 
U 

)
e 

− 2 U 
I 0 

] 
, 

e could obtain 

 1 ( x B ) = 

αI 2 U 

2 

12 I 3 
0 

[ (
2 + 

I 0 
U 

)
e 

− 2 U 
I 0 − I 0 

U 

] 
. 

2. Mean TPT τ TP ( x B | x A ) of particle from x A to x B 

The main term of the mean TPT as shown in the Eq. (34) of a 

 11 ( x A ) = 

2 

cI 0 

[ 
2 I 0 
U 

(
1 − I 0 

U 

)
e 

U 
I 0 + 

2 I 0 
U 

(
I 0 
U 

+ 1 

)
e 

− U 
I 0 

] 
. 

e can also get some terms as presented in Eq. (34) 

 21 1 ( x A ) = 

∫ x B 

x A 

∫ x 

x A 

2 

I 0 
G 21 ( s ) e 

− 2 
I 0 

V ( s ) 
d se 

2 
I 0 

V ( x ) 
d x 
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I 2 
12 I 0 

(
αα1 U 

3 

I 3 
0 

− 4 αU 

I 2 
0 

)[
I 0 
U 

(
2 − I 0 

U 

)
+ 

I 2 0 

U 

2 
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− 2 U 
I 0 

]

− I 2 U 

3 

6 cI 5 
0 

[
I 0 
U 

(
I 2 0 

U 

2 
− 2 I 0 

U 

+ 2 

)
e 

U 
I 0 − I 3 0 

U 

3 
e 

− U 
I 0 

]
, 

 21 2 ( x A ) = 

∫ x B 

x A 

∫ x 

x A 

2 

I 0 
G 22 ( s ) e 

− 2 
I 0 

V ( s ) 
d se 
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I 0 

V ( x ) 
d x 

= 

αI 2 U 

2 

6 cI 4 
0 

[ (
2 − I 0 

U 

)
+ 

I 0 
U 

e 
− 2 U 

I 0 

] [ 
2 I 0 
U 

(
1 − I 0 

U 

)
e 

U 
I 0 + 

2 I 0 
U 

(
1 +

− αI 2 U 

2 

6 I 4 
0 

[
I 0 
U 

(
2 I 2 0 

U 

2 
− 3 I 0 

U 

+ 2 

)
− I 0 

U 

(
2 I 2 0 

U 

2 
+ 

I 0 
U 

+ 2 

)
e 

− 2 U 
I 0 

]
eanwhile, according to Eq. (32b) , we also need to calculate 

 1 ( y ) = 

∫ x B 

y 

∫ x 

x A 

2 

I 0 
g 2 ( s ) e 

− 2 
I 0 

V ( s ) 
d se 

2 
I 0 

V ( x ) 
d x 
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2 

12 I 3 
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2 − I 0 

U 

− ye 
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(
I 0 
U 

− 1 
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e 

U 
I 0 
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] 
, 

hen 

 1 ( x A ) = 

αI 2 U 

2 

12 I 3 
0 

(
2 − I 0 

U 

+ 

I 0 
U 

e 
− 2 U 

I 0 

)
. 
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