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Abstract

We show that the codifference is a useful tool in studying the ergodicity breaking and non-Gaussianity
properties of stochastic time series. While the codifference is a measure of dependence that was
previously studied mainly in the context of stable processes, we here extend its range of applicability to
random-parameter and diffusing-diffusivity models which are important in contemporary physics,
biology and financial engineering. We prove that the codifference detects forms of dependence and
ergodicity breaking which are not visible from analysing the covariance and correlation functions. We
also discuss a related measure of dispersion, which is a nonlinear analogue of the mean squared
displacement.

1. Introduction

1.1. Statistical measures in modelling of diffusion

The analysis of stochastic systems has three important and partially distinct aspects: models, properties and
estimation. These roughly correspond to physical, mathematical and statistical aspects of research. Modelling is
concerned with explaining the nature of a system according to the underlying theory (e.g. ‘the particle undergoes
Brownian motion, because it rapidly exchanges momenta with the molecules of liquid’). The analysis of
statistical properties (also called ‘measures’)* relates these models with observable quantities (‘Brownian motion
has alinear mean squared displacement’). By using suitable estimators we link these parameters to the
experimental data (‘the mean squared displacement can be efficiently estimated by an arithmetic average over
squared displacements’).

This work is motivated by our conviction that the choice of statistical measures is too small for
contemporary needs, as the scope and number of models increased considerably [1]. The classical models based
on the Langevin equation [2], the generalised Langevin equation [3, 4], as; well as short- [5] and long- [6, 7]
memory random walks were complemented by motions on fractals [8], motions in complex energy landscapes
[9], random walks in random environments [10, 11], random walks with correlated steps and waiting times
[12—16] and Lévy walks [17], spatially heterogeneous diffusion processes [ 18], diffusing-diffusivity [19] and
more. Distinguishing between different models from this wide class is of course crucially dependent on the
physical understanding of the system, but this requirement does not lessen the importance of empirical
verification based on various measures and corresponding estimators. From an experimental point of view the
large range of different stochastic processes is called for by ever more detailed insights garnered in highly
complex environments such as living biological cells or membranes, for instance, by single particle tracking of
individual sub-micron tracers of even fluorescently labelled single molecules [20-22].

Traditionally, in the study of diffusion phenomena, the three most basic and popular statistical measures in
use are: the mean as a measure of location, the mean squared displacement (MSD) as a measure of dispersion
and the covariance as a measure of dependence, respectively

4 Strictly speaking, these are sufficiently regular functionals acting on the space of observations. In quantum mechanics each such linear
functional corresponds to an observable. In statistical mechanics a similar role is fulfilled by E[ f (X)] for bounded continuous functions f. In
statistics linearity is usually not required and various measures have the form g (E[ f (X)]). This is the case also in the present work.
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Other, alternative choices of measures could be, for example: the median for the location [23], entropy [24]
or quantile ranges [23] for the dispersion, the rank correlation [23, 25] or the mutual information [26] for the
dependence.

The covariance as defined above should not depend on the choice of s, which is true for stationary processes
(the term ‘non-ageing’ is also in use). We will assume stationarity whenever we will be studying memory. In
practical applications this condition is fulfilled by many types of confined motions or increments of free
diffusions. The more general non-stationary case will be only briefly mentioned in equations (3.2) and (3.4).
Many of the arguments presented here could be further extended to non-stationary models, but it would require
a case-by-case study. Conversely, measures of dispersion and location are interesting mostly for non-stationary
(ageing) processes, otherwise they are constant, and the discussed cases will fit into that category.

The present range of typically employed measures, which could be effectively used for studying diffusion is
indeed quite limited, and the need of a wider range of methods has been acknowledged for many years. Various
papers proposed, e.g. studying higher order moments and ratios of moments [27], running maximum [28],
p-variation [29], or time averages and ensemble averages of time averages [30]. A prominent example of the last
kind of measure is, e.g. the ergodicity breaking parameter [ 18, 31-33]. Recently also single-trajectory power
spectral methods were proposed [34, 35]. These techniques are steadily gaining public recognition, but often the
range of their application is still narrow. Moreover, a large part of this important research has a limitation of
studying properties ‘not very different’ from the second order on. For example, any power function x“ for
a > 1hasasimilar behaviour to x* (i.e. it is an increasing, convex function) and parameters based on it are
usually not far away from the classical ones’. They all emphasise highly the tails of the distribution, and any
change of distributions for large values of observations has a larger influence than for the small ones. This
connection is very helpful in making comparisons, but the important part of the total information is lost and
could be extracted using more distinct measures.

1.2. Overview of the codifference
Our main subject of interest, the codifference, is an example for a measure different from those based on
moments. It was initially proposed as a tool to measure the dependence for a-stable processes, for which the
second moment is infinite [42, 37—41]. However, in many systems the divergence of the second moment is not
an expected physical property, which limits the range of possible applications of stable processes. It was already
noticed, e.g. in [43] that the codifference may be useful for both models with or without finite second moment.
In our present work we study the applications of the codifference for a class of models based on Gaussian
distributions, which we call conditionally Gaussian processes; as we will demonstrate many useful and widely
used models fit into this category.

The definition of the codifference which we will use is as follows: for any stationary process X itis given by
the formula

1 E[eiﬁ(xﬁﬁ){s)]

b)) = =1 A — 1.2
TX( ) 02 n E[619X5+’]E[671€X5] ( )

The sample codifference is introduced in a standard way, by replacing the three ensemble averages E[-]in
the above expression by arithmetic averages %E?: 1(+). Similarly, one can consider a time-averaged codifference.
For all symmetric distributions the considered averages should be real-valued, so in most of the practical
applications one can average over cos(f(+)) instead of exp(if(+)); this was used for the Monte Carlo simulations
which will be presented further on.

Note that the so-called generalised codifference has X;, ; and X, multiplied by 6, and 6, respectively and
contains even more information [37]. In the context of models that we will consider this additional flexibility
does not seem to be meaningful and so the cost of complicating our formulae would be unreasonable.

Conversely, the basic formula for the codifference in the classical book of Samorodnitsky and Taqqu [37] is
similar to ours, but with # = 1. In the mathematical study of stable process this is sufficient, but in more broad
physical applications introducing an arbitrary dimensional constant equal to unity is not desirable. In our choice
of definition the codifference has the unit of X* due to the introduction of 1,/62. This factor makes the
codifference comparable to the covariance, and allows us to show them on the same plots. When this is not
important the factor 1/6? can be omitted. There exists an even more simplified object, the dynamical functional
[44], which is just the numerator minus the denominator from (1.2) with 6 = 1;itis used to study ergodicity
breaking [30, 45].

Soge e ¢ . s . .
This similarity is what causes the ‘strong anomalous diffusion’ property, for which the power-law dependency E|X,|? oc 9@ is observed
for non-constant function v [36].
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Instead of moments such as the covariance, the codifference depends on sines and cosines of 6X; , ;, and 6X;.
Expanding these functions into Taylor series around zero up to the two first terms and using the fact that for
stationary process E[X;] = const. shows that the codifference agrees with the covariance for distributions
concentrated around the origin. The most essential difference is that the codifference measures mainly the
dependence determined by the bulk of the probability density in contrast to the covariance, which puts much
larger emphasis on the tails. This is caused by the cancellation of highly oscillatory terms in the tails of the PDF as
stated by the Riemann—Lebesgue lemma, which is in contrast to the huge influence of the tails in the covariance
caused by the quadratic factor in the probabilistic integral B[X, X, ;].

Because of the presence of two highly nonlinear transformations: sine/cosine and logarithm, definition (1.2)
may initially not seem very intuitive. It becomes more natural if we interpret it as a conveniently transformed
Fourier transform of the distribution (that is, the probabilistic characteristic function). In the full,
multidimensional form, the characteristic function contains all information about the dependence. Moreover
for Gaussian variables it has the very simple form exp(—(6c)?/2), so it seems reasonable to use itas a
dependence measure for models related to the Gaussian distribution. Still, it is not obvious that the codifference
behaves as we would require from a memory function. Fortunately, simple arguments show that this is the case.

(@) When X, = X; (the case of total positive dependence) the codifference is a positive constant
T‘?( () = 7'30( (0) > 0.Ifthevalues X;,, and X; become independent, the codifference converges to 0. Both
facts are immediate consequences of the definition together with

E[ef%+E[e~ %] = |E[eX]]? < 1 (1.3)
and, for X, , independent of X,
E[eif/(XH,sz)] — E[eif/XH[]E[efi()Xs]. (1'4)

(b) If the process is a sum of independent components X, = Y; + Z, then the respective codifferences are

additive
0 () = 1In E[eit‘)(l’s+r Ys)eiG(meZs)] I E[ei9(1’s+ﬁYs)]E[eiH(meZs)]
X E[eiﬁYsHeif)ZH,]E[efiF?Y,»efié‘Zs] E[eiHYH,]E[ei025+,]E[efiF?YS]E[efiQZ,»]
= 79(1) + 75 (). (1.5)

This property is important in common applications, where the observed process usually is at least to some
degree disturbed by noise, which can most often be assumed to be additive and independent of the basic
motion.

(c) IfE[X] < oo, the covariance can be viewed as a limit of the codifference,

lim 7% (1) = rx(¢), (1.6)
0—0

which stems from expanding the complex exponents in definition (1.2) into a Taylor series up to the second
term and noting that we obtained the logarithm of expression (1 + %rx(¢) + o (62))%". 1tis then justified
to treat the codifference as a generalisation of the covariance.

(d) For a Gaussian process the codifference equals the covariance for any ¢

% (1) = rx (1), (1.7)

which follows immediately from a short calculation, see equation (3.6). Therefore comparing the
codifference and the covariance can be used to measure non-Gaussianity.

One intuitive property, that the codifference does not have, is symmetry. Considering two variables we fix
the first one and negate the second one (x — —x), and we expect the strength of dependence to be the same but
for the sign to change. This is the case for the covariance, but not for the codifference, which is by design
nonlinear. Even in the borderline case X, = —X; we do not have a guarantee that T‘?( (t) <o,
counterexamples can be given even for the otherwise well-behaved class of processes considered later. It is
actually possible to remove this sometimes inconvenient property by introducing the symmetrised codifference

1 E[eig(xﬁ»t_xs)]
=000\
Tx (1) : oY In BP0 (1.8)
which for all symmetric distributions changes sign with respect to reflection, X, ; — — X, . This quantity can

be useful if one wants to compare the strength of positive and negative dependencies, but there is a cost: the

3
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symmetrised codifference is ‘linear enough’ to ignore many types of nonlinear ergodicity breaking, similarly to
the covariance, see equation (3.12). For this reason further on we will use the non-symmetrised codifference and
study systems with a positive type of dependence, at least in some suitable limit, such as t — oo.

Note that if the codifference is a generalisation of the covariance, one should reasonably expect that there
exists a generalisation of the MSD defined in a similar spirit. Indeed, let us consider the formula

¢ty = —%mE[ei@(Xf#xm)]. (1.9)

This quantity may seem trivial, because studying the distribution in Fourier space is a classical method of
basic probability theory. But, the distinguishing part of this definition is that the result is treated primarily as a
function of time and it is conveniently transformed, so that it can be interpreted as a measure of dispersion with
the same unit as X>. Up to a rescaling it can be considered a cumulant generating function calculated at
imaginary argument, but such a quantity does not seem to have an established name in the literature, so we will
call it by the straightforward term ‘log characteristic function’, in short LCF. It is clear that in analogy to the
features of the codifference, the LCF measures mainly the spread of the bulk of the probability and is much less
influenced by the distribution’s tails than the MSD. As before, the first factor, here 2 /62, is optional and only
needed when one wants to compare the LCF to the MSD.

The LCF is indeed a reasonable measure of dispersion, as shown by the following properties.

(a) ForindependentY;, Z,and X, = Y, + Z,,
¢ =+ . (1.10)

(b) Forany Gaussian process the LCF equals the MSD,
k(@) = 6%(1). (1.11)

(c) Aswestretch the probability density of X, the LCF diverges, that s,

lim CfX(t) = —%ln lim E[e?X] = —%anJ“ = o0. (1.12)

The first two facts are analogues of the corresponding properties of the codifference which allow one to trace
the influence of the noise and detect non-Gaussianity. The point (¢) is just the Riemann—Lebesgue lemma in
disguise: it corresponds to the intuition that the rescaled process should have a larger spread. It should be
mentioned that in general the LCF can be negative or complex valued, which is highly undesirable. However, for
the considered models, which are based on internal Gaussian dynamics, this will never be the case, as proved in
proposition 2.

Decomposing any process with independent increments into a sum of its jumps shows that in this case ¢ g( ()
is alinear function. In particular, this holds of Lévy flights [37]. It also holds for continuous time random walks
with exponential waiting times [5], for which

0 1— E[eiw]
t) = ———t, 1.13
0 = (113)
where ] is one jump and T'is one waiting time of diffusion X. The dependence on T'is the same as for the MSD,
EJ]
65 () = ——t, 1.14
x () E[T] (1.14)

only the scaling depending on J’s distribution changes from nonlinear to linear.
The LCF can also be used for finite- or infinite-variance models which are ‘anomalous’ in some sense. A basic
example is fractional Lévy stable motion L [46]. It is stable and self-similar which implies that

Cpan(6) = Cyre™, (1.15)

for some constant Cy, which depends on the chosen normalisation. This formula agrees with the intuition that a
measure of the spread in this case should behave like a power law. Somewhat surprisingly, the situation is
different for continuous time random walks with power-law waiting times, which are used to model
subdiffusion. Such processes after rescaling converge to subordinated Brownian motion B(S,,(t)), for which the
LCF can be calculated directly, using the well-known properties of the inverse a-stable subordinator S,, [47],

4
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¢h o ()= —=InE (9—21‘“] (1.16)
B(S.) gz P\ T ) .
where E,, is the Mittag-Leffler function [48]. This function approaches infinity like a logarithm; the exact
asymptotic is shown in equation (2.3). The difference between these two models of anomalous diffusion is that
L is self-similar, so its PDF spreads in the uniform manner, whereas for B(S,,) the bulk is much more
constrained than the tails.

After this brief discussion about the general properties of the codifference and related notions, we will study
its behaviour in more detail for models based on random parameters of motion and for models based on
random and time-varying diffusion coefficient. The next section 2 provides a general physical overview and
concrete examples useful for the modelling. The third and the last section 3 is dedicated to presenting
mathematical results and calculation techniques. The paper is written such that, if the reader prefers, the physical
and mathematical sections 2 and 3 can be read independently.

2.Modelling

2.1. Gaussian diffusion governed by random parameters

One of the core concepts behind ergodicity and ergodicity breaking is the idea of looking at information
contained in a single trajectory. We speak about ergodicity if the data that can possibly be gained analysing one,
sufficiently long, series of observations, is the same as if one analyses all possible trajectories in the ensemble [49].
Conversely, if this amount of information is smaller, we speak about ergodicity breaking. In other words, there is
some information contained in a given trajectory, and using only a single trajectory we omit the amount
contained in the rest. This is sometimes also rephrased as confinement in the phase space, but this language must
be used carefully as the said space has a subtle structure®.

From a different perspective, modelling based on the information content often leads to an intuitive
description, because the differences between trajectories often stem from differences between diffusing particles
and differences between their local surroundings. Both may occur, e.g. in biological systems. The latter case
requires the additional assumption that the inhomogeneity present in the surroundings varies on a length scale
of the mean distance between trajectories, but does not vary much at the scale of the trajectories themselves. That
is, distinct trajectories have distinct surroundings, but each particle is sufficiently localised so that the state of the
medium around it does note change significantly. This is reasonable for example when the particles are trapped
or the measurement time is sufficiently short—compare, e.g. the absolute spread of the traced particles in [33].

In any case, this information can be parametrised, which leads to the so-called hierarchical or multilevel
modelling [51], which in the context of physics is also called ‘superstatistics’ (a short term for ‘superposition of
statistics’) [52]. Deterministic parameters of the basic model become random on an additional statistical layer.

2.1.1. Random diffusion coefficient

For diffusion the simplest example of an hierarchical model is the motion with a random diffusion coefficient,
the situation when different trajectories depict movements with varying average mobilities. A typical model of
such observations is the grey Brownian motion [53-55]

Bop,5(t) = \[DsBy (1) 2.1)

Here By, is fractional Brownian motion [56] and the diffusion coefficient Dgis an independent random
variable with the so-called 3 M-Wright distribution [57]. The moments of grey Brownian motion are the same as
those of fractional Brownian motion up to a multiplicative constant, therefore the MSD still grows as > and the
process models anomalous diffusion. Nevertheless, a straightforward calculation yields that the LCF can be
expressed using the Mittag-Leffler function,

0 2 0% .y 1 .
t) = ——1InEg| ——t¢ ~—— ¢2H ¢ 0+, 22
=~ J( 2 T+ 1) - 22)
which also yields
2 j—
(1) € 49_1;11“ + %ln(w) +o(l), B=1,t— 00 (2.3)

Here the asymptotic ‘+o0(1)’ is pointwise, which is stronger than the asymptotic proportionality ‘~’; in the
sense of ‘~’ the term 4H /67 In t is dominating and the logarithmic behaviour clearly distinguishes the LCF from
the power-law MSD at long times. This crossover behaviour can be used to distinguish grey Brownian motion

6 . . e . . . . . -
Even for classical Brownian motion it is the infinitely dimensional Wiener space [50].
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from fractional Brownian motion (case 8 = 1[53]) and diffusing-diffusivity model (equations (2.27) and
(2.28)). The very slow log increase of the LCF is not surprising: because the diffusion constant is random, but
fixed and it constrains the relaxation of the probability density—it is detected by the LCF, but ignored by the
MSD; for a more general result see proposition 7(d).

Grey Brownian motion models free, unconfined movements and is therefore not stationary. Still, the
codifference can be used for its increments AByyy g(t) := By, g(t + At) — By 3(¢). The calculation is again
not hard and yields

) 1, Eg(—0*(At* — (Jt + AP + |t — At /2))
TABZH j(t) = —2111 - % .
0 Es(—62At?H )2)

(2.4)

The covariance decays to zero like a power law 2H~1, but the function above decays to the non-zero constant

) 1, E(-0PArh)
Tam, (09 = G A gy

(2.5)

This means that there is some degree of dependence left even at t = oo which the covariance does not detect,
but the codifference does. Indeed, it can be interpreted as a joint dependency on the trajectory-wise fixed but
random diffusion coefficient D .

The above simple example shows that the codifference does not directly detect non-ergodicity, it rather
detects dependence. The notion of mixing is useful to describe this idea. It is a property which states that the
future evolution of the process after a long delay becomes independent of its past values. Formally speaking, the
process is mixing when, if we calculate some statistic in some finite time interval starting at s, and later on any
other statistic starting at s + ¢, these two must become independent as t+ — 00 [58]. Therefore, analysing the
codifference, which measures the dependence between exp(—i6X;) and exp(i6X;. ), allows one to exclude
mixing, i.e. to indicate the presence of a non-vanishing dependence. The latter means that the motion is
constrained in phase space, which in turn implies ergodicity breaking’.

Thus, for a very large class of systems one does not need to study time-averages to detect non-ergodicity. It is
sufficient to find a proper memory function which will indicate non-mixing. As we demonstrate the covariance
fails in this role for the considered models, but the codifference works.

These detecting capabilities of the codifference work under quite general circumstances. If we observe any
ensemble of mixing, zero mean Gaussian trajectories, the covariance will converge to zero. This happens because
for Gaussian process, mixing is equivalent to a decay of the covariance [58, 59], and the mixture of decaying
covariance functions is decaying. But, the ensemble of trajectories as a whole will not be ergodic, which will not
be detected by the covariance. Let C is some parametrisation of this mixture, then the conditional average
D = E[X?|C] be the resulting, possibly random, conditional variance. We call it D because if the data X
corresponds to the velocity or increments of displacements, it will be proportional to the diffusion coefficient.
Under these assumptions the codifference converges to the constant

—6?D
Té)((oo) = L1 Ele ]

52 " Eeorp ~ 20

as proven in proposition 5. This quantity is related to the coefficient of variation defined as the standard
deviation divided by the mean [23]. Denoting it by CV[X], the formula above can be expressed as
0=2In(CV[exp(—0*D/2)]* + 1) which isan increasing function of CV[exp(—6?D/2)] and asymptotically
quadratic for small CV. The coefficient of variation is a measure of dispersion, hence so is 7% (co) which reflects
the randomness of D. This behaviour is also equivalent to detecting a residual dependence and the resulting non-
mixing/non-ergodicity.

Outside of the useful limit ¢ = co not much can be said about the properties of the codifference in such a
wide and general class. The situation changes if we consider a more specific model. The idea behind grey
Brownian motion and many works about superstatistics [52] is that the trajectories differ mainly by the diffusion
coefficient, other properties are not significantly distinct. A simple model of such a system can be written as

X, = JDY,. (2.7)

We assume that the process Y describes the joint form of dependence common for all trajectories. We
consider a Gaussian Y, which for grey Brownian motion would be fractional Brownian motion. Another
reasonable choice would be, e.g. a solution of the Langevin equation. In this case, as long as Y is stationary (i.e.
for free diffusion we consider increments or the velocity process), the covariance is

The remaining class of processes which are ergodic but non-mixing is complicated and those do not seem to appear in applications. For a
mathematically constructed example of such a process and the discussion see [59].
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Table 1. Formulae for the codifference and the LCF corresponding to common models of D: gamma, one-sided stable,
Gaussian and uniform.

Lawof D Codifference 7% (t) LCF ¢ i(t)
Gt ) oy, U+ /@O 201, (2
0211 00 - w()/8 g " zﬁéym 1
S(a, ¢) 9221 — (1 — ()Y s 2“%“92“’2(6%,2(1‘))“
2 3
Mooy + C20 — o — - (%02 - %u) w0 - EL G o

U(a, b)

(b —a) 1— etﬂ(ba)ury(z))]

201 — e—9z(b—u)b%,(t)/2)
41— () 1 — e P-0/22

2 _ il
00 = g n( GO0 — a)

1
ary (t) + ﬁln(

dependence

Figure 1. Codifference T and covariance r of the process X; = VDY, with D £ G(1, 1)and ry (t) = cos(t)exp(—t), as given by

table 1. Various properties of the codifference are visible: for § — 0 it converges to the covariance; the codifference and the covariance
increase and decay in the same intervals; at ¢t = 0 the codifference is smaller than the covariance; as t — oo the codifference converges
to a 0-dependent value 7% (00) which is a functional of the law of D; the type of asymptotic of ry (£) and 7% (t) — 7% (c0) is the same
(here: exponential decay). The derivations are presented in proposition 6.

rx(t) = B[D]ry (1), (2.8)

of course aslongas E[D] < oo. Ifthe process Y has sufficientlylong memory, ry (t) ~ 0 in the considered time
scale, also ¢ () = 0. The covariance does not detect the additional dependence introduced by random D.
At the same time the codifference can be expressed as a function of the covariance of Y, precisely as

0 _ 1 E[e—F)ZD(l—ry(t))]

Tx (t) = EIHW (2.9)
for any D, no matter if E[D] < oo. It clearly converges to the constant (2.6) as ry (f) — 0 and detects the
additional nonlinear dependence.

For a general, possibly non-stationary Y with E[Y?] = &3 (¢), the representation of the LCF is
2 2
¢ = —ﬁlnE[e“g D6 (1)/2), (2.10)

Given some model of D these formulae can be made completely explicit, examples are given in table 1. The
first example is the gamma distribution D 4 G(a, ) in which the coefficient o describes the power-law
behaviour of the PDF near 0 and s the rate of exponential decay of the tails (the specific case G(1, 3) is the
exponential distribution); it models common types of experiments in which the distribution of diffusion
coefficients resembles abump concentrated around some finite constant and high values of D become
exponentially less probable. This case is also illustrated in figure 1.

Diffusion coefficients with a heavy-tailed distribution result in a motion that itself exhibits heavy tails of the
PDF, a phenomenon actively investigated in transport, finance, turbulence and many other systems [6, 60, 61]. A
classical model of this case is the one-sided a-stable subordinator S(«, ¢), determined by its Laplace transform
exp (—(cs)®). The resulting type of process was thoroughly studied in the literature concerned with stable
distributions [37]. This process is called sub-Gaussian, which is arguably a confusing term. In this case the
process X has no second moment, therefore attempts to estimate its covariance will lead to a diverging result.
This is visible in the formulae for the codifference and the LCF, which diverge as § — 0. But, forany 6 > 0 the
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codifference and the LCF are finite and can be estimated in a standard way, and from the result if one wishes the
covariance and the MSD of Y can be reconstructed.

For a distribution concentrated around its mean value one can use Gaussian A(u, %) or uniform U(a, b)
distributions, however the former is only a valid model for ¢ < (1, when the probability that D < 0 canbe
neglected.

Even if the precise model of D is not known, quite alot can be said about the behaviour of the codifference. In
proposition 6 we show that:

(a) the codifference is a monotonic function of the covariance. If one increases, the second one also increases,
the same goes for decreases;

(b) if E[D] < oo the codifference is smaller than the covariance for strong positive correlation, but larger for
weak or negative correlations;

(c) theapproach to the value 7% (c0) has the same asymptotic as the decay of the covariance

E[De %P]

h(®) — 7% (00) ~ P (), t— oo, (2.11)

assuming ry (t) — 0, which is a typical case.

These are all desirable properties: the memory structure of the internal process Y is reflected in a
straightforward manner by the codifference. For small values of the covariance their relation is even linear, as
stated in (¢), and the proportionality constant is finite for any distribution of D, due to the truncating
factor exp(—62D).

Another property is that the codifference depends additively on D. Precisely speaking, if we decompose
D = D’ + D" for some independent D’ and D", the codifference also decomposes for

7%@t) = 75%(1) + 7% (D), (2.12)

where X’ and X"’ are processes with diffusion coefficients D’ and D’ respectively. Therefore subtracting the
codifferences estimated from different samples may be used to analyse different sources of diffusivity. The
derivation is given in proposition 6.

Analogous features can also be checked for the LCF (proposition 7), which can also be decomposed for
D = D' + D" and is a monotonic function of the MSD, but is always smaller than the MSD, therefore detecting
the additional constraints of the motion introduced by a random D.

Atthe end of the discussion about random diffusion coefficients we note that the behaviour of the
codifference near t = 0 can also give valuable information. In proposition 8 we prove that for a typical case
when E[D] < oo its asymptotic reflects that of the covariance. However, if E[D] = oo and D has power tails,
corresponding to the presence of high-volatility trajectories, the asymptotic of the codifference has an additional
power law. As for Gaussian processes the behaviour of the covariance near t = 0 is determined by their fractal
dimension [62], chapter 8.8, the same is true for the codifference, which can be applied also for processes with no
moments.

2.1.2. Random memory decay rate
Another interesting type of models are ensembles of particles for which the time dependence may vary from
trajectory to trajectory. The simplest model of a time-varying dependency is the exponential decay exp(—tA),
which is the covariance of Ornstein—Uhlenbeck process [63]. It models many kinds of linear relaxation disturbed
by additive noise. It was also studied as a model of the additive measurement noise itself [64, 65]. In the
hierarchical model the decay rate A may be random. The covariance of the resulting mixture of Ornstein—
Uhlenbeck type trajectories was studied in [66] in the context of a randomly parametrised Langevin equation.

The coefficient A has a different physical interpretation depending on the details of the studied
phenomenon. For the velocity of a Brownian particle it is proportional to the friction coefficient and its
randomness is related to local changes of the viscosity and/or different shapes of the diffusing particles [67]; in
this system the fluctuation-dissipation relation also links the scaling to the temperature. For trapped particles A
is proportional to the stiffness of the confining harmonic potential (the prominent example being optical
tweezers [21, 68]), therefore the randomness of A is equivalent to an ensemble of traps with varying sizes, which
are proportional to A1,

Another case worth mentioning is that of viscoelastic anomalous diffusion [69], for which the velocity (or
increments) have power-law dependence oct?~!, This function can be expressed as exp(—In(t) (1 — 2H)).
Therefore it is enough to replace ¢ with In ¢ and the results further on will also follow for the ensemble of power-
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law memory trajectories characterised by random parameter (1 — 2H). Itis worth to note that the variability of
the of the Hurst index H seems to be more of a rule than an exception for biological systems [70-72].

We do not want to make the discussion overly technical, so below we will analyse only the case of
deterministic scaling and random decay rate, rx (t|C) = o exp(—tA). Results for more general
Df (A)exp(—tA)are presented in propositions 10, 11 and 12, which prove that the randomness of the scaling is
not essential for most of the properties discussed below. We also note that sometimes one can remove the
random scaling and normalise the trajectories using the estimate of scaling obtained from the Birkhoff ergodic
theorem [58],

(0|C) = lim ifT dr X(0)2 (2.13)
0

T—oo T

However, this procedure requires having access to sufficiently long trajectories.
A particular property of ensembles with fixed scaling is that any marginal distribution is Gaussian, i.e. all
variables X, have Gaussian distribution with variance o%. But the codifference can be found to be

%) = é InE[e®)e ], (2.14)

and because it does not equal the covariance, the process as a whole is not Gaussian. The codifference indicates
the presence of subtle non-Gaussianity of the memory structure. This formula can also be used to derive useful
bounds between the codifference and the covariance, see proposition 9.

Expanding in a Taylor series the exponent from (2.14) leads to

(oa)zk
k!

9 1 N (B0 ka 1 & —keA
() = F1n 1+ ZTE[e 11 ~ ?Z E[e %], t— . (2.15)
k=1 : k=1

Note that 02E[e %7 = ry(kt), so the result is a type of average over the values rx (kt). When the
distribution of A is not sufficiently concentrated near 0 and the covariance decays fast (strictly speaking is rapidly
varying [73, 74]), the term k = 1 dominates the t — oo asymptotic. This is the case, e.g. for the one-sided stable

variable A < S(a, c) for which

1 &\ (Go)* o o
% (1) = 7 ln(l + de‘(d‘t) ~ o2 @t 00 (2.16)
k=1
that is, we observe a stretched exponential type of dependence.
When A is more concentrated around 0 the situation differs. A basic example would again be the gamma

distribution A < G(a, 3), for which

0 L N 1
=5 ln(l flThas kt/ﬁ)“)' @17

When o = 1(i.e. A has an exponential distribution) the above can also be written using the incomplete
gamma function. For any «v all terms in the sum decay like ¢t ~* and they are comparable. Because of this, the
codifference also decays with the same power law, but the proportionality constant is non-trivial,

o0 2k 00 2k
T?X(t) 1 (Oo) 1 _j-o 1 (Oo)

= i)

t

1
~— —to, ¢t ) 2.18
=2 o 219

Itis not surprising that this behaviour is not specific to a gamma distribution and can be observed for any A
with power-law PDF near 07, see proposition 10. Similarly, if the PDF of A decays fast near 0%, the codifference
also decays fast. All these properties are analogous to those of the covariance [66], so here they can be used
interchangeably or simultaneously, as a mean to obtain stronger statistical verification.

They are also similar in that both do not detect the non-ergodicity, more precisely the non-mixing, of this
system. As was already demonstrated for the covariance it is a common occurrence resulting from its linearity.
The codifference fails, because it does measure only a reduced form of mixing. For the process to be mixing it
means that any two sets of multiple disjoint measurements must become asymptotically independent, i.e. the
vectors [X, X, ..., X5, Jand [X; 44, X, 445 ..., X;,1¢] have to become independentas t — co. The codifference
(and for that matter also the covariance) measures only the dependence between two values X;and X, ;.

For a process with arandom decay rate these are asymptotically independent and the one-point distributions
arerelaxing. Therefore, in order to detect non-ergodicity, we need to analyse the dependence between at least
three values. A practical choice is to use four values divided into two pairs [X,, Xy acJand [Xsy s, Xsrarse)- The
values in the first pair are correlated as e~ trajectory-wise, analogously for the values of the second pair. This
property of both pairs is fixed and random, i.e. it is a constant of motion which can be detected. Probably the
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Figure 2. Estimated codifference 7and covariance r estimated from the process with random decay rate A 4 G(3/2, 1/2)and

At = 1.In the presented domain the covariance rax was negative, so we plotted the negated value. One can observe the predicted
power law decays oct~3/2 and oct ~3/272 (equation (3.62)); the codifference of increments detects the non-ergodicity by converging to
a constant 7k (00) & 0.105, which fits perfectly equation (2.20). The value 6 = 1.5 was chosen to best illustrate the interesting
properties; for smaller f the codifference 7% becomes closer to the covariance ry, for larger f the codifference 7%y converges faster to
the t — oo limit. To present smooth curves in the whole presented range we used a large 107 sample; the general shape of the
presented functions is already visible for samples around 10* a significant difference between rax and Tay is observed using even a
few hundred trajectories. Examples for smaller sample sizes are presented in figure A 1.

simplest method to achieve this is to calculate increments
AX; = Xipar — Xy (2.19)
and study the codifference of those. A short calculation given in proposition 11 shows that this method indeed

works and

1 E[efz(ea)z(pe*ﬁ“\)]

9

= >

T ax (00) e In T > 0. (2.20)

The result depends on A in a complex manner, but it can be easily estimated numerically. We can also use the
fact that for small At the conditional covariance of increments is

max(tlA, D) € 2At202A2%e A + O(At?) (2.21)
and normalise the process, AX, := AX,/At. The result then simplifies and becomes independent of At,

—2(00)*A
lim 79 (c0) = Lln Ele I

Ar—ot AX 92 W- (2.22)

We stress here that this method cannot be applied using the covariance, which, calculated from increments,
decays to 0 and does not detect this specific memory structure. Its decay is even quicker than for the original
process and proportional to the power law decay t~®~2 [66]. Intuitively speaking, the decay rate is quicker by a
factor ¢t 2, because the scale of AX depends on A as A% and the trajectories with stronger correlation have
smaller amplitude and add less to the average. This property has its analogy for the codifference, for which
75 (1) — 7%y (00) also decays like £~ 2 (see proposition 12 for a more general result). This time the faster
decay rate actually helps in detecting ergodicity breaking, making the limit 7%,  (c0) visible even at short times.
The numerical illustration of the discussed behaviour is shown in figure 2.

2.2. Diffusing-diffusivity

In the preceding sections we considered models which were non-Gaussian and non-ergodic. For non-Gaussian
but ergodic models the codifference can also be a useful measure of dependence. In particular we show that it can
be successfully used to analyse diffusing-diffusivity models. We now assume that the increments of X, are
Brownian fluctuations, but rescaled by a time-dependent random diffusivity D,

dX, = \/D,dB. (2.23)

This is a generalisation of the random parameter model, for which D; = const. Because we modified the
dynamical equation by replacing the previously constant parameter with a stochastic process, models of this
class are sometimes called ‘doubly stochastic’ [75]. Before application in physics, they were extensively used in
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dispersion

()

Figure 3. MSD and LCF for the diffusing-diffusivity CIR model defined by (2.23) and (2.24) with a = 1/2, b = 1, 0 = 1. Solid lines
are functions estimated from 2 x 10% trajectories simulated using the Euler scheme with At = 10~3; dashed lines are the analytical
predictions given by (2.26); dotted lines are the long-time linear limits (2.27). It is clearly observed that the MSD exhibits a single linear
law whereas the LCF switches between two linear laws at t — 0" and t — 0. Also note that for large # and ¢ the estimation becomes
unstable. It is caused by E[cos(6X;)] becoming comparable in amplitude to the estimation uncertainty; for this reason one should be
careful using the codifference and the LCF in the range X, > 1.

financial engineering, where it is natural to assume that parameters of the market, such as the volatility, vary in
time. In 1985 Cox et al [ 76] proposed a model of interest rate (now commonly named CIR), which describes a
non-negative stochastic process with linear mean-reverting property. In 2012 Chubynsky and Slater
independently proposed a special case of the CIR process as a model of non-Gaussian diffusion [19, 77]. This led
the way to a wider range of models based on fluctuating diffusivity coefficient with a short time memory [78-82].
The evolution of the diffusion coefficient in the CIR model is defined by the stochastic equation

dD, = a(b — D,)dt + o/D,dB,, (2.24)

where a > 0 describes the speed of return to themean b > 0,and o > 0 regulates the amplitude of the
fluctuations. In this equation as D; — 0theterm a(b — D,)dt =~ abdt > 0 starts to dominate the fluctuations
with the mean-squared amplitude E[(\/E dB;)?] = D, dt, consequently dD, > 0 which causes the motion to
stay positive. We assume that the system evolved for a long time before the start of the measurement and has
reached the stationary gamma distribution Dg 4 G(2ab/c?, 2a/0?)[83]. Because of the non-Gaussianity the
LCF function should differ from the MSD. Conditioning by D, it can be expressed by the formula

0y = 2 e
Cx(®) = ezlnE[exp( 2f(;ds DS)]. (2.25)

Expanding the above in powers of 62 shows that again ¢ f( (t) — 6%(t)ash — 0.

The average in (2.25) appears in the calculation of the expected price of zero-coupon bond and was
calculated in the initial paper of Cox et al [76], who derived the differential equation which it fulfils and then
solved it; a more general result is also available in [83]. The calculation was performed for the case when Dy is
fixed and deterministic, however their result can be easily extended for stationary D by averaging over the
equilibrium G(2ab/0?, 2a/c?) distribution of Dy. Then the formula for the LCF reads

2 2
) = 4ab2 In (l + (o)” + L)ewa)t/z + (l NG L)e(vﬁa)t/Z (2.26)
(Bo) 2 dypa 2y 2 dya 2y

with 7, = /a? 4+ (0o)?. From that a brief calculation proves that the motion is Fickian for long times
2ab dab_, ( 1 (00)?

¢ e (9 — a)t +

a
- D, — 00, 2.27
(607 0) " )+ oh e 227

2 dya 2y
and also for short time, albeit with a diffusion scale agreeing with the MSD

0
(@) ~bt, t— 07, (2.28)
which should come as no surprise. For an illustration of these formulae see figure 3, where we present results of

Monte Carlo simulations compared to the theoretical predictions. See also the crossover behaviour of the MSD
in the random diffusivity model in [81].
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Figure 4. Codifference 7, as a function of r and ry as given by equation (2.30). White isolines are drawn at levels

{...,—2/14, —1/14, 0, 1/14, 2/14, ...}. The dependence on r; is symmetric, which can be seen directly from the definition

V; = 0|Z,|Y,. For larger 6 the codifference varies less and the influence of the positive dependence of D, becomes dominating (the
isolines become more concave). For a given 74 the covariances rand ry can be determined by looking for the crossing points of the
corresponding isolines for at least 2 different values of 6.

If we want to analyse the codifference of the CIR model, it would be required to study the memory of the velocity
V.= \/E dB; /dt. But the white noise dB, /dt is not well-defined in a classical sense. It can be interpreted as a
distribution which leads to a similar redefinition of the covariance, the familiar Dirac delta. The codifference is,
however, nonlinear and this approach fails. The solution is to consider only the well-defined velocity processes
V, = /D, Y, with ¥, being some classical process which models the velocity as being undisturbed by the fluctuations
of the diffusivity. The behaviour of the white noise can be studied if we consider # large enough such that r (#) = 0
strictly or approximately. It is natural to assume that Y; is Gaussian, while choosing the model of D, is more subtle.

The CIR process for ab € N, can be proved to be a sum of squared independent Ornstein—Uhlenbeck processes,
which follows directly from writing the stochastic differential equation of such a sum [83]. Thus, a natural generalisation
isto consider D, beinga square of a Gaussian process [80, 81]. We will assume that the velocity can be decomposed as

Vi = olZi|Y,, (2.29)

where both Z; and Y, are Gaussian with variance one. In this model we have ample freedom in describing a wide
range of memory types, because any covariance rzand 1y can be used. By choosing 1y we model the internal
dynamics, if ry (t) = 0 in the considered time scale we arrive back at (2.23); by choosing r, we model the memory
structure of D;: exponential, power law, oscillating, etc. The one-dimensional distributions are more rigged, as
we limit ourselves to D, having the PDF of a square Gaussian, that is y; distribution (a special case of the gamma
distribution). A rather technical derivation (proposition 13) then shows that the exact form of the codifference is

7 )
1 ) V1 —rz(8)? 1 + (0o)? I arctan( 1/32)

0
Ty() = —=1In
Vi =5 T (000~ M)+ 1,07, L= p?

) (2.30)

where

_ (0020 — r, () () £ (1)
& 021 — o) +1

This formula looks complicated, but is composed only of elementary functions. It is illustrated in figure 4, were
we plotted the codifference 7% as a function of , and ry for four different fs. Having calculated the codifference
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for at least two 6s, one can solve the system of equations resulting from (2.30) and calculate 7, ry. This procedure
may be considered simpler than using the covariance r, which requires calculating the average of | Z; Z ;| given
by a hard-to-evaluate integral. The covariance ry can also be obtained from taking the limit § — 0 of the
codifference.

More importantly, when ry (t) = 0 the codifference is clearly non-zero, so it detects the dependence
introduced by D, = Z?2. Its asymptotic for small r, (t) (e.g. atlong times) in this case is the simple relation

2

() ~ 5 rz(t)?, rz(t) — 0. (2.31)

o
2(1 + (6o)

Thus the codifference detects the memory structure of the time-varying diffusion coefficient D, = Z? even
in the regime 7y (+) = 0 in which the covariance 7, (¢) is zero and does not contain any important information.
This is also true when r, (t) = 0 but ry (t) = 0, this time the codifference is asymptotically proportional to
1y (t); the proportionality constant depends only on the one-dimensional distributions of D, the exact form of
the dynamics does not matter, see proposition 14.

For some systems different models of D, may be more suitable. When D; is strongly concentrated around its
mean value a possible choice is a simple Gaussian centred around some b, V; = (6Z; + b)Y;. This model
permits the unphysical situation when D, < 0,butwhen ¢ < b the probability of this event is negligible. In this
case an elementary formula for the codifference also can be given (see (3.78)) and again even for ry (f) = 0 the
internal dependence of D; is still detected, this time with asymptotic

2

V() Srz(1),  rz(t) = 0. (2.32)

"0t (0o

2.3. Discussion

The aim of this work was to provide the theoretical background for using the codifference as a dependence
measure suited for the study of various non-Gaussian and ergodicity breaking models. This goal was achieved in
few steps. First we proved that the codifference has intuitive properties that one would expect from a reasonable
memory function, such as additivity, positivity for the case of complete dependence and being null for the case of
independence. Second, we showed that it can be calculated using fairly straightforward methods for typical
random parameters and diffusing-diffusivity models, which represent a significant extension of the previously
established results for stable and infinitely divisible processes. Finally, we analysed how the codifference detects
forms of dependence and ergodicity breaking which cannot be easily studied using solely covariance-based
methods.

We also showed one example of non-detected ergodicity breaking, the case of a Langevin equation with a
random return rate. In this case we offer an easy fix: the codifference works well for the increments of this
process. We note that within this paper we did not analyse ergodicity breaking caused by ageing. In principle, the
codifference should work, but the analytical analysis will be challenging for many of these phenomena.

In addition to the codifference, we also discussed a related quantity, the logarithm of the characteristic
function (LCF), which was interpreted as a measure of dispersion. Our contribution is an extension of the
Fourier methods and a distinct view based on ideas previously developed only for heavy tailed a-stable
distributions. The codifference is also very closely related to the theory of the dynamical functional, which was
already successfully used for real data, and should be considered a part of the same framework.

The cost of using this technique is that linearity is a powerful analytical tool, especially for complicated
models, and a significant part of this strength is lost when using the codifference. The more complicated defining
formula also may make its form more complicated (e.g. see table 1). However, it is a clear application of the
characteristic function which does not seem to be commonly acknowledged and the Fourier-based techniques
by themselves are widely used by the scientific community. Thus, it has an advantage, offering a wide choice of
established analytical methods and estimation techniques. In some cases (e.g. (2.30)) the codifference has a
simpler form than the covariance.

We believe that the most important example that was considered was also the simplest: deterministic motion
with its scale (diffusion coefficient) varying from trajectory to trajectory. The observed asymptotical behaviour
of the codifference contains a lot of useful information and lays the foundation for possible future applications in
more complex and realistic models, some of which we discussed. At the same time we stress that even this initial,
highly simplified model is being commonly used, especially in biophysical systems.

We are confident that the obtained results are interesting in their own right, but we also promote their
additional value by indicating the limitations of the methodology based on the MSD and the covariance. Both
are, without a doubt, essential parts of the scientific language related to diffusion and complex phenomena, but
their limitations are becoming more and more evident, as contemporary research starts to concentrate around
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non-Gaussian systems with complicated memory structure; the change is stimulated by increasing experimental
evidence. These complex and nonlinear phenomena require new complex and nonlinear methods.

3. Derivations

3.1. Basic definitions and properties
All processes considered in this work can be labelled as ‘conditionally Gaussian’. In practical applications these
processes are Gaussian locally, in the temporal or spatial sense. The formal definition is more general.

Definition 1. We call a process conditionally Gaussian when any of its finite-dimensional distributions is a
Gaussian distribution under some conditioning by o-algebra C. That is, any finite dimensional distribution
X := [X,, ..., X;, ] can be written as

X =AY + p, (3.1)

where A and p are a C-measurable #n X #n random matrix and an n-dimensional random vector. Both may
dependon , ..., t,. The vector Y isi.i.d. N(0, 1)andisindependent of Aand p.

If w = Oforany#, ..., t, we call a process conditionally centred Gaussian. Further on we will consider only
this class. Similarly, we call a process conditionally stationary Gaussian, if the distribution of A and p does not
depend on time translation t, ..., t, —  + t, ..., t, + t.

Proposition 1. The distribution of a conditionally Gaussian process is completely determined by the knowledge of C,
the conditional mean and the conditional covariance

px(tC) = BIX:|CL,  rx(s, £|C) = B[X,X|C]. (3.2)
The process is conditionally centred if and only if 1, (t|C) = 0. The process is conditionally stationary if and only if
tix (t|C) = const.and rx (s, t|C) is a function of t — s, denoted rx (t — s|C).

Proof. This is a direct consequence of the equality

P(X, € Ay, ... X, € A,) = E[P(X, € A}, ... X, € AJCO)]. (3.3)

The conditional probability on the right is a Gaussian integral and a function of 1, (#|C) and rx (s, #|C). The
representation of conditionally centred and stationary processes are just a reflection of the analogical
representations for Gaussian processes. O

Definition 2. We define the codifference function as

0 1 E[eiG(XﬁXs)]
s )= —In——————. 3.4
TX(S ) 92 n E[elax,]E[e—laxs] ( )

For stationary process it is a function of t — s, which we denote as 7% (¢), similarly as for the covariance, see also
equation (1.2).
Additionally, we define the log characteristic function (LCF) as

2 .
o) = fﬁlnE[e“’(Xf*“x(t))]. (3.5)

All expected values in the above definitions are finite, but they may be complex and the denominator may be 0.
This is however not the case in the class of processes considered herein.

Proposition 2. For any conditionally centred Gaussian process the codifference and the LCF are well-defined real-
valued functions.

Proof. The Gaussian function centred at 0 is positive-definite. The mixture of positive-definite functions is
positive-definite. Therefore all expected values in definition 2 are real numbers larger than 0 and less or equal 1.
The logarithms are therefore real. O

We also note that for conditionally centred Gaussian processes a reduced formula for the codifference is
available,
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) 1 E[E[e?% )]
)= —1 - -
T D = e N R I BB NIC]

1 E[e702(rx(t,tlC)72rx(s,t|(3)+rx(s,s|(3))/2]

:ﬁln E[e792rx(t,t|(1)/2]E[efezrx(s,le)/Z] > (3.6)

which is very useful for calculations. For non-centred process the additional term

1 E[eiﬂ(#x(tlc)fux(SIC))]
+—1In - .
92 E[eleux(tw)]E[e—laux(sl(Z)]

(3.7)

appears. Here all averages are finite, but they can generally be complex values, moreover in particular cases the
averages in the denominator can be 0. This strongly suggests the codifference should be used carefully in this case
(the same applies to the LCF).

Additionally, representation (3.6) yields another desirable property of the codifference:

Proposition 3. For a conditionally centred Gaussian process with positive covariance rx (s, t|C) the codifference
7% (s, t) is also positive, a negative conditional covariance implies negative codifference.

Ifthe support of ¢ (s, ¢|C) is on both positive and negative half-axes, the sign of the codifference may vary,
but it is worth noting that with rx (¢, ¢|C) and rx (s, s|C) fixed, it depends monotonically on rx (s, ¢|C), so if the
conditional covariance is smaller in the sense of stochastic dominance, the codifference will also be smaller.

Now, a simple fact follows only from the expansion In(x) € x — 1 + o(x)as x — 1.

Proposition 4. For any stationary process X with asymptotically independent values

0 1 E[ei0(Xs+rXs)]
t) ~ — - - - 1), t . 3.8
TX( ) 92 ( E[eng”’]E[e_lﬂXS] X ( )

Proof. We assume that X, , and X, are asymptotically independent as t — oo (note that this property is not
sufficient to imply that X is mixing). Therefore

B[elf(s+—X] e E[ei®s+ ] Ble—i0%], (3.9)

and the ratio of expected values under the logarithm converges to 1 so we can use the expansion
In(x) ~ x — 1. O

This simple fact is a prototype for the later results, which describe cases when it is possible to remove the
nonlinear logarithmic function if the process can be somehow decomposed as a transformation of some weakly
dependent variables.

Ifthe process X does not have asymptotically independent values the non-linearity cannot be removed at
t — 00, butifitis an ensemble of such processes (i.e. the conditioned process is mixing), it can be shown that the
codifference converges to a positive constant, non-linearly dependent on the law of D.

3.2. Random parameter models

Proposition 5. If the process X is an ensemble of mixing stationary centred Gaussian processes, then, denoting
D = E[X?|C],
N |

Th(00) = —

0 Ble "DRP oY

and equal 0 only for deterministic D.

Proof. The calculation is simple. Because ry (f{C) < D almost surely the random variable e?*x(19)=D) is positive
and bounded by 1 for every t. We can commute the limit with the logarithm and the averaging, getting

E[ lim e6’2(rx(t|C)—D)]

—0’D
lim 7% (1) = Lln [=oe ! In Ble

=00 62 E[e P2 0 E[e PP

(3.11)

The non-negativity of the above stems from Jensen’s inequality applied to the function x — x? and the variable
—02D/2
e . O

Remark. A similar calculation repeated for symmetrised codifference (1.8) shows that it does not exhibit this
behaviour. Under the same assumptions
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i 6? o)—
1 ]E[eiﬂ(XsH*Xs)] 1 E[hm e (rx(]C) D):l

7"9(00) =lm—Ihh———————=—1In oo
X t—00 20 E[elfXrtX0] 262 E[hm ee%mrl@—m]
t—00
—6°D
_ LBl 1, (3.12)

6> Ele 7]

i.e. it cannot detect this form of residual dependence and ergodicity breaking.
Proposition 6. Let the process X have the form

X, = VDY, (3.13)

where Y is a stationary Gaussian process, B[Y?] = 1,and D > 0 is a random variable independent of Y. Then the
codifference has the form
E[efOZD(l —rr()]

) = L n

02 E[efﬁzD/Z]Z (314)

(a) Itisadditive with respect to D, thatisif D = D' + D" forindependent D' and D", then
h () = %) + T4 (1) (3.15)
where X! = D' Y, and X' = D" Y,.

(b) Itis anincreasing function of the covariance 1y (t), which is smaller than rx (t) for 1y (t) close to 1 and larger than
rx (t) when the latter is close to 0. If B[D] < oo the difference Tﬁ( (t) — rx(t) decreases as a function of ry (t).

(c) For any mixing Y the difference 7% (t) — 7% (c0) exhibits the same type of asymptotic as the covariance ry (t),
thatis

E[De YD)

() — % (00) ~ — w(t), t— . (3.16)

Proof. Let us start from writing the conditional covariance,
E[X/ID] =D, E[(Xur — X)?|D] = 2D(1 — ry(1), (3.17)

which implies that

0 _ 1 E[efézD(lfry(t))]
Tx(t) = ﬁ In —E[efezD/Z]Z .

(3.18)
If we substitute D = D’ + D' both numerator and denominator factorise as products of independent random
variables. The formula

7%@t) = T5(1) + T (1) (3.19)

follows.

In point (b) the monotonic dependence is a consequence of the fact that only the numerator of the fraction in
(3.14) depends on 1y (¢). Itis a Laplace transform of the variable D calculated at the point 8% (1 — ry(t)), it
decreases as the argument increases, so it is an increasing function of ry (¢). This dependence is continuous.
When ry () = 0, e.g. always for = 0 formula (3.14) simplifies and we can apply Jensen’s inequality,

75(0) = —%lnE[e*QZD/Z] < f%E[ln e /2] = E[D] = rx(0). (3.20)

For 1y (1) close to 0 we can use proposition 5 to determine that the codifference is positive. For the last property
listed in b), let us write the difference 7§( (t) — rx(t)asafunctionof r = rx (t),
E[efﬁzD(lfr))] 1 E[e—éz(D—ElD])(lfr))]

E[e—0°D/2]2 — E[D]r = ﬁln E[e—?*(0-EIDD/22

f(r) = %ln (3.21)

Using the majorised convergence theorem, the derivative of the numerator exists and determines the sign of f”.
Denoting E := 02(D — E[D])(1 — r)we have
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f/(r) o ——BlEe "] = ——BIE(e " = D] <0, (3.22)
—r

where we used the fact that E[F,] = Oand x(e ™ — 1) < 0.
For (c) consider 7 (t) — 7x(co) and use the expansion In(x) ~ x — 1

) 0 1 E[efézD(lfry(t))] 1 E[efézD(lfry(t))]
Tx () — Tx(00) = —1In ~— — 1|, t— oo 3.23
x(0) =T = Efe 7] 02\ Ele P G2
Now we can rearrange the right side of the above equation and get
eHZDry(r) -1 __pp eDx _ _¢°p

T — T8 (c0) [ P ] . E[T ¢ ] E[De~"P]
lim ———>—— = lim > = lim > = —. (3.24)

t—00 1y (t) t—00 E[e 7] =0  Ele D] E[e 7]
O

The analogues of (a) and (b) also hold for the LCF, the derivation is very similar as in proposition 6 so we only
state the result.

Proposition 7. Let the process X have the form

X, = VDY, (3.25)
where Y is a centred Gaussian process and D > 0 is a random variable independent of Y .
Then the LCF has the form
0 2 _2PA2
G = —ﬁlnE[e 0"Doy (/2] (3.26)
and:
(a) if E[D] < oo then
¢ ~ 651, t— o0t (3.27)

(b) Itisadditive with respectto D, thatisif D = D' + D" forindependent D’ and D", then
¢S = ¢S + ) (3:28)
where X, = \D' Y;and X' = D"Y,.
(c) Itisanincreasing function of the MSD &% (t).

(d) For B[D] < oo thedifference 6% (t) — ¢ i (t) is non-negative and increases as 6% (t) increases.

The asymptotic of the codifference near zero depends on the tail behaviour of pp and can be used to study it.
This statement is clarified by the following result.

Proposition 8. If the stationary Gaussian process Y is mean-square continuous and X, = /D Y,, then

(a) for B[D] < oo

%) — %) ~ E[DI(1 — ry(t)), t— 0% (3.29)
and
¢% ) ~ E[D163 (), t— 0*. (3.30)
(b) If
d
pp(d) ~ 21(+2, 0<p<l, d— o (3.31)

for some slowly varying function L, then
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%) — 75(t) ~ 6272

T D@2 - mayna - wy, - o (3:32)
P

Proof. For a mean-square continuous Y the covariance 7y is a continuous function. The codifference is also
continuous and In(x) ~ x — 1implies that

7%0) — 7% () = —%lnE[e‘ezD“"Y“))] ~ %(1 — Ble PU-®O]), t— 0f, (3.33)
Because
_ e 0PDU—ry(1) _ ~—Dx
imE A= " |~ im B L= |~ R, (3.34)
t—0* 0?1 — v (1)) x—0F X

The derivation for ¢ (i( is similar. For point b) we write the asymptotic of 7% (0) — 7% (t) as the integral
o0
75 (0) — TR (1) ~ % fo dd (1 — =40 O)p (d) (3.35)
and simplify the ratio under investigation

7%(0) — %)

~ 02 2lim [ dd (1 — e
LO1 = ry(0)) D0 — ry(1)? x=0+ Jo ( : L(x ’1) La @
00 _ a—d p+1
— 92p—2f ad L= o lim (ﬁ) 1 PD(E)
0 d x—0+ \ x Lix"H "\x
9] _ —d _
=0 [ dd L= & o= _prp(—p) = gr2L0 =) (3.36)
0 d p
O
Now, let us move our attention from a random D to the class of processes, for which the shape of the
covariance function varies from trajectory to trajectory:
Proposition 9. For a mixture of stationary Gaussian processes with fixed non-random scale D = o*
() = % InE[e<10)] (337)
The above formula also implies that
() < 7% () < —2((90)‘2 sinh(0%0%)rx (t) + cosh(6%0?) — 1). (3.38)
Proof. Assumption of a fixed variance means that E[X (t)?|C] = o2 for some deterministic o2. Using the
conditional expectancy it follows that
o 1 E[E[elfX+=X)|C]] 1 Ele—0*(@*=rx(C))
T%(t)=—=1In . . =—h—————
0>  E[E[e™+|C]]E[E[e %|C]] 62 (e V°/2)2
_ é In B[efrx(lC)], (3.39)

Now the left inequality is just Jensen’s inequality applied to the function In. The right inequality follows from
two approximations: the firstis Inx < x — 1, thesecondis exp(x) < L™!sinh(L)x + cosh(L) for
—L<x< L. O

For the exponentially decaying conditional covariance stronger results are available:

Proposition 10. For a mixture of stationary centred Gaussian processes with conditional covariance
rx (t|A, D) = De *A, with A and D independent, we observe the following asymptotic properties.

(a) Powerlaw behaviour: if p,(\) ~ L(A)X*"1, X — 0% for slowly varying L, then
L(t 1)

7% (1) — 7% (00) ~ Cayp (3.40)

where the constant C, g is
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() i ezkE[Dke*“’zD] 1
QZE[eﬂﬁD]z Pt k! ke

Ca,@ -

(b) Quick decay behaviour: if p,(A) € O(X°), X — 07 then

7%(1) — T (c0) € O, t— oo.

(c) Truncation:if A = Ao + A for deterministic Ay > 0 then
TR(1) = Th(00) < e M (T (1) — TE(00)),
where X isa solution of the Langevin equation with viscosity X and the same D.

Proof. For (a) first we apply the expansion In(x) ~ x — 1to Tﬁ( (t) — rﬁ( (00)

; 0oy L BleP0-e™) 1 (Ble "0
O m e = g T e T mem )

Therefore
1

0°E [ef(izD]
1

= 2% [e—GZD]

HZDZ 02

ng(t) - T?{(OO) ~ ]E[e*HZD(QBZDe*‘A 1)

El e i@z"D—ke*k”\
k!

—6D
kE[D ¢ ]]E[e*k“\], t — oo.

02E

t — oQ.

] Slezak et al

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

Note that the sum within consists of positive terms, so the commutation of expectation and sum is justified.

Now, knowing the asymptotic pA()\) ~ XL\ — 0T wecan apply the Tauberian theorem

—ktA _) -
7 (t 5 E[e 4] I‘(a)

The sum (3.45) consists of positive terms, so let us study its asymptotic

ta i HZkE[DkeigzD]E[efktA Z QZkE[Dk 792D] o E[efkt/\]
LY & k! k! L(th
ke—0°D
T )Z pullD7e ] 1
= Kl ke

where the commutation of taking the limit and the sum is justified by the inequality
t"‘E[e’ktA] < taE[e—tA] .

(3.46)

(3.47)

(3.48)

The right term is convergent with respect to ¢, therefore it is bounded, so the left term is uniformly bounded with

respect to k and we can use the dominated convergence theorem.
Note that the resulting sum is also bounded with respect to v,

o0 kn—02D
> o2l <5l
~ = k!

kfez]l

00 k
- E[Z 02k%e92f’] — E[e ] = 1 — E[e ?P].
k=0 '

(3.49)

This concludes the derivation of (a). Now let us prove (b). We fix integer N > 0 and then make the estimation

o 0o —N-1
E[e—ktA]tN :fo dx pA()\)efkt)‘tN — kN+1j(; d\ pA(%)e—AANJrI(%)

t—00
_)0
to obtain
00 k.—02D
lim (7% (t) — 7% (co)tN = lim % > GZkMDie']E[e*k'A] tN = 0.

t—00 t—00 k=1 k

The limit follows because it is a convergent sum of positive terms.

(3.50)

(3.51)
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In order to prove the last point (c) notice that e=** < 1and e** > 1s0 x — x¢ " isa concave function and
e="De™ < o=0"D Therefore

—HZD gzDe—rAe—Aor _(_)ZDetAo gzDe—rA eftA()
Pty — ooy = Bl e T 11 Bl e )T ]
02 E[efé‘ D] 02 E[efé‘ D]
792Det)\0 HzDe"A e—er 792Det)‘0 gzDe—tA
< L Ele < I el Ble ° ]
0? Ele "] 6? Ele~?P]
—62Da6%De A
<ol Bl 7e © 1 it ) — 74 (00, (3.52)
02 E[efazD] X X
O
In the next proposition we will study the properties of the increment process
AX; = Xpone — X (3.53)

and use it to detect non-ergodicity.
Proposition 11. Considering the same process as in proposition 10, the codifference of its increments AX, converges
to a constant

E[ezezD(e*AfAf 1)]

1
: 0
—_ - - >
tllllolo T AX(t) = 6‘2 In [392 (e’A’A—l)]Z > 0, (3.54)

which equals 0 only when both D and A are deterministic. After suitable rescaling AX, == AX, [N At the limit
becomes independent of At,

E[efzﬁzDA]

7 e (3.55)

lim lim 79 (t) =
At—0"t—o00 AX

Proof. The reasoning is similar to the one shown in the proof of proposition 6 (b). The increment process AX; is
astationary process, which is conditionally Gaussian. We can calculate its conditional variance

E[AX}|A, D] = 2D(1 — e 2t (3.56)

and the variance of the difference

efAtA + eAtA
E[(AX, — AX)?|A, D]=4D|1 — e 2 — 1Al — —
24D — e Ay, (3.57)
The limit of the codifference is

E[ezezD(e*AtM 1)]

P _ by Blem
tlingo Tax(t) = 7 n E[eézD(e’A“‘—l)]Z. (3.58)
Applying Jensen’s inequality to the variable e2/°¢"*"* and the function x — x2 yields the inequality.
For the rescaled process it is straightforward to calculate that
—ArA _ 1
o . E[e"p (2921) — )] 1. E[e 2PN
lim lim 7% ,(t) = lim —In =—Ih———. (3.59)
At—0t t—oo AX At—0* 62 [ ppye A 2 02 E[e_a DA]2
Ef exp (9 D—)
At
U

The last considered class of covariance functions is Df (A)exp(—tA). The increment process from
proposition 11 fits this class with f (A) = 1 — exp(—AtA), higher order increments and other similar
transformations correspond to more complex f, but their behaviour at 0" can be easily traced. Note that the
proposition below is not a straightforward generalisation of proposition 10. The statements and methods of the
derivation below are similar, but the assumptions do not coincide, because the introduction of the scaling f (A)
with a power law at 0 was made at the cost of adding the strong requirement about the fast decay of tails of
D, Elexp(§’D)] < oc:

Proposition 12. Let us consider the stationary, conditionally Gaussian process characterised by the conditional
covariance
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rx(t|{A, D) = Df (A)e~*A, (3.60)
Now, let us assume that D and A are independent, B[e?P] < oo and the PDF of A has the form
) ~LYXL fN)~ XN, A—=0T5 o v>0, (3.61)
for slowly varying function L. Then, for this class of processes

I'(a + 1)E[D]

—1y4—a—y
R[ePo] Lt Yo, (3.62)

7% (1) — 7% (00) ~

Proof. We start from the formula

El[e"Df b —e”“)]

1
0 0 _ L
Tx () — Tx(00) = VE In B[ 7] (3.63)
which has the asymptotic
0 . 1 E[e*WDf(A)(lfe”“)] B
= L —0°Df (A) (o0°Df (M)e™™*
= WE[G (e — 1)]. (3.64)
We thus need to study the tail behaviour of
5 > 92k > 92k 5
El e=0°Df @) Z 7Dkf(A)ke—ktA _ Z FE[DkE[f(A)ke—ﬁ Df(A)e—ktAlD]]. (3.65)
k=11 k=1 &

We will analyse it using a bottom-up approach and start from considering the long time asymptotic of the
conditional expected value E[|D] for one term,

T Bl F(Ake PPN teapy = L f TN f e PO, (ny ek
L(1/1) L(1/t) Jo :
a+ky—1 00 koA
_ ! 1 d) f(i) e’ Df(E)pA(i)e*’\
L(1/t) kJo kt kt
k
~ (D)) n(
_ ka}rh f di Ektw’) ¢! Df(%) A(k;) — AotHkr—lg=A
0 (2) L(1/n(2)
t—00 1 0 Ak T\ F(Oé + k'}/)
= fo dA i ted = e, (3.66)

Now take § > Osuchthat f(\) < I1forall0 < A\ < §and ¢ > Osuchthat L(1/t) > t~'/2for sufficiently
large ¢

DE 2 p pyretmrvenion ¢ D2 pony ey ot (et )
k! L(1/t) k! L(1/t) g
k paty k )
< D_ J f(A)e—tA + k_e—ktrH-’H-l/Ze—kt(‘), (367)
k! L(1/t) k!
where we additionally used the inequality x*¥e=* < k*e*. Now, for the left term above observe that
ta+"’/ 00
Elf(AN)e ] — T(a), 3.68
LD [f(N)e "] (@) (3.68)
soitis bounded with respect to ¢ by some constant, let it be ¢,
0 2kpk oty g2k k
> E 67D t f(A)e ™ < ¢g O7BIDT _ aB[efD]. (3.69)
k=1 k! L(1/1) =K
And for the right term, the Stirling formula shows that
k
%e‘k ~N2mkTV2, k — oo (3.70)
Moreover straightforward calculation yields
ta+’y+1/267kt5 < Czk7a7771/2, (371)

so the whole series behaves like k~1~®~7 and is summable.
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Therefore, we have shown that we can use the dominated convergence theorem with respect to series (3.65)
multiplied by t**7/L(1/t). According to (3.66) the term k = 1 converges to E[D]T'(« + ) and all terms
k > 1decaylike % Only the first term remains in the limit t — oo and
oty X g2k

L(l/t) Z FE[DkE[f(A)ke—ész(A)e—kt/\lD]] H_o)o HZE[D]F(O( + 7) (3.72)
k=1 **

O

Remark. Propositions 10 and 12 above can be generalised by replacing ¢ by g () in the formula for the
covariance, the only requirement is that g (¢) — oo as t — oo. This allows one to consider some more general
types of the dependence, e.g. the power-law t =2 correspondsto A = 2H and g (t) = In(2).

3.3. Diffusing diffusivity

Proposition 13. Let us assume that Y and Z are centred stationary Gaussian processes. Without loss of generality we
assume B[Y?] = B[Z?] = 1. Let X begiven by

(a)
Xi=(0Z: + d)Y,, (3.73)

(b)

X; = olZi|Ys (3.74)

with deterministic o, d > 0. Then the codifference of X is given by elementary formulae, as given at the end of
corresponding derivations in equations (3.78) and (3.82).

Proof. We begin by conditioning over Z;, the averages then become Gaussian averages rescaled by values Z;.
Next we calculate the denominator in the codifference

) ) ) ) 1 d?
E 10X E —i0X,1 — E —0%(cZs+d)* /212 92 . 3.75
Le Jiile ] Le ] 1 + (00)? exp( 1+ (90)2) ( )

The last equality corresponds to calculating a Gaussian integral, which can also be interpreted as a Laplace
transform of the distribution ?(1). The numerator is more complicated,
E[el0(Xci=X)] = F[e~0*(0ZertdP+0Zet dP=2ry () (0Zerrtd) 0Lt ) /2], (3.76)
. . d
The above expectation can be calculated if we decompose [Z;,, Z;] = [Ay + A, A, — A_Jwhere A, A_

are independent Gaussian variables, whose variances can be found tobe E[Af] = (1 + r;(t)) /2. After
substitution the exponent in (3.76) factorises into

E[elf&i=X)] = E[e~ 001 —ry(DAI-200) A~y (1)Ad]
x E[e~(00’(+ry()A2]e=0>A=ry(1)d’, (3.77)

Both obtained terms are Gaussian integrals which can be easily evaluated. Taking both together and calculating
the logarithm we obtain

0 _ (1 - rY(t))z((eo')z + r7(t)) 2 d? . _ 2 L 2
Tx ()= T ry(t))((ﬂo')z n rZ(t))d + T (90)2 (1 ry (1))d* + 02 In(1 + (o))
- ﬁln((l + ((00)* + r2(0))A — iy ()N + ((B0)* — rz(1))(A + rv(D))). (3.78)

For (b) the denominator is simple and yields (1 + (0o)?)~!. The numerator can be expressed as

(0o)?
2

E[elf7 (Yo 1Z1%y] = E[exp(— !+ 73 - 2ry(t)|Z1Z2|))]. (3.79)

Using the formula for the two-dimensional density of [Z ;, Z], the term under the logarithm in the formula for
the codifference can be expressed as an integral over the function
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(0o)* 2 2 1 2 2
Cexp| — z 4+ zy = 2ry(B)|z1z)) |exp| ——————(z{ + z5 — 2rz(H) 712
P( @+ 2z v(D]z122]) [exp 2(1—Tz(t)2)(l 2 z(H)az1)

= Cexp(—szf — sz3 + 28P5gn (120121 221) (3.80)
where
1 + (60)? 1( 1
C:= —_— §i= — (00)2+— >
271 — r5(1)? 2 1 — rz()?

PG IO UTCES 0
- (o) (1 — () +1

(3.81)

The integration over R? of (3.80) can be changed to an integration over R%

o0 o0 2 2
I=2C f dz dz e=s5i—5 Y~ eZpam
0 0

ISV R R
oo o0
= Ef le dzz e_le_ZZZ Z eZ/)ZIZZ
s 0 0 pelppp}
JTC o0
= dz e =Pz erfe (— pz)
S pelpory 0

s p
J1= 1,07 1 + (6o 2 F amn( lpz)

. , (3.82)
T (00)*(1 — rz(1)*) + 1 pE{zp;,/L} 1= p?

Now, the codifferenceis 7% (t) = 6~ 2In1. O

When ry (f) = 0 the above formulae simplify significantly and simple asymptotic can be derived by direct
computation, see equations (2.31) and (2.32). The case 1z (t) = 0 also leads to a simplification and can be
considered in a more general setting.

Proposition 14. IfY, is a stationary Gaussian process, E[Y?] = 1 and for large enough t values D, and D, , , arei.i.d.
and independent of Y , then for X, = /D, Y,
E[\/ﬁe_HZD/Z]Z

0
TXx (t) ~ E[e_ﬂzD/z]z

ry(t), ry(t) — 0, (3.83)

where D has the same distribution as D; or D ;.

Proof. We take ¢ large enough so that we can represent the values of X as X; = \/D; Y;and X, = /D, Y, for
i.i.d. Dy and D,. Usinga conditioning on Dy, D, the codifference can be expressed as

E[e— 0" (Pr+Da2rv (1) /D]Dz)/z]
E[e#*@1+D2/2)

1
&mzﬁm

(3.84)

1 E[e0*@1+D2)/2(elrv(VDiD> _ 1]
1 ¢ +1}.
02 E[679 (D1+Dz)/2]

Now we consider the numerator in the above, divide it by y (¢) and, using dominated convergence as in previous
propositions,

0% DD
E[emun+ag/ze Y“>J€)z—-1]r42:°02E[¢TZTZéWun+p»/q. (3.85)
1y (¢
The result follows. O
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Figure Al. Estimated codifference 7 and covariance r for sample sizes (from left to right) 10%, 10”, and 500.

Appendix. Sample size dependence of codifference and covariance

In supplement to figure 2 we show in figure A1 that even for smaller sample sizes such as 10, 10°, and 500
significant differences between the covariance and codifference of increments are visible.
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