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Statistical 
Properties 

Topology
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Topological constraints produce 
essentially an increase

of the local excluded volume 
interaction 
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Universality
Class

Theoretical
Model

Physical
System

Order
Parameter

d=2 n=1 Ising Model in
two dimen.

Adsorbed Films Surface
Density

n=2 XY Model in
two dimen.

Helium-4 films Amplitude of
superfluid
phase

n=3 Heisenberg
Model in two
dimen.

Magnetization

d>2 n=∞ “Spherical”
Model

None

d=3 n=0 Self-Avoiding
random walk

Conformation of
long polymers

Density of
chain ends

n=1 Ising Model in 3
dimen.

Uniaxial
ferromagnet

Magnetization

Fluid near a
critical point

Density
difference
between
phases

Mixture of
fluids near a
consolute point

Concentration
difference

Alloys near a
order-disorder
transition

Concentration
difference

n=2 XY Model in 3
dimen.

Planar
ferromagnet

Magnetization

Helium-4 near
superfluid
transition

Amplitude of
the superfluid
phase

n=3 Heisenberg
model in 3
dimen.

Isotropic
ferromagnet

Magnetization

d>=4 n=-2 none
n=32 Quantum

chromodynamics
Quarks bound
in protons, etc

Universality and 
Universality Classes: behavior
depends only from d and n

� 

ν =1.00;
ν = 0.75;
ν = 0.588;

� 

ξ = ξoL
ξ = ξoL

0.750

ξ = ξoL
0.588

from  K. Wilson, 1974
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Organization of the DNA
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DNA Model
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DNA in a Thermal Bath

Persistence Length !p!p =
EI

kBT
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DNA is a Self-Avoiding Walk (SAW)

SAW Random Walk (RW)

Good Solvent Conditions
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Deposition of linear and knotted DNA
…on APTES-mica

Buffer Solution

Mica

Buffer Solution

DNA

…from a solution
containing Mg2+ ions

Mica

- - - - - - - - - -

Mg2+ 

Mg2+ 

Mg2+ 
Mg2+ 

Mg2+ 

Mg2+ 

DNA
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Deposition 
APTES                       Mg2+

Trapping

Strong interaction
DNA-surface

Uint>>kBT

Equilibration

Weak interaction DNA-surface
Uint≤kBT
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psh1

1 µm

100 nm

Atomic Force Microscopy
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100 nm

Analyzing DNA
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Statistical properties of DNA
Scaling of the radius of gyration
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Statistical properties of DNA
Scaling of the radius of gyration Scaling of the internal End-to-end distance

Directional correlation
Shape properties: asphericity

〈cos θ(s)〉 = e(−s/2!p)

ν = 1 in 1D
ν = 0.75 in 2D
ν = 0.588 in 3D

A =

〈(
λ1 − λ2

λ1 + λ2

)2
〉

!p = 50 nm Circle A=0

Rod A=1

〈
R2

G

〉
=

1
N

N∑

i=1

(ri − rcm)2 ∼ L2ν SAW

RW
ν = 0.5

〈ξ(s)〉 = sν
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Previous Results on Linear DNA

� 

ξ = ξo
L
lo

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 
ν 1

1+ L
lo

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 
ν 2−ν 1

ξ

L

ν2 = 0.589±0.006

lo = 44±3 nm
ν1 = 1.030±0.017

[Valle, Favre, De Los Rios,
Rosa and Dietler, PRL, 95
158105 (2005)]

Trapping
Strong interaction DNA-surface

Uint>>kBT
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Distribution for a SAW linear DNA

f(ξ) = ξd−1+σe−bξδ
δ =

1
1− ν

= 2.42

δfit = 2.56± 0.72
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Circular DNA in 2D

83 nm
240 nm

940 nm

1540 nm

2000-6000 nm
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DNA Model
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Statistical properties of DNA
Scaling of the radius of gyration
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Statistical properties of DNA
Scaling of the radius of gyration
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Internal End-to-End Distance 
for Circular DNA

〈
r2(s)

〉
∼ s2ν(Lo − s)2ν

s2ν + (Lo − s)2ν

V. Bloomfield & B.H. Zimm,
J. Chem. Phys. 44, 315(1966).
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Rescaled Data
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Statistical properties of DNA
Scaling of the radius of gyration
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Bond Correlation Function
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Statistical properties of DNA
Scaling of the radius of gyration
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Bond Correlation Function of DNA
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Bond Correlation Function
Circular DNA
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The double Helix Determines the Shape of Small 
DNA Circles
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Asphericity

Tij =
1
N

N∑

!=1

(x!i− < xi >)(x!j− < xj >)

R2
G = Tr(T) =

d∑

i=0

λi

Ad =
1

d− 1

∑d
i>j(λi − λj)2

(
∑d

i=1 λi)2

A2 =
(λ2 − λ1)2

(λ1 + λ2)2
A2 =
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(λ2 − λ1)2

(λ1 + λ2)2

〉

Gyration Tensor
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Results for Circular DNA

Theoretical
Values

Ring SAW
0.206

Ring RW
0.279

Bishop 1988

Plasmid mini 1 mini 2 pUC19 pSH1 pBR322

A-value 0.083 0.13 0.28 0.299 0.265

Length (L/l_p) 1.6 4.5 18 40-120 30

Experimental Values
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J.C. Maxwell, W. Thomson (Kelvin) & G. Tait

41



42



Knots

Knots are classified according to the minimal number of crossings
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Cell division
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How does the cell proceed 
to disentangle the DNA strands?

 Topoisomerases
The tailor 
of the cell

La Topoisomerase II

Wang’s lab 1996

45



Knotted DNA: Strong 
Adsorption

100 nm

250 nm

Unknot                           Simple                       Complex

Ercolini et al., PRL, 98, 058102 (2007)
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Katritch et al. ‘Tightness of random knotting’,
PRE (2000) 61,p 5545

 Metzler et al. ‘Equilibrium shape of flat knots’,
 PRL (2002) 88, p188101

Weak Adsorption Of DNA Knots
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Complex Knots are 
Composite?
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Weak Adsorption

250 nm250 nm

          Unknot                          Simple                      Complex

Ercolini et al., PRL, 98, 058102 (2007)
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Localization:
Weak Adsorption ---> 2D

Simple Knots
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Complex Knots
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Complex Knots are 
Composite?
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Chirality Of Knots
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