Stochastic processes: Assignment sheet 3

(1) Derive the backward Fokker-Planck equation

Consider the forward Fokker-Planck equation for a probability density P(x,t|xo, o),
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which corresponds to the stochastic differential equation (see later in the course)

dXt = ,U/<Xt7 t)dt + 2D(Xt, t)th (2)

Show that the backward Fokker-Planck equation then has the form
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For the derivation, employ the two following approaches.

(i) Adjoint-operator method

First define the forward Fokker-Planck operator and its adjoint,

Lo f(2) = — o [ua0)f@)] + 5 [l 05 (2)]. (40)
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Then prove the adjointness relation under the L? inner product
| Wep@vta) e = [ o) (L)), (5)

for smooth and rapidly decaying test functions ¢(x) and ¢ (z).
Conclude that if P(z,t|zo, o) satisfies the forward equation (1) in z, then as a
function of the initial position x it satisfies

a—top(ﬂ?,t|$0,t0) = —L;\_PP(JI,HJI(),T,(]), (6)

where derivatives are taken with respect to xg.
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(i) Direct test-function method

Start from the forward Fokker-Planck equation, multiply both sides by a test function
¥ (x), and integrate over x, holding 7 = t — ¢, fixed.

Then use integration by parts and change of variables to show that the same
backward equation is satisfied, i.e. equation (3).

(2) Analytical solution of the backward Fokker-Planck equation

Consider the backward Fokker-Planck equation with constant coefficients,
2

([L’,t|l’0,t0) = — |i i + Da—:| P(l’,t|l’0,t0), (7)

0
p
dto Hoz, ~ 022

with the final condition
A 2
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First change the time variables to 7 = T — t; and rewrite the equation in terms of
7 such that P(xg, 7) evolves forward in 7 € [0, 7.
Then solve the resulting equation for P(zg, 7) using the Fourier transform method.

(3) Mean first-passage time

Show that the mean-first passage time (1) = [;* tp(t)dt for a Brownian particle in the
interval [—L, L] with absorbing boundaries and starting point x¢ € [—L, L] satisfies the

relation
Lyp(7)(20) = —1, (9)
where )
Lip = u% + D%. (10)

Hint: Use the relation between the survival probability () = [, P(z,t)dz and the
first-passage time density () = —d.7(t)/dt.
Then show that the mth moment of the first-passage time satisfies

(Lfp)™ (™) (wo) = (=1)"T(1 +m). (11)

Compute (7) for the case =0 and D > 0.
Finally solve (1) for the general case u # 0 and D > 0.



