Add Example. X1 and X2 are uncorrelated, but not statistically independent

Exercise. Find elements of the covariance matrix of the bivariate Gaussian distribution

1
p(x,y)= COnSt-expli—E(axz +2b3€y+cy2 )} ,
where ac—5% >0 , a,c>0.

Show that for such distribution the notions of “uncorrelated” and “independent™ are equivalent, _
> 510, Mulhoariate Gawgsianw (Lo + Taaﬁge_ﬁ

6. Addition of stochastic variables

Consider r.v. X and X, —eo< X}, X5 <o, joint PDF pr(x, %)
Y=X1+Xy, py(»)=?

6.1. General case: X, X> are noti.r.v.

x2

— _I}_ <
1 x1
|
Cumulative distribution function:
Y
P =Pr{Y<y}= | py(2)dz =Pr{X,+ Xy <y} = [I palexp)dnas, =
—o0 X|+xp <y
oo y=X
N _[ dx; I dxy pa(x1,%3)
therefore, the PDF
_dP)_ T dy_x‘dx
Py(y)—?—_.[o ' _J;, 2 P2(x,x2)
pyO)= [ palo.y=x) x| . (6.1)
b(x) b(x)
Reminder. %G(J;) S(x,2)dz = f(x, b(x))%—f(x, a(x))%+a('.x)%f(x,z)dz .
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6.2. X7 and Xz are i.r.v.

P21, %2) = py, (%) Py, (x2)

pr(y)= I Px,(x)px,(y—=x1) dxi| (convolution integral) . (6.2)

-_—00

The same via the CF;
Py (k)= <eikY> . <eik(X| +X2)> _ <eikX| ><eik)(2 > 1

Py (k)= py, (K)py, (k)| . (6.3)

Is (6.3) equivalent to (6.2) ? Let us check.

py(k)= J. eikypy ()= .[ % I Px, (% )sz (y—x)dx,dy =# change the order of integration >=

= J' dx eikxlp)(, (x1) _f dy eik('v_x')P)(z G-m)=9{ y-x =x b=

—o0 —oca

o0

= [ dq ™ py (x) [ dvy 2 py, ()= py, (0)py, (K) . OK

—o0 —o00

6.3. Three rules concerning the moments of i.r.v. Xy, Xo, Y = X4 + X,

(i) the means

(1) =(X)+(X2)| . (6:4)
(i)  the variances

0}2/ - 0-/2\’1 +<7)2(2 . (6.5)
(iii)  the CFs

By (k)= py, () px, (k). 6.6)

Remark. (6.4) — (6.6) are also valid for sums withn> 2.

6.4. Instructive example: discrete-time random walk

7. Tranformation of variables

We have r.v. X, PDF px(x), Y=AX), pyy) = ?

Examples :
(i) plotting on a log-scale Y =InX
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£, WM]Q)rwad%@u Of zfaf/'agﬁg
tv. X PDF Py G, Y=£ix), Py () = /
&Gwy%@ r-% = X

o

Yy
FW= [ pr@dz=Pr{V<yl= [ pydc=[ pr®O(y- @) |

= S(x)<y —oo
1, x20
Where ©(x) is the Heaviside step function, ©(x) = g , and M =0(x) .
0, x<0 dx
Then,
dPy T
T =1 0)= | px 8-S 0) | @)
7.2. CF py(k)

b= [ ¥ pydy= [ ¥ | py08(y-f(0)dvdy = | py e Pais .

—oo —00

Pr=rx)(k)= <€W(X)> : (7.2)

7.3. Particular case: single valued f(X)

Y=f(X) = X=7741)
Recall. pydx=Pr{x< X <x+dx}. Then

X2
Prin<X<x}= ij(x)dxz

*1

dr~ )

= { change of variable of integration: N2=r(x32), dx= B

a’y...}=
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»2
- jp (=) =2 Oy oyt =re{m <7 <33} |
Y b
py(y)=px( ="' )) o y(y ) : (7.3)
Remark. Keep this in mind as py (y)dy = py (x)dx, but then py(y)= py (x) ;ﬂ\ .
Y
7.4. Multivalued function f(X)
Y=f(X) , X=¢q@),...0,)
- 19;(»)
pr=2 px(x=0;(») %— (7.4)
Jj=1

Remark. Egs. (7.3) and (7.4) can be obtained from (7.1) by using the properties of 8- function.

7.5. Linear transformation of variables

Y=g +aX , X—LY——

(12 a2
f(X)=a+aX f“(y)=_]_ | 4l
an ap
Use (7.3).
() PDF
1 —
O (x:y alJ ' (1.5)
a ap
(b) CE
py (k)= <eikY> < tk(al+a2X)> ek < ika2X> '
Py (k) =e"™ py (ayk)| . (7.6)

(c) Example
X is a Gaussian r.v. with

1 ¥2 k2
PX(X)=\/EeXp -5 |ree - |

where <X> =0, Var[X]= <X2>—<X>2 =1. Standard normal Gaussian distribution.
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Take aj=p, ay=0, Y=u+0X,then

2 242

1 (v—u) . o%k

= exp| ———— |+~exp| ik ————
pr(») o p[ oo J P(ﬂ > J

where (V)= 1, Var[Y]=<Y2>—<Y)2 =02,

7.6. Multidimensional generalization
X ={x1, X5}
h=7(X.X2) . Xi=q(K.1) , g=4"
L=Ah(XuX) » Xa=p(h1) , =7

Py (722)= Pxyx, (0= 0L (01 22): %2 = 0201, 12))

8((p1,¢2j

(¥, ¥2)

9% 9¢
@)l |
a()’]:yz) %2_ §ﬁ

Y W

where Jacobian =

7.7. Example: Maxwell -> energy distribution

7.7
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