WiSe 2024- 25 S%CLP@: {.
5£QC,7[MQ& =8

Plav . Shock Pro <Part T

I. Randbsi, \/cuiqwtg

1. Pasie ]ah-.'\lwowg ool Iom}oerJve&

2. Cedral Liwct Tleorew,

3 Ae/m-sjrql,& OrOLQ/ﬁ @,? ﬁaos

4 Creveralsned Ce»_'fra@ [t 7‘160,—6“4

:l:f_ S-I-oc_Lw;L'Q Pr‘ouASeS

{,

o Vau KQA»«\:W

Goards wer

. Ca,’oa.cso : Baéc%e,,w SL@L Pro catt e | . )
. %aScLb\aje,Q Stocl. . Processes ,gm,., Ph.a,e t Fuavca

v Pouls Niwtz
' MMEWEQ;QM S+¢L°2’r

. Ak saL:ﬁu



Le‘-JfMQS‘i'Z WiSe 24-24

Stochastic Processes and Statistical Methods

L. STOCHASTIC VARIABLES.
CONTENT

. Basic definitions.

. Averages.

. Characteristic function.

. Canonical probability densities.

. Multivariate distributions.

. Addition of stochastic variables.

. Transformation of variables.

. Central Limit Theorem. A pedestrian approach.

. Stable (o - stable) probability laws. Generalized Central Limit Theorem.
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ABBREVIATIONS

PDF = probability density function

CF = characteristic function

CDF = cumulative distribution function

r.v. = random variable

i.r.v. = independent random variables

iid r.v. = independent identically distributed random variables
CLT = Central Limit Theorem

GCLT = Generalized Central Limit Theorem
lhs = left hand side (of an equation)

rhs = right hand side (of an equation)

NOTATIONS

+ Fourier (Laplace) transform pair
d
X =Y = equality in distribution

NOTATIONS

PDF = probability density function

CF = characteristic function

CDF = cumulative distribution function

r.v. = random variable

i.r.v. = independent random variables

iid r.v. = independent identically distributed random variables
CLT = Central Limit Theorem



1. Basic definitions
1.1 Stochastic variable (random variable, random number)

Definition. A “random number” or “stochastic variable” X is an object defined by
- set of possible values L2 (called “range”, “set of states”, “sample space” or “phase
space™);
- probability distribution over this set;

1.2.  Set£) can be

- discrete (number of particles in a reacting mixture);

- continuous (velocity component of Brownian particle, -oo < V< oo; kinetic energy of
Brownian particle, 0 < E < oo);

- continuous and discrete (energy of electrons in presence of binding states);

- multidimensional; Notation: X .

g8 Probability density function (PDF) (probability distribution)

Notation. px(x) or simply p(x).
Meaning. p(x)dx=Pr{x<X <x+ dx}

Properties.
@ px20
(ii) j p(x)dx =1

Q

1.4. Cumulative distribution function (CDF).

+
X

P(x)=Pr{X <x}= j p(x)ax’ .

Remark: “- oo” at a lower bound with no loss of generality. Suppose a< X <b. Then

p(x) , asx<b

P(¥) = P(x) :{ 0 , otherwise
2.Averages
2.1. Average (expectation value)

r.v. X, function g(X) of the random variable X

<g(X)> . J-g(x)p(x)dx Math notation: E[g(X)] (Expectation value)
Q

2.2. Moments



g0=X",n=01.2,

<X"> - I x" p(x)dx = u,
Q
— first moment (mean, average) <X
2

}
(

—> variance (dispersion) o :<(X X)) > Var[X|= .=y — ¢,

— second moment < > |:X

— standard deviation o .

The second moment characterizes intensity of stochastic process, variance characterizes intensity of

fluctuations. — “e_xt Pqﬁe_ _’D.sre.ssnow
2.3. Chebyshev inequality (important in data analysis)
Pr(lX—,ul’ 2 rO') =7 , ¥ positive constant
oo H—ro i +ro w0

_[ (x— 1) p(x)dx= J + I + I (x—ﬂl)zp(x)dx >

—o0 H—ro [h+ro

,ul -rag o )
> j + _[ (x—14)" p(x)dx ~
—o I +ro

In the last two integrals (x -y )2 > 1252, thus if we replace (x—,ul) — r?0?, then

MH—ro o
o? 222 _[ + J. p(x)dx=r 2 Pr{]x—,u][ = FO'}
~oo Iy +FO
therefore
1
Pr{|X—u|2ro}<—=|  (Chebyshev) Lecture 1
14

Consequences.
- r<1 ftrivial;
- =42 max 50% of the total probability is beyond V2 times standard deviation;
- r=2 max 25% beyond two standard deviations;
- r=3 max 11.(1)% beyond 3 standard deviations;

Equivalentform. 6 = & J

3 Qha cﬂic'tril,u‘{w‘oh bJ-I‘H\ ‘Fiw;‘{'& A Moh?

ag
'E—z (1.2)

Pe{|X ~py| 2 ¢} <

Remark.
() Three-sigma rule of thumb for Gaussian distribution: r =3 = ~ 0.9973.



Digression. R.v. X discrete set {2 = {xl,xz, ---,XN}

pxlx) =7

px(x)=pd (x x1)+p25(x x2)+ +pN5 X— xN ZpZ(S(x X;)
i=1
e Normalization

% N
J px@ds=1 = Y p=1

—0 i=1
» Expectation value
0 N
(x)= I xpy(x)de=> x;p;
— i=

e M trials (probabilistic experiment), M >> 1.
X =x in M, trials,

X =x7 in Mj trials
........................ MI+M2+...+MN=M

ee cxperimental probabilities

M, M., My

Plexp zﬁ: Plexp ®

ee cxperimental mean

1 1
<X>CXp :M{XIMI +...+XNMN} ZMZX[MZ-

ot M >0 = Piexp = Di » <X>exp—><X>

Rack to CﬁeLgsﬂw ’Lueﬁwa\Q;JEa/



3. Characteristic function (CF)

Definition.

(k)= ]o ™ p(x)dx = <eikX> x, ke R

Fourier transform pair (symbol +):

Properties.
) pO)=1.

2) |pk)< |

—00

3) p(-k)=p"(k) .

el ’ p()dx=1.

4) CF as the moment generating function

fa(k)—j e™ p(x)dx = I Z L Z jx"p(x)dx=§
! n=0

—c0 —oon— —ca

k2
=1+ikﬂ1—7ﬂ2 +... .
thus
_1dp(k)
iodk o
2
= LB i)
2 2 2
dk k=0 dk k=0
and so on. The general formula reads
I d"p(k)
a0
5) CEF as generating function for cumulants
Use
In(1 - x)_-Z— , x2<lx=-I

n=l

Let 1—x= p(k) (note property 2 of the CF). Then

. wetor
fa(k)+p(x>=$j wpar . Note /’ref

(ik)"

Ay =

Lecture 1

(1.3)



< (1= pk))”
f’(k)=exp[ﬁz—“——( 1;( ) }

n=l|

On the other hand (see property 4 of the CF)

R = (ik)"
IZGEDY (7?—#,, ;
n=0 '

or
. < (k)"
1= 8L,
n=l1 h
Therefore
n
p(k)=exp _z ;[Z”m_!ﬂm] s
n=1 n=1
or
oo k n
Inpky=3" (’n? X, , (1.4)
n=l1 '

where x,, are called cumulants (compare with (1 .3). From (1.4) one has

n

K, =—
Nkt

(In p(k)) . (1.5)
k=0

Consequences.
K=H,

%=ty = pf = 5
K3 = M3 =31 + 244

Ky = o~ 43ty =343 +12p 08 — 61

Lecture 1

4. Canonical probability densities

4.1, Gaussian PDF (normal PDF) @/ a,rlg]u:& %mm 'H)w. %r%"' 4&30

c
Assume ki, kp #0, k3 =ky =...=0. Then, the CF takes the form Won-tero Cy W“/O’Q"""‘I- >

: . k> . : K,
In p(k) =ik —71(2 , plk)=exp ’kﬂl“z—_d

Making an inverse Fourier transform, one gets the Gaussian PDF



2 2
- k
Gom) “‘)] + g(k;ul,a)=exp[ikm—702] (1.6)

]
gl y,0)= exp| —
H T=2ﬂ'0'2 P[ )

(x=14)?
)

Indeed,

i 20

plspy,0)= [ &* emwdx=<introduce y=

X—p_ _

eik,u 2o

= \/ﬁ _J. exp

00

[—%( y2 =2ikoy —(ko)? + (ko)? )}dy =

3 2,2 1 2
k=0 k“/2 & __(y_;
_el,ll . 2(y lkO') :ewk_o_2k2/2 '

Y

Important in data analysis | The higher cumulants «;, (n = 3,4, ) give the quantitative measures

how an arbitrary distribution deviates from the symmetric Gaussian distribution, x; = 0.

skewness
H3
Ky=—
0.3
- kurtosis
2
K4:ﬂ=ﬂ4‘3ﬂ2 Hq 3
0'4 0'4 0"4
Moments:
d? pk
(x)= <x2>:_ P:(Z) —o? 42
dk 0

1 _lx=4l ei,uk
p(x;,u,b)=5e A f?(k;ﬂ,b)=1Tb'2*];2— (1.7)
\ “Cowe Tk (Ppied o8

My

[ Reasky, Y Rarbsl = LS
/ 3. .
re.a;i&l‘ LkCQALPZi’ : L&F{:okw‘%c O{}S'I‘F.IL'\A—’I\.'O"V
i\ og%d:re,w?— we ‘ Masokukc K=23
. Pﬂa/l‘ kwr‘lic, K<3
\ b olbs woetors
o 2) Rick - cetling iwvestor %0
S whose, teturus !%o@ow &F{

<(. . x4
ﬁ? 4.2, Laplace PDF (double exponential PDF)
\

(qu- 5«
K>@3

Cuh ol l\/\t)vb{.u"%tg

ol/,u,‘-‘ka, C&Q'Jr.
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ik foo . it . iku itk
_e” J‘e(lkb—l)ydy+Ie(—zkb—l)ydy _e { 1. N 1. }: Ll
2 5 3 2 {1—ikb 1+ikb] |+p2k2
- First moment
(x)=19®) _ ,
i dk k=0
- Second moment
2 A
<X2>:——d pgk) =1? +2b%
" k=0
- Variance
2 2 2 2 2
o :<(X—<X>) >:<X )-(x)? <26
Exercise. Skewness and kurtosis.
4.3. Cauchy PDF (Cauchy-Lorentz PDF)
1 b R k—
O >+ Pk u,b) =B
T (x—u) +b
a) Characteristic function,
ok oltk 2 jikby  iuk = ikby

xX—HU
plk; ,U,b)—— —f dr—<y- >= =
I x— )+ ¢ o _Ly2+1 %

Reminder, Residue Theorem.
For k> 0 make a closed contour in the upper half-plane:

BROECEHE

(1.8)



ikbz

—bk
J.—L— dz=2rmi Res{z = z} 2m ne_bk, k>0,
- @+i)(z-1) i

Due to Jordan’s lemma

eikbz ikbz 1
I dz<ﬂ'Rsup > <7ZRsup ~——>0,since R—>o00 ,
arcl+Z arc|l+z arc|l+z R
thus
ibky
e o
—=re | k>0,
S Y+l
and

Pl by = HE=0k 5o

Similarly, for k£ <0 we make a closed contour in the lower half-plane to get

ks by =0k g
and finally '
e _ iptk—=blk| LI-Q"L”’L{SL
plhsu.b)y=e :
o 0 u_,o‘i'blﬂ- W“‘
A N % = 0~ i
<KS> = L%’% ) " (dos S{)
b) moments j" 0 o - P
Put 12 =0 for simplicity 2 0 +§ et = 0<:‘> .t
<X > = S D. \u%w 2
The mean T -0
b

Remark. The Cauchy principal value,



Exercise. Fractional moments for the Cauchy distribution.

4.4 Exponential PDF

Positive r.v. T, PDF pr (1)

a) Laplace transform pair (symbol + for the Laplace transform pair, same as for the Forier transform
pair, tilde ~ to denote Laplace transform)

~ - T _ - 1 )
Pr@+pr(s)=(e”) =BT = [prd + pr©)=5— [ e Br(s)ds
0 Br
Laplace transform is more convenient than Forier transform for positive r.v.

b) Definition. Exponential PDF

Ae M 20

1.9
0 ,1<0 (1.9)

p(t;/l)={

¢) Laplace tranform
A
p(s;A)=—— + p(;4
Bls;d)=—— p(;4)

d) moments

nd" p(s;4)

()= Tt"p(t;/l)dt =(-1)
0



5. Multivariate distributions
5.1. Joint probability density function (PDF, probability distribution)

rv. X ={X},X3,.,X,} on n-dimensional set Qn.

a) meaning
P (X1,%0,500 %, ) ey .,y =
=Pr{x < X| <x)+dy;p < Xy <Xy +dxpsix, S X, <x,+dx,} .
b) non-negativity
Pn(%1,%2500.%,) 20 .

¢) normalization

I Pn (xl,xz,...,xn)dxldxz...dxn =1 .
Q,

ADD Example. Bivariate Gaussian distribution

5.2. Cumulative distribution function
Py (%), %0, %, ) = Pr{—eo < X] S x50 < X5 Sxp3.5—00 < X, < x,,}
Remark. “-oo" with no loss of generality.
5.3. Marginal probability density (probability distribution)

Subset X7, X, ..., X, s<n

Ps (xl’xZ""’xs ) =J.pn (xl""’xs’xs+l5 ""xn)dxsﬂ"'dxn
5.4. Conditional probability density

Fix XX, .
Conditional PDF
Ps|n—s (xl’-"axs |xs+lv"-’xn)
Normalization:
[ Pajnes (B1ses X | Xy oo Xy ) iyl .l =1
5.5. Bayes’ rule

Py (x13x2""’xn ) = Pn—s (xs+1""’xn)ps|n—-s (xl’""xs | xs+]""’xn)

P (x1,%5,.00x
ps|n—s(xl""’xs|xs+l""’xn): n(l - n) . (5.1)
Pn—s (xs+l’-"~xn)

10



5.6. Moments
<X1m1X£"2...X,',"”> J'xllxz2 X" Py (X1 X05 000 Xy )

5.7. Characteristic function

}’\7” (kl’kZ""’kn) = <exp(ik1X1 +ik2X2 +...+iann )> =

J’ kx| +tk2x(2 +L ik xn o (x]’xzs"-axn)

oo X -~ Tt , = 1Y)
_:Zo.;“‘Z(LL:L‘L('L. V:T“M<XMXWI qu.>
.8. Covariance matrix and correlation coefficients

Cy =<(Xi—<Xf>)(Xj ‘<Xj>)>=<Xin>‘<Xf><Xj> :
Diagonal elements : variances, non-diagonal : covariances.
(%X ;)= (X){(x;)
\/(<X,-2>_<X,.>2)(<X3.>_<Xj>2)

Exercise. Prove 1) —1< p; <1;2)if pp =21 = X;=aX;+b, a,b=const.

Pij =

5.9. Statistical independence
Definition. Take » = 2. X and X; are independent random variables (i.r.v.) if

— joint PDF factorizes,

p2(x1:x%2) = p(x1)p(x2)
or equivalently,

— all moments factorize,

(i) = (o o)

— characteristic function factorizes,
Palhiska) = (exp (iky X +iky X)) = (M9 ) (252 ) = i) iky)

or equivalently

Definition. X and X; are uncorrelated if Cy, = 0. Weaker than statistical independence.

MW% LV )( )( ="> Woorr&ea_f{'eot

weo re, X )( 7Z(> aﬁ..)qa irv

11



