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We investigate the application of conformable derivatives to model critical phenomenaynear con-
tinuous phase transition points. By incorporating a deformation parameter into the differential
structure, we derive unified expressions for thermodynamic observables such as heat, capacity, mag-
netisation, susceptibility, and coherence length, each exhibiting a power-law_behaviour near the
critical temperature. The conformable derivative framework naturally embeds scale invariance and
critical slowing down into the dynamics without resorting to fully nonlocal fractional caleulus. Mod-
ified Ginzburg-Landau equations are constructed to model superconducting transitions, leading to
analytical expressions for the order parameter and the London penetration depths”Experimental
data from niobium confirm the model’s applicability, showing excellent fits and eapturing asymmetric
scaling behaviour around the critical point. This work offers a bridge between classical mean-field
theory and generalised scaling frameworks, with implications for beth, theoretical modelling and

experimental analysis.

Keywords: Conformable derivative; Modified
Ginzburg-Landau equation;Critical phenomena; Critical
scaling; Continuous phase transition; Thermodynamic
consistency; Emergent dynamics; Power-law behaviour.

I. INTRODUCTION

Critical phenomena play a central role in the under-
standing of phase transitions, where physical{observables
such as the heat capacity, magnetisation, and suscept-
ibility exhibit a non-analytical behaviour characterised
by power-law divergences near a critical temperature
T. [1-3]. These behaviours are traditionally, described
through scaling hypotheses and renormalisation, group
(RG) analysis, which explain the emergence of univer-
sality across diverse systems. Theserphenomena range
from magnetic materials and superconductors to liquid-
gas transitions and even biological systems|[2, 3]. Near
critical points, physical systems exhibit remarkable scal-
ing behaviour characterised by power-law divergences of
thermodynamic quantities,swith critical exponents that
depend only on fundamental symmetries and spatial di-
mensionality rather than microscopic details [4, 5]. This
universality principle,.established through decades of the-
oretical and experimental work, forms the cornerstone of
the modern theory of critical phenemena.

The mathematical description of critical behaviour has
evolved significantly since the early phenomenological ap-
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proaclies of Landau and Ginzburg [6, 7]. The subsequent
development of Ginzburg-Landau theory, particularly as
systematised by de Gennes [8], provided a robust frame-
work for understanding superconducting phase trans-
itions amndr$ealing behaviour near critical points. The
development of renormalisation group theory by Wilson
and others [4, 9] provided deep insights into the origin of
universality and scaling laws, while field-theoretic meth-
ods enabled precise calculations of critical exponents
[10]. These advances established that critical phenom-
ena emerge from the competition between thermal fluctu-
ations and ordering tendencies, with correlation lengths
diverging as £ ~ |T —T.|™" and other observables follow-
ing characteristic power-laws.

Despite these theoretical successes, many experimental
systems exhibit deviations from ideal critical beha-
viour due to finite-size effects, quenched disorder, non-
equilibrium conditions, and other realistic complications
[11-13]. There remains a need for alternative frameworks
that provide analytical tractability, flexible modelling,
and connections to generalised thermodynamic formal-
isms. This is particularly relevant in systems where mi-
croscopic details are poorly known, long-range interac-
tions are present, or nonlocal and memory effects be-
come significant. Real materials often deviate from ideal
critical behaviour due to quenched disorder, finite-size ef-
fects, and non-equilibrium conditions. These deviations
often manifest as modified scaling laws, anomalous re-
laxation dynamics, and effective critical exponents that
differ from theoretical predictions. Understanding and
modelling such complex critical behaviour remains an
active area of research with important implications for
materials science, statistical physics, and complex sys-
tems.
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In this work, we explore a deformation-based approach
to critical phenomena using conformable derivatives [14—
21], a form of generalised calculus that introduces a de-
formation parameter p into the derivative operator

(1) — 17Mﬁ

DY f(T) =T IT" (1)
This operator naturally yields temperature-dependent
scaling behaviour and introduces power-law features
without requiring full fractional integration or nonlocal
convolution terms. It thus offers an intermediate prac-
tical framework settled between classical and fractional
derivatives; and retains analytical simplicity while cap-
turing essential scaling features.

The conformable derivative framework addresses spe-
cific limitations in existing approaches to critical phe-
nomena. Real materials exhibit: (i) Spatial inhomogen-
eities leading to effective fractal geometries with non-
integer dimensions; (ii) Temporal memory effects from
quenched disorder or slow relaxation processes; and
(iil) Finite-size constraints that modify critical scaling.
Each of these physical mechanisms naturally leads to
temperature-dependent weighting factors of the form
T1—#, providing direct physical justification for defini-
tion (1). Unlike purely phenomenological approaches,
the conformable-derivative framework connects the de-
formation parameter p to measurable physical quantities:
fractal dimensions in porous superconductors, anomalous
diffusion exponents in disordered systems, and finite-size
scaling exponents in thin films.

We note that while Eq. (1) might appear to be meérely
a change of variables T — T’ with a power-law trans-
formation, the physical motivation and mathematical
implementation differ fundamentally from simple res-
caling. Namely, the conformable derivative (1) irtre-
duces a temperature-dependent weighting that reflects a
physical process rather than mathematical convenience.
These process aspects include: (i) anomalous diffusion
and memory effects in disordered systems [22-26], (ii)
finite-size scaling in confined geometries [5, 11,27, and
(iii) non-equilibrium relaxation dynamies near critical-
ity [13, 28, 29]. Unlike a simple coordinate,transforma-
tion, the deformation parameter g emerges from the un-
derlying physics and connects to'measurable quantities
such as fractal dimensions and effective transport expo-
nents. Furthermore, the criticalhexponents derived here
are not invariant under the'transformation because the
physical interpretation changes.. The parameter u cap-
tures deviations from 4amean-field behaviour that would
otherwise require complex renormalisation group calcu-
lations or phenomenological fitting.

Formally, DY f = &"~1df /dTcan be rewritten as
a derivative withirespect t0 T = TTM only if all coeffi-
cients are constant or tgrivial functions of 7”. In our case
this is not true.for two reasons: (i) the kinetic coefficient
I(T) ~ AT = T,|#*xetains its critical singularity under
the transformation, preserving nontrivial scaling; (ii) in
the conformable Ginzburg-Landau (GL) functional, the

2

gradient term acquires a weight 72(!=%) producing a
non-uniform thermal metric, as we will see. After re-
parametrisation, Jacobian factors survive and prevent a
reduction to a standard GL form. Thus the conformable
framework encodes a dynamical and variational structure
that is not removed by a change of variables.

Here and throughout this work, the ‘symbeol "~" de-
notes asymptotic proportionality: for twonquantities A
and B, the relation A ~ B means that their ratio tends
to a finite, non-zero constant as the critical point is ap-
proached,

lim é =C}

Jim 2 0< C <. 2)

In other words, A and B sharethe same leading power-
law behaviour nearfthe singularity, while multiplicative
prefactors may differ. ~

We apply this formalism to describe thermodynamic
observables near eontinueus phase transitions, including
heat capacity, magnetisation, susceptibility, and correl-
ation lengthy, In each case, we derive the critical expo-
nents asfunctions of the deformation parameter and tem-
perature, leading to expressions compatible with known
mean-field results. Furthermore, we extend the method
tossuperconducting phase transitions by constructing a
modified. Ginzburg-Landau (MGL) equation with con-
formable kinetic terms. This allows us to analyse the
temperature dependence of the superconducting order
parameter, London penetration depth, and heat capacity
within the same mathematical framework.

We argue that with this conformable-derivative ap-
proach it is possible to obtain a unified formalism for
deriving all major critical exponents with analytical ex-
pressions that match experimental data with high fidelity.
This formalism thus represents a bridge between classical
mean-field theory and generalised (e.g., Tsallis) statist-
ical mechanics—and also a minimal extension of known
differential equations without resorting to nonlocal frac-
tional operators.

By maintaining dimensional consistency and com-
patibility with equilibrium thermodynamics, the
conformable-derivative framework provides a useful and
versatile tool for exploring critical dynamics in both
classical and quantum systems. The results presented
here demonstrate the capacity of this formalism to
reproduce known scaling laws while offering new insights
into generalised scaling behaviour near criticality.

We derive unified expressions for critical exponents
in terms of conformable parameters that emerge from
these physical mechanisms, demonstrating that the ap-
proach extends rather than contradicts renormalisation
group theory. The formalism is applied to magnetic
phase transitions, superconducting transitions, and other
critical phenomena, with specific predictions for experi-
mental verification.
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II. RATIONALE BEHIND THE
CONFORMABLE DERIVATIVE FORMULATION
AND STATISTICAL-MECHANICAL
INTERPRETATION OF THE CONFORMABLE
INDEX g

Before presenting our results we first provide a physical
rationale for the proposed formulation in terms of con-
formable derivatives, arguing that there is added physical
content.

At a purely formal level, the operator D(T“ ) f(n =
T'=#df /dT defined in Eq. (1) can be mapped onto an
ordinary derivative by the change of variables T — T’ =
T". However, this mathematical equivalence does not
render the conformable framework physically trivial, for
the following reasons:

First, the conformable derivative is not introduced as a
post hoc reparametrisation of solutions, but as a modific-

ation of the gemerator of the dynamics itself. The evolu-

tion equation is written directly in terms of D(T“ ), mean-

ing that scaling is built into the operator level rather
than imposed afterward by a coordinate transformation.
This distinction mirrors well-established cases in phys-
ics where non-linear reparametrisation (e.g., logarithmic
scales in renormalisation-group flows or proper time in
relativistic dynamics) acquire physical meaning once pro-
moted to fundamental variables.

Second, embedding the scaling exponent p into the
differential operator ensures internal consistency agross
thermodynamic relations and dynamical equations, as
also evidenced by the results presented in what follows.
A mere change of variables would rescale a single equa~
tion but would not automatically preserve the structure
of the free-energy functional, along with the fluctuation-
response relations, or scaling links between distinet eb-
servables. In contrast, the conformable formulation
yields a closed and self-consistent framework in which
critical exponents associated with different observables
are systematically related through their respective de-
formation parameters pg. ~

Finally, the conformable approach /confers a direct
physical interpretation to u as an effective coarse-grained
index encoding memory effects, disorder-induced hetero-
geneity, or geometric constraints, as discussed above.
Once fixed by one observableyp u beécomes a measurable
material-dependent parameter whoese value can be tested
against independent prédictions, rather than an arbitrary
coordinate choice. Itsiderivation,as with any generalised
model departing from universal fermulations, needs to be
considered separately for a given system.

For these reasons, while/Eq. (1) admits a formal re-
parametrisation, the conformable derivative in our view
provides a nontrivial and physically motivated extension
of the Ginzburg-Landau dynamics [30], retaining locality
while incorporating anomalous scaling at the level of the
governing operators.

AUTHOR SUBMITTED MANUSCRIPT - JPhysA-123710.R1

Interpretation of the conformable index p

A recurring concern in generalised-calculus approaches
is whether the introduced indices or orders, such as
the fractional-order derivative « or, here, the deforma-
tion index u, represent genuine physical content, bey-
ond serving as a phenomenological fitting exponent. For
fractional-order derivatives used in theformulation of an-
omalous diffusion, the fractional derivative of erder « re-
flects the hydrodynamic limit of a eontinuous-time ran-
dom walk (CTRW) process with scale-freedmmobilisa-
tion time probability density ()~ 771590 < a < 1)
translating into the power-law scaling in time of the
mean-squared displacementy (r?(t)) ~"t* and reflects
the effective memory of the proeess [22-26]. Such wait-
ing time statistics have indeed beemvidentified in various
systems, including protein channel motion in living cell
membranes [31], molecular. diffusion along surfaces such
as silica nanoslits‘or membranes [32, 33|, or internal pro-
tein dynamics [34],afid it has been revealed in the long-
time motion of ehemical tracers in porous rocks [35, 36].
Formulations with such fractional operators are highly
profitablewhen boundary value problems are considered
or to determine, the/motion in the presence of external
force fields 22, 23, 26].

In, the presentywork, the index p is interpreted as an
effective, coarse-grained indexr that summarises (over a
finite experimental window) the dominant mechanisms
that/broaden the spectrum of critical relaxation times
or ["deform" the effective thermodynamic/mesoscopic
metric.< This viewpoint is standard in the statist-
ical physics of complex media: distinct microscopic
sources (quenched disorder, finite size, heterogeneity,
slow modes) often renormalise into a small number of
effective exponents controlling scaling forms near 7T
[11, 12, 22-27]. Accordingly, the role of p is not to
uniquely identify each microscopic ingredient, but to
provide a compact, analytically tractable parametrisa-
tion of their met impact on the observed scaling. Inter
alia, this is relevant for the following contexts:

(i) Broad relaxation spectra and coarse-grained
memory. Near criticality the divergence of the correl-
ation time implies a hierarchy of slow modes and, in
many realistic materials, a broad distribution of relax-
ation times due to heterogeneity or disorder. A standard
statistical-mechanical representation of such dynamics is
provided in terms of a generalised linear response with a
memory kernel,’

% . _/0 K(t—t)X(¢)dt, (3)

whose Laplace-domain solution encodes the long-time
tails and non-Debye relaxation [38]. For power-law ker-

1 In chemical physics, such phenomena are conventionally ex-
pressed in terms of relaxation time spectra, compare [37].
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nels (or equivalently, for broad waiting-time statistics
in CTRWs) one obtains fractional evolution laws and
Mittag—Leffler relaxation patterns [22-26]. The conform-
able operator used here can be viewed as a local coarse-
grained surrogate of such nonlocal descriptions, when the
experimentally resolved window is dominated by a single
effective scaling and one seeks a local differential struc-
ture (avoiding convolution integrals) while retaining the
correct homogeneity. In this sense, i encodes the effect-
ive width of the relaxation spectrum (or, equivalently,
the effective intermittency /subdiffusivity exponent) that
would otherwise be represented by a memory kernel or a
fractional derivative.

(ii) Geometric/mesoscopic heterogeneity and deformed
metrics. Independent of dynamical memory, quenched
spatial heterogeneity (granularity, porous/fractal micro-
structures, percolative pathways) deforms the effective
metric on which coarse-grained fields vary. In such cases,
local derivatives on a deformed (Hausdorfl-type) meas-
ure naturally produce weighted differential operators of
the form z'~#d/dz; the conformable derivative thus
represents a local metric deformation consistent with
fractal-like geometries and scale-dependent transport
[19-21]. This interpretation is particularly relevant for
mesoscopic superconductors and disordered condensed-
matter systems, where the order parameter explores a
structurally heterogeneous environment and the effective
stiffness/gradient contributions acquire scale-dependent
weights.

(ii) Why one p can still represent "many" mechan-
isms (and when it should not). One may argue that
real deviations from ideal criticality may stem from mul-
tiple sources (disorder, finite size, non-equilibrium pro-
tocols). The conformable framework doessmot. claim
that a single universal p resolves these mechanisms in=
dividually. Rather, p is used as an effective erponent
that summaries the dominant renormalised effect in the
regime where a single scaling descriptionnis observed.
Moreover, the manuscript does not restrict thextheory to
one global parameter: different observables may probe
different channels and therefore are allowed to carry dis-
tinct indices pg (as implemented Below forithé observ-
ables Q € {C,|M]|, x,&}), and the parameters may also
be piecewise (above/below T.) when asymmetry is ob-
served in data. This is precisely thesminimal gener-
alisation needed to account forthe fact that disorder
and finite-size effects renormalise static and dynamic re-
sponses differently, while still keeping a closed-form ana-
lytic structure. In that sense the role of the index p is
similar to the role of the anomalous diffusion exponent
« in the mean-squared displacement (r?(t)) ~ t*, whose
physical origin may have various origins [39, 40].

Finally, wedmnote that«the conformable framework
presented here becomes falsifiable (rather than merely
descriptive) because the i are not arbitrary: once calib-
rated for/One observable, cross-observable constraints can
be tested againsghindependent data (see the consistency
relations\derived below). Thus, the conformable index

4

is grounded in standard coarse-graining logic: complex
microscopic physics renormalises into effective scaling in-
dices, and the conformable derivative provides a local
operator that embeds these indices directly into the gov-
erning equations.

Additional remarks on the physical.interpretation of
7

To further clarify the mictoscopic origin of the deform-
ation parameter u, we refer backito systems. in the pres-
ence of quenched disorder, geonietric heterogeneity, or
fractal-like inhomogeneities: In such media, the density
of states and the effective phase-space volume explored
by fluctuations do not follow standard Euclidean scaling.
Instead, transport and relaxation are often governed by
a hierarchy of effective dimensions, notably the fractal
(Hausdorff) dimension dg,the’spectral dimension d,, and
the random-walk dimeénsion d,, [41, 42].

For disordered or fractal/substrates, the mean-squared
displacement typically/8eales as (r?(t)) ~ t*/4v  with
dy > 2, reflecting subdiffusive exploration of configura-
tion space [43]» Concurrently, the return probability and
low-enérgy densityof states are controlled by the spectral
(or fracton) dimension dg, which governs the long-time
decay of correlation functions [41, 44]. In this coarse-

grained. regime, the conformable derivative Déf‘ ) can be

viewed ashalocal operator that effectively encodes these
non-Fuclidean features into the thermal evolution of the
order, parameter.

Within this interpretation, the deformation index u
may be identified, at the level of effective scaling, with
the dominant spectral weight of the environment,

ds dy
e (4)
where the symbol "~" emphasises that this relation is not
universal but represents an asymptotic, coarse-grained
correspondence valid in the long-time or near-critical re-
gime. When p = 1, one recovers the classical Euclidean
bath with d; = 2; when p < 1, the reduced connectiv-
ity of disordered lattices, fractal geometries, or finite-size
constraints effectively "compresses" the accessible phase
space and slows down relaxation.

Although p appears as a single parameter, it plays
a role analogous to the dynamic exponent z in
renormalisation-group theory: it packages complex mi-
croscopic mechanisms into a single measurable scaling
index. Importantly, different observables may probe dis-
tinct relaxation channels and therefore may be associated
with different effective indices g, a possibility explicitly
allowed and exploited in the present framework. Embed-
ding this effective exponent directly into the differential
operator corresponds to a local reparametrisation of the
thermal or temporal coordinate, yielding evolution equa-
tions that remain local while naturally encoding scale
invariance and anomalous critical dynamics [14, 21, 30].

Page 4 of 29
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We emphasise that the physical origin of conformable
derivatives is treated in detail in the previous work [30].
There, conformable dynamics are derived from micro-
scopic considerations including quenched disorder, het-
erogeneous relaxation spectra, coarse-grained memory
kernels, and effective metric deformations induced by
structural complexity. The present manuscript builds
on that foundation and focuses specifically on the im-
plications of such conformable operators for Ginzburg—
Landau critical dynamics, along with clear justifications
from experimental data, rather than repeating the full
microscopic derivation.

III. CRITICAL DYNAMICS, RELAXATION
FORMS, AND ERGODICITY

Dynamic scaling and critical slowing down. Near the
critical temperature T, the characteristic relaxation time
diverges as as the correlation length £ ~ |T'— T,|™" in-
creases [2, 3, 45]

T~ T =T, ()

with the dynamic exponent z and the correlation-length
exponent v. Time-dependent correlations obey the scal-
ing form

Ca(t;T) = (A()A(0)) =t /2 F (i) . (6)

where A\¢ is a (model-dependent) autocorrelation éxpo-
nent and F(z) is a universal scaling function. Far from
criticality (¢ < 7) one typically observes an exponential
decay; at T ~ T, (T — 00) power-law tails dominate:

Ca(t) x t™2¢/* (T =T.). (7)

Typical relazation functions. Depending on whether
the system falls into Model A or Model By asidefined by
Hohenberg and Halperin [46], and on pgssible disorder or
heterogeneity, the following forms are typically obtained:

(i) Exponential: ¢(t) ~ e */7, away fr&l T.;

(ii) Stretched exponential (KWW): ¢(t) ~
exp(—[t/7]PxWW) (0 LBkww <iBsheterogeneous
or glassy systems;

(iii) Power law: ¢(t) & ¢ P (at or near T,.), critical
slowing down;

(iv) Mittag—Leffler (fractional/conformable) [47]:
o(t) ~ E, (£[t/7)#) (00< < 1), broad distribu-
tions of time scales.

Here, the oneé-parameter Mittag-Leffler function, defined

as [47]
QL) -Trte ©

k=0
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admits well-defined series expansions for small and large
arguments. For small argument, (¢/7)" < 1, one obtains

(1) - -t ()
*rara (5) (). 0

Thus, at short times the Mittag-Leffler relaxation dy-
namics coincides with the stretched exponential form [48]

E £ e ! Al t K
- |- ~exp| —=——=— T
K T P INCERR ’ ’
(10)
showing explicitly the linkibetween fractional or conform-
able relaxation and heterogeneous KWW-kinetics.

For large arguments & > 1, the expansion and asymp-
totic form are

o () A S
xl“(ll—,u)’ x — o0, (11)

whichl corresponds to the slow algebraic decay character-
istie of critical slowing down.

These expansions show how a single function interpol-
ates between stretched exponential behaviour at short
times and a power-law decay at long times.

Ergodicity Considerations. Near critical points, sev-
eral ergodicity-related issues arise:

(i), Ergodicity breaking timescale: The system may
appear non-ergodic on experimental timescales as
7 diverges when approaching T'c;

(ii) Critical slowing down: The diverging relaxation
time means the system takes increasingly long to
explore phase space, leading to practical ergodicity
breaking;

(iii) Finite-size effects: In finite systems, true ergodi-
city is maintained but at timescales Terg ~ L7,
where L is the system size.

The connection to conformable framework can be seen
from observing how the conformable derivative naturally

captures anomalous relaxation. The modified time de-

rivative Dt(“ ) effectively introduces a time-dependent re-

laxation kernel. This could model subdiffusive dynamics
in the above sense.

At thermal equilibrium near a continuous transition,
the dynamics are (asymptotically) ergodic in finite sys-
tems; criticality does not by itself break ergodicity, but
the divergent timescale 7 makes mixing arbitrarily slow
("critical slowing down"). Non-ergodicity (or weak er-
godicity breaking [49, 50]) arises when additional in-
gredients are present: quenched disorder /spin-glass phys-
ics, comstraints, or genuine non-equilibrium protocols
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(quenches) that produce ageing, where two-time correla-
tions C(t,t,,) lose time-translational invariance [49, 51].
In our conformable setting, ©# < 1 encodes such slow,
broad-spectrum kinetics; equilibrium ergodicity is re-
tained, but relaxation becomes non-Debye and may dis-
play ageing under driven or quenched conditions. Prac-
tically, this means that time-averages converge to en-
semble averages, yet on time scales that diverge as 7 ~
|T — T.|~*¥.

It is also important to note that critical exponents ad-
mit complementary geometrical interpretations in terms
of emergent fractal structures and fractional-Laplacian
formulations at criticality, see, e.g., [52-55]; the relation
of the present conformable thermal deformation to these
spatial-geometric viewpoints is discussed below.

IV. CRITICAL SCALING AND
CONFORMABLE DERIVATIVES IN PHYSICAL
SYSTEMS

Near critical points, physical systems exhibit a critical
slowing down, where the relaxation time 7 diverges as
the correlation length & ~ |T'— T,.| ™" increases. This be-
haviour is characterised by the dynamic scaling law (5).
Observable thermodynamic quantities exhibit a charac-
teristic power-law behaviour in the vicinity of continuous
(second-order) phase transitions. Specifically, the heat
capacity diverges as

C(T) ~ T, — 7|, (12)

where « is the critical exponent associated with the spe-
cific heat. The spontaneous magnetisation follows the
relation

\M(T)| ~ (T. — T)?, for T < T, (13)

where 5 denotes the critical exponent for the order para-
meter. Moreover, the magnetic susceptibility diverges ac-
cording to

X(T) ~ T, — T| Zsm (14)

where ~ is the critical exponent| characterising the di-
vergence of the susceptibility. /;The exponents «, 3, and
~ define the universal scaling behaviour near the crit-
ical point and are largely independent of the microscopic
details of the system. Wewill shew that this scaling nat-
urally introduces temperature-weighted derivatives that
match the scaling behaviour of critical observables. This
property embeds seale invariance directly into the dif-
ferential structure/of the equations, enabling straightfor-
ward generation of power-law solutions.

The kineticicoefficient-I'(7) plays a central role in
the time-dependent relaxation dynamics of systems near
criticality. It essentially measures how rapidly a sys-
tem returns to equilibrium after a small perturbation.
Physically, it serves as a mobility-like parameter, often
appearing in the Langevin equation or time-dependent

6

Ginzburg—Landau models as a prefactor to the functional
derivative of the free energy [13, 45, 56, 57]. Since the
kinetic coefficient T'(T") is inversely proportional to the
relaxation time, it inherits the corresponding divergence

I(T) ~ |T, — T|. (15)

This reflects the critical slowing downwef the,dynam-
ics near T.: the relaxation time diverges, and the kin-
etic response I'(T") vanishes. Infoverdamped systems,
this corresponds to a loss{of mobility;, where the sys-
tem becomes increasingly inett,to perturbations near
the critical point. Far from(7., the relaxation dynam-
ics is approximately expomential, ¢(f)i~ e~*/7, but as
criticality is approached, 7 =% oo, and the relaxation
crosses over to stretchéd-exponential [58] or power-law
forms, characteristic of critical slowing down [2, 3, 13, 29].
That is, at or nearseriticality, the relaxation dynam-
ics is no longer exponential—instead, it becomes power-
law, Mittag-Lefller orstretched-exponential [58] (depend-
ing on the madel), reflecting critical slowing down and
the emergence of long-time tails or non-Markovian beha-
viour.

This work addresses the fundamental question of how
conformable derivatives emerge naturally in critical phe-
nomena while offering genuine physical insights beyond
classical mean-field theory. We establish rigorous con-
néctions between the conformable derivative formalism
and éstablished physical mechanisms. First, we demon-
strate how anomalous relaxation dynamics near the crit-
ical temperature T'c give rise to conformable structures
in the adiabatic limit. Second, we show that finite-size
effects and boundary constraints lead to temperature-
dependent prefactors consistent with the conformable
framework. Third, we connect the presence of quenched
disorder and spatial inhomogeneities to the emergence of
modified scaling laws captured effectively by conformable
derivatives. Finally, we relate the conformable exponent
to the underlying fractal geometry, interpreting it as an
effective dimension governing critical fluctuations.

Remark on the use of critical scaling forms

When expressing the power-law behaviour near the
critical temperature T, the choice of expression depends
on the temperature regime. For temperatures below the
critical point (7' < T,.), one uses (T, —T)?, as this quant-
ity remains positive and correctly describes observables
such as the order parameter (e.g., magnetisation or su-
perconducting gap), which typically grow as T' decreases
below T.. For temperatures above the critical point
(T > T.), the appropriate form is (7" — T,)?, which ap-
plies to quantities that diverge as the system approaches
T, from above, such as the heat capacity or magnetic sus-
ceptibility. When a symmetric form is desired, valid on
both sides of the transition, a common convention is to
use the absolute value |T'—T,|?, which appears frequently
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in generalised scaling laws and in the unified description
of critical divergences.

Conformable derivatives: Bridging classical,
geometric, and fractional perspectives

As we will show, the conformable derivative provides
a powerful intermediary between classical differential op-
erators and fully nonlocal fractional derivatives. While
fractional calculus introduces long-range memory and
non-locality [22, 23, 59, 60], it is often analytically cum-
bersome and dimensionally ambiguous. The conformable
derivative (1) offers a tractable alternative. For p =1, it
reduces to the classical derivative, while for u < 1, it cap-
tures essential features of fractional scaling, such as sub-
diffusion, intermittency, and fractal geometry, without
requiring nonlocal integration kernels [21, 61].

This makes the conformable framework especially suit-
able for systems exhibiting complex thermodynamic be-
haviours, including those described by generalised stat-
istics (e.g., Tsallis entropy) [14, 30, 58, 62, 63]. Crucially,
from a dimensional standpoint, the conformable derivat-
ive maintains physical unit consistency,

(1) _ A

and all critical exponents derived from it (e.g., a, 3) re-
main dimensionless. Modified Ginzburg-Landau equa-
tions incorporating conformable terms remain compat-
ible with thermodynamic scaling laws and unit balance;
confirming both mathematical consistency and physical
viability [30].

Beyond this formal consistency, the conformable deriv-

ative admits a compelling geometric interpretation. The

operator DE,H ) effectively acts as a local deformation. of

the underlying thermodynamic geometry, modifying the
metric structure that connects internal energy, entropy,
and temperature. In this interpretation wariations in the
conformable index p alter the curvature of the thermo-
dynamic manifold, introducing a temperature-weighted
directional response that encodes(local nenequilibrium
effects. This approach resonates with/the framework of
geometrical thermodynamics and the Quantitative Geo-
metrical Thermodynamics (QGT) formalism, in which
the state space of thermodynamie, variables is endowed
with a Riemannian metri¢ reflecting energy—entropy con-
jugacy and fluctuation geometry [64]. This quantity can
be viewed as a curvature in the space of thermal states,
analogous to how spacetime curvature in general relativ-
ity modifies geodesics. /£ Here, the, thermal evolution is
bent by the conformable weighting, making the system’s
response scale<Sensitives,This captures phenomena such
as anomalous diffusion$ divergence of correlation length,
or emergent power-law scaling near criticality.
Importantly, the framework retains analytical tractab-
ility. Unlike renormalisation group treatments, conform-
able models yield closed-form or semi-analytic expres-

AUTHOR SUBMITTED MANUSCRIPT - JPhysA-123710.R1

sions for key observables such as the order parameter
¥(T), London penetration depth Ap(7T'), and heat capa-
city C(T), as shown below. These expressions are not
only dimensionally coherent but also directly fit experi-
mental data. In particular, fits to superconducting phase
transitions recover expected mean-field €xponents such as
B ~ 1/2, thereby validating the model’sempirical utility.

In summary, the conformable derivative, offers a/phys-
ically motivated, analytically manageable, and geomet-
rically meaningful framework for modelling critical phe-
nomena. It seamlessly bridges classical dynamics, geo-
metric deformation, and fractional scaling, making it
a promising tool for exploring universality, non-locality,
and thermodynamic complexity in condensed matter sys-
tems and beyond.

To explore how deformed calculus affects the thermo-
dynamic behaviour near criticality, we now introduce the
conformable derivative framework and show how it mod-
ifies standard scaling relations.

A. Geometrical'and fractional-Laplacian
perspectives: linking v, Fisher’s n, and fractal
dimensions

The correlation length exponent v and the associated
scalingof the two-point function have a well-established
foundation,in the Euclidean field theory-framework ini-
tiated bynFisher [65]. In that setting, the critical cor-
reldtion function adopts the form G(r) ~ r=(4=2+1) a¢
T =T, ,swhere 7 is the Fisher exponent capturing anom-
alous scaling beyond mean-field theory.

A complementary and increasingly influential view-
point interprets critical exponents through the geometry
of emergent fractal structures at criticality, including per-
colation/cluster formulations [52, 53]. In this direction,
recent work based on a fractional Laplacian of Riesz form
has provided an explicit bridge between the Fisher ex-
ponent 1 and a correlation fractal dimension associated
with a fractal subspace, on which critical correlations ef-
fectively exist [54, 55]. In particular, the critical cor-
relator can be formulated via a fractional Poisson-type
equation of the form

(=V?)°G(r) = 5= (r), (17)

where dg is a Riesz (fractional) dimension associated
with the fractional order ¢ [55]. Comparison with the
scaling form of G(r) yields the exact relation

n=d-dp=1-C (18)

and, equivalently, the geometrical interpretation n = d —
dy in terms of a correlation fractal dimension dy [54].
While the present manuscript primarily deforms the
thermal /relazational operator, through a conformable de-
rivative, rather than the spatial Laplacian, these two
viewpoints can be related at the level of scaling con-
straints. Specifically, once the conformable framework
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yields effective exponents v and v for a given sys-
tem/observable, one may infer the Fisher exponent
through the standard scaling relation

y=@-ny = n=2-1, (19)
and thereby obtain an effective geometric dimension
dr =d —n (or df = d —mn) in the sense of Refs. [54, 55|.
This provides a concrete bridge between conformable
thermal deformations and fractional-geometric interpret-
ations of criticality: the conformable parameters en-
code effective scaling in experimentally accessible re-
gimes, while the inferred parameter n may be interpreted
in terms of the emergent fractal correlation subspace.

At the same time, we stress an important limita-
tion: the conformable approach developed here does
not claim to replace the explicit fractional-Laplacian
construction nor to uniquely resolve the multiple dis-
tinct fractal dimensions identified in cluster/percolation
formulations [52, 53]. Rather, it provides a local
and analytically tractable effective description of scal-
ing in thermal/relaxational space. Establishing a first-
principles mapping between conformable indices and the
set of geometric fractal dimensions (including Riesz-type
dimensions) is an interesting direction for future work,
and the relations above show precisely how such a pro-
gram may be operationally implemented.

B. Fractal clusters, correlation geometry, and the
physical meaning of p

At a continuous phase transition, critical fluctuations
organise into self-similar clusters whose geometry departs
from the embedding Euclidean space. Early work:by Su-
zuki [52] and Coniglio [53] demonstrated that the crit-
ical clusters of Ising- and Potts-type models possess a
non-integer fractal dimension that is directly linked to
standard critical exponents. In this geometric picture,
scaling laws emerge as a consequence of the restricted
connectivity and reduced effective phase space available
to fluctuations at criticality.

Within the present conformablé frankwork, the de-
formation parameter y admits a natural interpretation in
this context. Rather than representing a fundamental mi-
croscopic constant, u acts as an effective coarse-grained
index encoding the degree of phase-space constriction in-
duced by disorder, finite-size effects, or heterogeneous
microstructures. This interpretation is consistent with
recent developments emphasising /that equilibrium crit-
ical dynamics effectively eveolveson a fractal subspace of
the full configuration space [54, 55].

From this perspective, the conformable derivative may
be viewed asda localvand analytically tractable way
of incorporating the dominant consequences of fractal
cluster geometry into the governing dynamical equations,
without dntroducing-explicitly nonlocal kernels. While
the present appreach does not aim to resolve the full hier-
archy of distinct fractal dimensions identified in cluster
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and percolation formulations, it provides an effective de-
scription of scaling behaviour in experimentally access-
ible regimes, fully consistent with renormalisation-group
expectations and geometrical interpretations of critical
phenomena.

V. CRITICAL EXPONENTS, AND
THERMODYNAMIC QUANTITIES

In this section, we derive the scaling behayiour of key
thermodynamic quantities near the critical'temperature
T, using the conformable derivative framework.»This ap-
proach yields expressions dor. the critical exponents «,
B, 7, and v, which characterise,the singular behaviour
of heat capacity, magnetisation, magnetic susceptibility,
and correlation length, respectively.

We begin by applying this operator to each observable
and derive the corresponding critical exponent in terms
of the deformation, parameter ;1 and characteristic coef-
ficients. These expressions will form the foundation for
the quantitative modelling of critical behaviour in later
sections.

A. | Phenomenological origin of the conformable
critical equation: Heat capacity

To model%ower—law divergences near critical points, it
is common to describe thermodynamic observables such
as suseeptibility or concentration fluctuations with first-
order differential equations, whose solutions yield singu-
larities at the critical temperature T,.. In the classical
framework, such a behaviour can be captured by equa-
tions of the form [1, 2, 66]

dC o
aT —WC(T% (20)

which yields the well-known scaling law
C(T)~|T.—T|™“. (21)

To incorporate generalised dynamics, such as memory
effects, anomalous relaxation, or scaling violations asso-
ciated with nonextensive systems, we replace the clas-
sical derivative with the conformable derivative of order
pe € (0,1], defined as

(l»‘«C') R 1—pc df
D f(T) =T I (22)
This local deformation introduces intrinsic scaling into
the dynamics while preserving analytic solvability.

The connection between temperature-dependent scal-
ing and dynamics arises from the fact that, near a critical
point, the control parameter T'—T, governs not only equi-
librium singularities but also the time-dependent relaxa-
tion of fluctuations. In the framework of dynamic critical
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phenomena [2, 46], the order-parameter correlation func-
tion ¢(t) typically satisfies relaxation-type equations of
the form

dp
& — —r(mye(e), (23)

where the kinetic coefficient T'(T") ~ (T, — T')¥* vanishes
at T,, producing a critical slowing down. By analogy, the
conformable derivative equation

~ kC(T)
T.—T

DYIe(T) = (24)

introduces an intrinsic scaling between the thermal con-
trol parameter T and the effective relaxation dynamics
encoded in the fractional exponent pc. This formal cor-
respondence establishes T' as a surrogate evolution vari-
able that parameterises the deformation of thermody-
namic trajectories as the system approaches the critical
manifold. Consequently, the conformable formalism em-
beds the divergence of C'(T") within a generalised dynamic
framework that preserves analytic solvability while re-
flecting critical slowing-down behaviour.

We thus propose the following phenomenological equa-
tion for the specific heat,

kC(T)

D) = — 2=,

(25)
where k is a dimensionless constant governing the
strength of the singularity. Inserting the definitions(1)
of the conformable derivative, relation (25) becomes

e dC __KO(T)

dT ~ T.-T°

(26)

Division by C(T') on both sides and integration yields

1 do(T) . TheR
/m o dT——n/TC_TdT. (27)

Near the critical point, T' ~ T,., we make the approxim-
ation THe—1 ~ Tre~1 (valid for | Tuflp<c1). The
integral can then be taken in the sense

c . —T
InC(T) —kTHE (T =T + const
C(T) = B|T.—T|™ ha=~rTF"1  (28)

where the integration domain'is<[Ty, T] with the reference
temperature T; chosen gufficiently, far from 7, such that
the approximation holds.

This formulation provides a conformable generalisation
of classical dritical scaling laws, embedding the power-
law divergence, directly into the modified dynamics. It
is particularly suitable for systems exhibiting anomal-
ous thermodynamic behaviour, nonlocality, or deviations
from classical universality classes.
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Collecting the above results, we find the explicit critical
form

B

Cv(T) = T, — T

(29)
of the heat capacity near the second-order phase trans-
ition, where B is a positive constant amplitude.

The empirical data from physical systems such as
niobium often exhibit asymmetric  critical behaviour,
where the divergence of Cy  is different below and above
the critical temperature. “This asymmetry<arises from
distinct microscopic mechanismsin the ordered (super-
conducting) and disordered (normal) phases, and is sup-
ported by both theoretical‘/models and experimental heat
capacity curves [3]. To.acecountifor this asymmetry, we
adopt the piecewise power-law model

c ( Bl(Tc — T)—Oq’ T < Tc (30)
VYR BT T) 2, TS T,

for the heat capaecity, wheére By, By, a1, and ao are fit-
ting parameters. As we demonstrate below, the piecewise
expression (80) provides a better fit to real data than a
symmetrie, model, yet it remains analytically tractable
within the eonformable framework.

Moreover, for eomputational purposes, to avoid a di-
vergenceexactly at T' = T, we introduce a regularisation

parameter e’> 0, resulting in the "smoothed" model

Bi(|T. —T| + ¢, T<T,

CI8(T) = 31
gD {BQ(|TC—T|+6)—%, T>T, 3D

In what follows, the symbol T, denotes the critical tem-
perature associated with the specific phenomenon under
consideration. Although its numerical value may differ
from one case to another, we retain the same notation 7T,
throughout this work for clarity and to avoid introducing
additional symbols.

B. Magnetisation

We now proceed with the analysis of the magnetisation
in terms of the deformed operator. We start with the
critical form of the magnetisation,

|M| ~ (T. = T)". (32)

Application of the concrete form DY f(T) =
T=mydf(T)/dT of the conformable derivative yields

v| M|

T (33)

D;NM) |M| —
The resulting differential expression can then be written
as

d|M‘ B ryT:U‘JM_l
M| T.-T

dT. (34)
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Again, we integrate both sides. The left-hand side
yields

d|M|
—— = In|M]| + const. (35)
|M]|

For the right-hand side, we consider the behaviour close
to the critical temperature, T — 7. Assuming that
T#v=1 varies slowly as compared to the divergence at
T =T,, we approximate

TltM—l ~ TéLM_l. (36)

Hence, the integral over the right hand side of expression
(34) becomes

T —1
/ it T

T.—T
dT
~ TMM*l
’y (& /TC _ T
~ —yTHF (T, — T). (37)

Substituting back, we obtain
In|M| ~ —yT# 1 n(T, — T), (38)
witch leads to
M|~ (T, =TT (39)

Identifying the standard critical scaling form | M| ~ (Te—
T)?, we then obtain the exponent

B =Tt (40)

This expression relates the critical exponenth S to
the temperature-scaling exponent pj; and the kinetic
prefactor -y, providing a natural thermodynamic link
between dynamic behaviour and critical ordering.

C. Magnetic susceptibili»Qr

Also the magnetic susceptibility diverges at criticality,
X(T) ~ [T =] (41)

This power-law has been treated, in both classical and
generalised frameworksn[62, 67]. Following the same ap-
proach as used for the caleulation of the heat capacity and
magnetisation, we avrite the deformed differential equa-
tion for the magnetic susceptibility,as

(T
T.— 1T’

DYIN(T) = (42)

from which we find-the related exponent 7 in the form

v = AT/ (43)

10
D. Correlation length
The correlation length diverges as
§(T) ~|Te =T (44)

Following our approach, we can cast {(T) in'the form

(pe) _ P&(T)
DYIE(T) - - Lt (45)
leading to the relation for v,
V:pTC’LE_l. (46)

This behaviour is central to the renormalisation group
picture of criticality [2]sand conmects to the scaling ap-
proaches pioneered by de Genues [68] in various critical
systems. o

E. ,Unified treatment of thermodynamic
observables

Following theunethodology established for the heat ca-
pacity, we apply the conformable framework to other crit-
ical observables. Each quantity Q(T") satisfies a deformed
differential équation,

) oy — _2e@(T)

D T)=—-——"—"—=— 4
Q) = -S40, (47)
leading to the critical scaling Q(T") ~ |T' — T.|~¢@ with
parameter eg = ATt @~!. For the magnetic observables,
this implies that

Magnetisation: =T ~1 (48)
Susceptibility: v = A\T#x~! (49)
Correlation length: v = pT/¢ ™! (50)

This unified approach eliminates the need for separate
phenomenological models while maintaining physical in-
terpretability through the connection between the para-
meter g and the underlying transport or geometric
properties.

VI. UNIFIED FRAMEWORK AND
THEORETICAL IMPLICATIONS

Building on the conformable formalism, we now derive
modified evolution equations for thermodynamic observ-
ables and extract analytic expressions for the associated
critical exponents. The use of conformable derivatives to
model critical phenomena offers the following theoretical
and practical advantages.

Page 10 of 29



Page 11 of 29

oNOYTULT D WN =

A. Unified treatment of critical exponents

The model provides a single formalism for expressing
all major critical exponents,

_ pe—1 _ par—1
a = HTCC ’ 6 - ’chM ’

'y:)\ch;X_l, l/:pTCM;_l, (51)

where we introduced a distinct notation for the critical
temperature related to each physical quantity. The ap-
proach used here avoids the need for distinct phenomeno-
logical models for each observable, offering a unified per-
spective grounded in deformed calculus.

B. Unified thermodynamic framework

The wuse of deformed or conformable derivatives
provides a natural bridge between classical critical phe-
nomena and generalised thermodynamics, particularly
within the framework of nonextensive statistics [14, 62,
69]. By incorporating a temperature-dependent scaling,
long-range correlations, memory effects, and fractal-like
structures, such formulations reproduce anomalous re-
laxation and power-law distributions that extend bey-
ond the scope of traditional universality classes. The
suitability of conformable and g-deformed descriptions
for systems exhibiting power-law statistics follows from
the local scaling properties embedded in their differential
operators. When observables obey relations of the type
O(\x) = A\"O(z), the conformable derivative D) f(z) =
x!17# f/(x) naturally preserves this homogeneity, since its
action rescales as DWW [f(Ax)] = MDW f(Az). This
property makes it intrinsically compatible #vith. scale-
invariant or fractal-like processes, where fractional expo-
nents reflect the underlying self-similarity. Furthermere,
the conformable operator retains localitynin its definition;
avoiding the integral memory kernels typicabof fractional
calculus, while still capturing effective memoryrand het-
erogeneity through the scaling index u. Consequently,
once the statistical behaviour of a syst@ is known to
follow a power law—for examplef p(z) & @T or cor-
relation functions (A(0)A(t)) ~ [ 7-“the {conformable
framework provides a compact sanalytically/tractable de-
scription in which the deformation parameter encodes the
same scaling exponents that govern the system’s crit-
ical or nonextensive dynamies.»Importantly, these ap-
proaches are not intended to replace the renormalisation-
group (RG) formalism-—~which remains the fundamental
tool for identifyingsfixed points”and coupling-constant
flows—Dbut rather to complenzent it. Once the underlying
system is known to exhibit power-law statistics or scale-
invariant fluctuations, eenformable and ¢-deformed for-
mulations offer a thermodynamically consistent and ana-
lytically transparent representation of the emergent scal-
ing behaviour, ‘embedding memory, self-similarity, and
heterogeneity inte a unified theoretical framework. A
major advantage of this approach is its analytic tractab-
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ility. In contrast to RG techniques, which often require
complex iterative procedures, the present model leads to
closed-form expressions for critical behaviour. The res-
ulting differential equations are easily solvable and lend
themselves to direct comparison with experimental data,
making the method valuable for both4héorists and ex-
perimentalists.

Moreover, the conformable or scale-deformed /deriv-
atives employed in the formulation/naturally, introduce
power-law solutions. This mirrors the observed scal-
ing of physical observablesdiear the critical témperature
T., where critical exponents emerge from the underlying
structure of the modified dynamics rather than'requiring
external assumptions.

Unlike RG methods, this'model yields closed-form
solutions and is analytically manageable. The involved
equations can be solved directly or fitted to data without
computational overhead, making it practical for both the-
orists and experimentalistss

To benchmark the€onformable model, we compare its
predictions tof¢lassical mean-field theory below and in-
vestigate its behaviour/in the limiting case where the de-
formation/vanishes.

C. . Practical advantages over standard approaches

The ‘conformable derivative framework offers several
congrete advantages over more conventional scaling ana-
lysis and fractional calculus approaches. These are:

Combputational Efficiency: Unlike fractional deriv-
atives requiring convolution integrals, conformable de-
rivatives yield algebraic expressions amenable to stand-
ard fitting procedures. Computing time scales as O(N)
rather than O(N?) for fractional methods (compare
[21, 61, 70]). This simplification has made conformable
formulations particularly useful in numerical modelling
of anomalous diffusion and relaxation, where fractional
kernels are computationally costly.

Parameter Interpretability: The deformation
parameter p directly relates to intrinsic physical prop-
erties. For instance, i = 1—dy/d, where dy is the fractal
(Hausdorff) dimension and d the embedding dimension,
providing a geometric measure of deviation from extens-
ivity and an immediate physical interpretation unavail-
able in phenomenological scaling fits [14, 30, 70]. This
correspondence links conformable dynamics with fractal
metrics and nonextensive thermodynamics, yielding a
consistent dimensional interpretation of .

Predictive Power: Once calibrated on one ob-
servable (e.g., the heat capacity), the framework pre-
dicts scaling behaviour for related quantities (penetra-
tion depth, coherence length) without additional fitting.
Standard power-law fits treat each observable independ-
ently.

Unified Analysis: The approach naturally handles
asymmetric scaling above and below T through different
1 values, capturing microscopic asymmetries that pure
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mean-field theory cannot address.

VII. MODIFIED GINZBURG-LANDAU
EQUATION

Before deriving the Ginzburg-Landau (GL) equation
with a conformable derivative and a nonlinear interac-
tion term, we first recall the conventional GL-theory. As
treated by de Gennes [8], the free energy functional in a
d-dimensional space reads

#ol = [ [amtw? + Jroeit+ o v at

(52)
This classical GL-theory describes the thermodynamic
behaviour of a complex order parameter 1 (r) near the
critical temperature T,. The GL free energy functional
(52) further involves the temperature-dependent coeffi-
cient

a(T) = ao(T. = T) (53)

with ag > 0, the stabilising coefficient b > 0 ensuring the
boundedness of the free energy, and the generalised mass
(or stiffness parameter) m.

To determine the equilibrium configuration, we min-
imise F[¢] with respect to ¢*(r), i.e., % = 0, which
leads us to the Euler—Lagrange equation

a(T)y(r) + bl (r)*¥(r) — %qu/;(r) =0 ((54)

This nonlinear partial differential equation governs the
spatial behaviour of the order parameter nearscriticality.
In the case of a spatially uniform system (i.é:;, Vi"=10);
relation (54) reduces to the simpler algebraic equation

a(T)y + by = 0, (55)
whose solutions describe a second-order phase transition
and yield the critical exponent 8 = % under mean-field

conditions.

Minimising the standard GL-free energy funetional, it
can be shown that the order parameter ¢(I') near the
critical temperature T, follows(the scaling Jaw

[W(T)| ~ (T, —T1)° fox. T < T, (56)
with the critical exponent 5 = % under mean-field condi-
tions. By this we mean that we assume that the system
is in thermodynamie equilibrium; homogeneous and local
(no spatial gradients or long-range,correlations), that the
fluctuations are negligible, the free energy is analytic near
T., and that the order parameter ) is uniform and real.
In the full GL-free energy functional, the gradient term
7| V1(r)|? 18 included to account for the energy cost as-
sociatedwith variations of the order parameter v in time,
temperature, or space. This term is essential in dynamic
or spatially inhomogeneous contexts.
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In the mean-field approach with vanishing gradient
term, |V (r)|? = 0, the time-independent, spatially uni-
form GL-free energy density becomes

Flu] = o) + gl (57

which depends solely on the magnitude of ¥ and the tem-
perature T. The coefficient a(T) is definedyin Eq. (53),
and b > 0. To minimise the free energy, we take the de-
rivative with respect to ¢* (or 1, since it is real-valued)
and set it to zero,

ar 20
25 = 20(T)4X 210" 0. (58)

such that

Yda(T)+ bly|?*] = 0. (59)

~
There exist two solutiens: (1)1 = 0, corresponding to the
disordered (symmetric) phase; and (ii) 1| = —a(T)/b,
which corresponds, tosthe ordered (broken-symmetry)
phase for a(T) < 0, e., T < T.. Below T, we have
a(T') < 0, so the nontrivial solution reads

Qo Tc -T Qo

ol - ©T 2D g gy ()
b b

Taking the square root, we obtain for the positive solu-

tion y

()] = /T (T = 1), (61)

Thus, the order parameter vanishes as
1
()|~ (T~ TP, with =2, (62)

for T < T,. This is the well known mean-field prediction
for the order parameter and is valid under the assump-
tions stated above. In lower dimensions (d < 3), fluc-
tuations become important, and this mean-field result
typically underestimates the true critical exponent.

A. The conformable GL-model

After establishing the general framework, we apply it
to specific thermodynamic quantities—the specific heat
and magnetic susceptibility—highlighting the modifica-
tions originating from the conformable deformation. We
note that in standard GL-theory, spatial variations of the
order parameter ¢ (r) contribute to the free energy via the
gradient term ﬁww(rn?, which penalises sharp spatial
inhomogeneities and plays a key role in capturing coher-
ence, textures, and defects. This is essential in systems
where the spatial coherence or texture of the order para-
meter matters, such as for vortices in superconductors. In

our modified GL framework, however, we are concerned
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with the thermal evolution of the order parameter ¢(T),
i.e., with the description of how the this order parameter
evolves as a function of temperature T', especially in the
vicinity of the critical point (critical temperature) T,.. To
this end we assume that the system is homogeneous in
space.

To build a thermodynamic analogue of the GL-theory,
we formally treat the temperature 71" as the independent
coordinate, akin to space r in the conventional setting.
In this case, we introduce a conformable (deformed) de-
rivative with respect to temperature, denoted by

i
7’

which naturally embeds a temperature-dependent scal-
ing. The conformable operator acts as a thermal gradient
and captures the power-law behaviour typical of critical
phenomena. The corresponding modified GL-free energy
then becomes

Toh(T) =T (63)

Fail = [ [a(r)10P + Gl + 5o TumP | ar.

(64)
where a(T') has the same form (53) to encode the prox-
imity to the critical point, b > 0 ensures stability, and
the last term mimics the kinetic contribution, now ex-
pressed in thermal rather than spatial form. The para-
meter m retains its interpretation as a stiffness constant,
and « € (0, 1] quantifies the deviation from classical scal-
ing. For a« = 1, the standard GL-theory is recovered.

The formulation (64) of the free energy functional is
central to this work and preserves the physical dimen-
sions of energy density, and it ensures that all critical
exponents derived from it are dimensionless and com-
patible with thermodynamic scaling theory! “Further-
more, the temperature-dependent weighting intreduced
by the factor 7'~ can be interpreted geometrically.as
a curvature in thermal space, analogous,to how curved
metrics affect geodesics in general relativity. It effectively
embeds power-law sensitivity into the response functions
of the system.

To minimise the free energy, we use\the variational
principle, §.F,/é¢* = 0, which yields the modified GL-
equation

‘12_1/)7 (= O‘)T1f2a@ -0
drT? m N

(65)
Here a(T) = ao(T'/T. — 1) retains the usual temperature
dependence, while the{conformable terms introduce ex-
plicit temperature-weighted derivatives. The order para-
meter v describes the maeroscopic condensate amplitude,
and near the critical temperature it follows the scaling

law

A7)+ bl oo o720

o(1) Fn (1 f)ﬂ (66)

where ¢y is the equilibrium amplitude at T'= 0 and 3 is
the critical exponent associated with the order-parameter
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vanishing as T — T,. The dependence 8 = () reflects
how the conformable index « modifies the effective crit-
ical behaviour of the system. This expression recovers the
expected behaviour from mean-field theory when o = 1,
but allows deviations due to the deformation parameter.
The above equations can also be obtained via a vari-
ational formulation adapted to deformed derivatives, as
discussed in [15].

The nonlinear term [1/|?¢) contributes to thesaturation
of the order parameter as T — 03y while the conform-
able kinetic term introduceés corrections near 7., mim-
icking effects from spatial or temporal fluctuations. The
formulation presented here ehables eapturing intermedi-
ate critical dynamics and mon-locality without invoking
full fractional calculus or spatialdisorder [71-74], making
it suitable for describing second-order phase transitions
such as superconductivity. In ‘his sense, the conform-
able GL-model complements traditional models such as
BCS theory [72],#he two-fluid model [73], and the phe-
nomenological framework detailed in [71]. For systems
with strong flaetuations and short coherence length, ad-
ditional comparisemwith'the work in [74] provides insight
into limitations and refinements.

A key quantity in critical phenomena is the correlation
lengthy whose divergence governs universality. We now
derive its scaling law within the conformable approach
and discuss physical implications.

&
B. Beyond simple reparametrisation: Functional
and kinetic inequivalence

As already emphasised above, a common critique of
conformable models is the suggestion that the operator
D(T“ ) f(r) = Tl’“% is equivalent to a standard deriv-
ative combined with the power-law transformation T —
T = Tl—f [30, 75]. While such a mathematical equival-
ence indeed holds, at most, for isolated first-order linear
equations with constant coefficients [30], it breaks down
in the context of critical phenomena and GL-dynamics,
where the conformable framework carries genuine phys-
ical content that cannot be eliminated by a coordinate
transformation.

This inequivalence arises for two fundamental reasons:

(i) Non-trivial kinetic scaling. In critical dynamics,
the relaxation of the order parameter is governed
by a kinetic coefficient T'(T), that typically di-
verges or vanishes near the critical point T, [13, 30].
When the conformable operator acts on the relax-
ation law F(T)D%‘)w = —0F /9, the transforma-
tion T — T does not map the equation back to a
classical Langevin form. The Jacobian factors as-
sociated with the reparametrisation interacts with
the intrinsic singular behaviour of I'(T), yielding a
scaling response that is dynamically distinct from
that of a simply rescaled conventional system.

(ii) Variational structure and thermal metrics.
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The conformable GL-functional introduced in
Eq. (58) contains a gradient contribution of
the form T2(1=®)|dy/dT|? [30], which acts as a
non-uniform thermal metric.  Minimisation of
this functional leads to Euler—-Lagrange equations
featuring explicit temperature-weighted stiffness
and damping terms. After any reparametrisation
T — T’, these equations retain Jacobian-induced
coefficients that do not appear in standard
GL-theory, thereby preserving a memory of the
underlying anomalous scaling.

Consequently, the conformable formulation encodes a
coupled dynamical and variational structure, linking
anomalous diffusion, kinetic criticality, and geometric
curvature in thermal space, that is physically independ-
ent of the specific choice of coordinates [14, 30].

As a result, even though a formal change of variables
may locally relate derivatives, the conformable formula-
tion retains explicit temperature-weighted stiffness and
damping terms that have no counterpart in standard
GL-theory. These terms encode the coupling between
anomalous scaling, kinetic criticality, and the effective
geometry of thermal space, and therefore survive any
coordinate transformation. The conformable framework
thus goes beyond a simple rescaling by embedding the
relevant scaling information directly into both the kin-
etic equations and the variational structure, yielding a
physically distinct extension of GL-dynamics [30].

C. Physical meaning and measurability of the
deformation parameter p

A central question raised by the conformable. formu=
lation concerns the physical status of the deformation

parameter . While p enters the theory as a deforma-

tion index in the definition of the operator D(T”)7 it is

not introduced as a pure fit parameter. Rather; o plays
the role of an effective coarse-grained material index, that
quantifies how strongly the systems, thermal or temporal
evolution, deviates from ideal Euclidean and Markovian
behaviour near criticality.

From a physical standpoint, p measures the degree
to which the effective thermal. "clock" of the system is
distorted by microscopic mechanisms such as quenched
disorder, heterogeneous relaxation pathways, finite-size
constraints, or long-lived correlations. In systems where
fluctuations explore phase, space uniformly and relaxa-
tion is governed by 4 single characteristic timescale, one
recovers i = 1. Deviations us< Iysignal a reduced spec-
tral weight of accessible modes or a broad hierarchy of
relaxation times, consistent with the presence of anom-
alous diffusion, memory effects, or geometric constraints,
as discussed in,the preceding sections.

Importantly, pris<dn principle measurable. Its value
can bel independently extracted from experimental or
numerical data by analysing relaxation curves of the
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order parameter, temperature-dependent response func-
tions, or scaling forms of critical observables. Within
the present framework, p inferred from one observable
leads to testable predictions for others through cross-
observable consistency relations, providing a means to
falsify the theory rather than merely fit:data.

In this sense, u plays a role analogous to,that of the
dynamic exponent z or the correlation=length exponent
v in RG-theory: it encapsulates complex microscopic
physics into a single effective exponent governing mac-
roscopic scaling. While différent materials or.observables
may probe distinct relaxation ¢hannels and therefore ex-
hibit different effective indicés 1., these indices remain
constrained by the internalstructure ofithe conformable
GL-framework.

Consequently, although [ is introduced at the level of a
deformation parameter, its meaning is neither arbitrary
nor purely phenomenological. It/represents a measurable,
material-dependent indexencoding the dominant coarse-
grained mechanisms that control critical slowing down
and anomalousiscaling, thereby endowing the conform-
able formulation with ¢lear physical content.

D. Physical interpretation and microscopic origin
of i

To move beyond a purely phenomenological interpret-
ation, the. deformation parameter u can be linked to
the’ microscopic topology and dynamical heterogeneity
of the underlying medium [18, 30]. In many disordered
condensed-matter systems, including porous or granular
superconductors, amorphous materials, and structurally
heterogeneous media, the effective lattice explored by
fluctuations is not strictly Euclidean but exhibits fractal
or multi-scale features [14, 30]. In such environments, the
density of states and the accessible phase-space volume
are governed by effective dimensions, such as the spec-
tral dimension ds or the fractal (Hausdorff) dimension
dy, rather than by the embedding dimension d alone.

Within this coarse-grained description, the conform-
able index p quantifies the effective reduction of con-
nectivity and the associated "squeezing" of phase space
experienced by thermal or temporal fluctuations. In re-
gimes characterised by anomalous relaxation or subdif-
fusive dynamics, where the mean-squared displacement
scales as (r?(t)) ~ t® with @ < 1 and an effective identi-
fication p ~ a < 1, may be approximately related to the
anomalous diffusion exponent « or to ratios of effective
dimensions [30, 70], for example,

d—d
pol - =t (67)

where the symbol "~" emphasises that this relation rep-
resents an effective, asymptotic correspondence rather
than a universal identity.

From this perspective, u represents the effective spec-
tral weight of the thermal bath [14]. The limit u = 1 cor-
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responds to a homogeneous Euclidean environment with
short-range correlations and Markovian relaxation, while
© < 1 signals the presence of quenched disorder, finite-
size constraints, long-lived correlations, or nonlocal in-
teractions that deform the system’s effective thermal re-
sponse. Because these geometric and dynamical proper-
ties are independently measurable, the parameter p ac-
quires a clear physical meaning and predictive content.
Moreover, different observables may probe distinct re-
laxation channels and thus be associated with different
effective indices pg, a feature naturally accommodated
within the conformable GL-framework.

E. Relation to renormalisation group approaches

It is natural to ask how the conformable-derivative for-
mulation relates to established RG-theories, which have
long provided a powerful framework for understanding
critical phenomena, including the effects of quenched dis-
order, finite-size scaling, and non-equilibrium relaxation.
Indeed, RG-analyses have successfully described univer-
sal relaxation behaviour not only in the asymptotic crit-
ical regime but also across macroscopically short time
scales, as demonstrated in early and influential studies
[4, 10, 13, 28, 46, 76].

Early renormalisation-group analyses demonstrated
that universal relaxation behaviour extends beyond the
asymptotic critical regime and is already observable at
macroscopically short times [76].

The conformable framework introduced here is not in=
tended to replace RG-theory, nor to compete with it at
the level of microscopic derivations or fixed-point ana-
lyses. Rather, it should be viewed as a complementary,
coarse-grained description that operates at thenlevel of
effective equations of motion. From an RG-perspective,
the deformation parameter p plays a gole analogous to
an effective scaling exponent: it encapsulates the cumu-
lative outcome of RG-flow in a given xégime,whether
asymptotic or pre-asymptotic and embeds this informa-
tion directly into local differential operators.

In conventional RG-treatments, scaling "exponents
emerge from the analysis of flow equations near fixed
points, while the resulting dynamics/are often expressed
in terms of nonlocal memory kernelstor asymptotic
scaling forms. In contrast, the eonformable derivative
provides a local operator/that incorporates the renorm-
alised scaling behaviour directly at'the operator level, al-
lowing one to write closed~form evolution equations that
remain valid beyond strictly asymptotic limits. This is
particularly advantageous when modelling finite systems,
crossover regimes, or @xperimentally relevant time win-
dows, where effective 'exponents rather than universal
fixed-point values are gypically observed.

From this viewpoint, p can be interpreted as an RG-
informedeeffectiverexponent that summaries the influence
of disorder, finite, size, and non-equilibrium constraints
after coarse graining. Once determined for a given system
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or observable, it enables predictive, self-consistent mod-
elling of critical dynamics without the need to explicitly
track the full RG-flow. The conformable GL-formulation
thus provides a pragmatic bridge between the univer-
sality principles of RG-theory and the construction of
local, analytically tractable dynamical models applicable
to realistic materials and experimental ¢onditions.

Notably, RG-analyses have demonstrated that univer-
sal scaling behaviour can already emerge at macroscopic-
ally short times, well before the system reaches its asymp-
totic critical regime [76]. The conformable framework is
particularly well suited to capture such regimes, as it al-
lows one to incorporate effec¢tive scaling exponents into
local, closed-form evolution, equations without invoking
nonlocal memory kernels or explicit RG-flow equations.

Within this perspective, the connection between the
conformable operator| and the(kinetic coefficient I'(T)
naturally reproducesithe eritical'slowing down associated
with the dynamicexponentz[13]. Moreover, the possib-
ility of assigning different effective indices 1o to distinct
observables reflects the fact that different RG trajectories
and microscopic mechanisms may dominate in different
sectors orgen different sides of the critical temperature
T..

By positioning the conformable derivative within this
RG-informed context, the present framework provides a
pragmatic bridge between the conceptual depth of RG-
theory,and.the practical need for analytically tractable,
thermodynamically consistent models applicable to finite
systems and experimentally relevant time windows [14,
30].

VIII. APPLICATION TO SUPERCONDUCTING
PHASE TRANSITIONS

Superconducting phase transitions, especially in type-
II and high-7. materials, are characterised by critical
phenomena that can be reformulated using conformable
derivatives. This includes the temperature behaviour
of the order parameter, coherence length, penetration
depth, and heat capacity.

A. Simplified dynamics near the critical point:
Connection to the conformable derivative framework

We begin with the full conformable GL-equation (65)
obtained from minimising the deformed free energy func-
tional. This nonlinear second-order differential equation
governs the thermal evolution of the order parameter
¥(T), incorporating both nonlinear saturation (|t|?1))
and conformable kinetic effects through temperature-
dependent coefficients.

Near the critical point, the system undergoes a con-
tinuous phase transition. In this regime, we make the
following approximations to simplify the analysis: (i) We
assume that ¥(T) is real-valued and slowly varying. This
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allows us to treat v and its derivatives in a simplified
manner. Moreover, we (ii) neglect higher-order kinetic
corrections. The second-order derivative term and the
prefactor corrections from conformable calculus are of
higher order and can be dropped close to T... This reduces
the second-order equation to a first-order approximation.
Finally, we (iii) retain only the dominant balance between
the kinetic and the potential terms. Taking into account
these approximations, the reduced equation can be cast
as

&y
o = a(T) bl o, (68)

where a(T") is defined in Eq. (53) and b > 0 ensures the
stability of the ordered phase. Note that the modified
GL-equation introduced here describes the temperature-
dependent behaviour of the order parameter near the
critical point in the sense that the time-dependence is
replaced by temperature-dependence to emphasise that
the conformable operator acts on the thermal variable T’
rather than on real time ¢.

B. Emergence of critical scaling from conformable
GL relaxation with temperature-dependent kinetics

While the standard GL-equation near the critical tem-
perature T, yields a regular (non-singular) behaviour for
the order parameter ¢)(T), a phenomenological equation
capable of reproducing power-law critical behaviour can
be obtained by introducing a thermally deformed kinetic
coefficient into the GL-like relaxation framework. This
modification effectively incorporates the temperature-
dependent slowing down of dynamics near 7T, into the
evolution of the order parameter.

As before, we generalise the time derivative to theform

i (1) R

s DY) = T (69)
which reflects the modified temperature responserof the
system in the conformable thermodynamic formulation.

At the heart of the conformable’dynamics approach
lies a generalised time-dependent (GL-type equation that
governs the thermal evolution of thé order parameter
(T) under non-equilibriumyéonditions. This equation
introduces a thermally modulated kinetic response and
is given by

T=puy ﬂ — _67]:
DTtk O = 5T (70)
where I'(T) is a temperature-dependent kinetic coeffi-
cient encoding the critical slowing down, p, is the con-
formable deformation parameter, and F[¢] is the free
energy functional. Relation (70) is not merely a phe-
nomenological extension but constitutes the cornerstone
of the proposed men-equilibrium conformable dynamics
framework. It encapsulates the scale-sensitive kinetic be-
haviour characteristic of critical systems, embedding a
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power-law response directly into the governing evolution
law. Equation (70) allows the derivation of critical expo-
nents such as S from first principles within a thermo-
dynamically consistent and geometrically interpretable
formalism, thereby bridging equilibrium mean-field res-
ults with more general, deformation-induced scaling be-
haviours.

We start with the standard GL-potential (neglécting
gradient terms)

#lol = [ ao(r. D + Taigdrr.

which produces the variatienal derivative

a
oY
Substituting this expressi% into Eq. 70 yields

D) S8 gl — Ty e (73)

= ag(T — T)y +blY[*y. (72)

Near the «ritical point; T — T, the order parameter
¥(T') becomes small/allowing us to neglect the nonlinear
term in expression (73). The relaxation equation then
reduces to the linearised form

dip

1- ~ — —
L(T)T' 4 50 ~ —ao(T. — T), (74)

Rewriting this in differential form yields the form

dw ___a

(3 I(T)

which will be used to extract the scaling behaviour of the
order parameter close to the critical temperature.

To obtain the desired critical scaling behaviour, we now
propose that the kinetic coefficient T'(T") vanishes near T,
reflecting the critical slowing down. Specifically, we take

T ~YT, — T)dT, (75)

Hﬂ=%@—ﬂ% (76)

where py € (0,1] is a conformable deformation para-
meter, and where v is a dimensional constant. Substi-
tuting back, we obtain the phenomenological differential
equation

% = T~ YT, —T)"'dT. (77)
This equation directly yields the critical behaviour
drp -1 / dr
— = —THv e 78
¢ (Tc - T) ( )

Integration produces the result

Iny(T) =T+ n |T — T.| + const. (79)
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From this we conclude that
W(T) ~ (T, — T)PW | with B(p) =~T ™", (80)

where we approximated TH*~! ~ T/* ™" near T = T,.
Thus, the critical exponent S emerges naturally from a
GL-type relaxation model with thermally modulated kin-
etics.

Here, the scaling exponent 5 = % emerges in the equi-
librium case (in the adiabatic limit % — 0 or at least
for the stationarity condition dominated by the free en-
ergy balance as detailed in section VII) and appendix B),
corresponding to the local, undeformed limit (o = 1).
The case 5 > % arises when the conformable deforma-
tion (4 = 2 < 1) introduces a generalised thermody-
namic response. The general form for the critical ex-
ponent B(u) can be viewed as a function encoding mi-
croscopic memory or a fractal behaviour in temperature
evolution.

Deviations from the mean-field behaviour occur when
(i) thermal fluctuations near T, become significant (es-
pecially in d < 4), requiring renormalisation group treat-
ment; (i) nonlocal effects or memory are present, as
modelled here via conformable derivatives; (iii) the sys-
tem is driven out of equilibrium or experiences dis-
sipation or long-time correlations. These effects modify
the scaling balance in the GL-equation and yield g >
%, consistent with experimental observations in real
superconductors—which often exhibit a critical beha-
viour closer to the 3D XY universality class (8 ~ 0135)
(2, 46, 77, 78|.

C. Emergence of penetration-depth ‘scaling
exponent from thermally deformed conformable
dynamics

The London penetration depth Ar,(T") eharacterises the
distance over which magnetic fields decay insidera su-
perconductor. Near the critical temperature T, A (T)
diverges as superconductivity breaks dowal 87 71]. In
analogy with critical phenomena,/this divergence can be
modelled by a deformed dynamical selation using con-
formable derivatives.

We begin with the assumption that Az (T") obeys a con-
formable differential equation of .the form

A7)

DY) A (T)= 7T

(81)

where p € (0,1] is\the order of the deformation and
v is a positive'scalingneonstant. Equation (81) states
that the relative temperature derivative of Ap, modu-
lated by T'%H, is proportional to the inverse distance
from thesritical peint T;.. It encapsulates both the scal-
ing nature of thedivergence and possible memory /fractal
effects through p.
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We proceed by first substituting the definition of the
conformable derivative,

A YAL(T)
A e (82)
such that
TH-1
e T4 (83)

A, T.-T

Near the critical point, T' =T, we use the approximation
Tr=1 ~ TF1 yielding

LAV - ¥
N, =T

dT. (84)

Integration on both sides produces
I\ (T)& —ATESNN|T — T, + const.  (85)

Thus we obtain the'scaling law

A (T) with a = T 1. (86)

B
T T

This result'shows that the penetration depth diverges as
a power-law near, 7., with an exponent that depends on
the confermable order p, the critical temperature T, and
the coupling, constant ~.

Td includé a possible asymmetry in the behaviour
above and below 7., we generalise the penetration depth
to a piecewise form with different exponents, in a analogy
to our procedure with Cy above,

BT —T.|=, T <T.,,
)\L( = I (87)

B2|T_Tc‘_a27 T > Tca

where o; = 'yl-Tc“ifl.

Finally, to prevent a divergence and ensure continuity
near T = T, we introduce a regularisation parameter
€ > 0, resulting in the practical model used in the fit
procedure below,

Bi

AL(T) = T=T 1™

(88)

for i = 1,2 above and below T, see Eq. (87). This
regularised conformable model reproduces the observed
smooth divergence and captures the asymmetric critical
behaviour seen in (finite) superconducting materials such
as niobium, as shown below.

Connection between penetration depth and order parameter

The London penetration depth A\r,(T') characterises the
distance over which an external magnetic field decays ex-
ponentially inside a superconductor. It provides a direct
measure of the material’s ability to expel a magnetic flux
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via the Meissner effect. In GL-theory, the superconduct-
ing state is described by the complex order parameter
(T), whose squared magnitude |¢)(T)|? corresponds to
the density of the superconducting carriers. This con-
nection leads to a fundamental relation between the or-
der parameter and the electromagnetic response of the
superconductor [66, 79].

From the London equation, which relates the super-
current Jg to the vector potential A, we have [66, 80|

nge

VxJ, =B, (89)
m

where n, is the superconducting carrier density, e is the
elementary charge, m is the effective mass, and B is the
magnetic field. The London penetration depth is then
given by the expression

- pons(T)e?

AT -

: (90)
where o is the vacuum permeability.

In the GL-framework, the carrier density is propor-
tional to the square of the order parameter, ns(T) ~
[v(T)|2. Substituting into the expression for A\;*(T), we
obtain the key relation

ALA(T) o |9 (T) . (91)

This equation shows that, as the temperature approaches
its critical value T., the order parameter ¥(T) — 0,
and consequently Ar(T) — oco. Physically, this refleets
the loss of superconductivity and the full penetration of
magnetic fields into the material. Hence, the temperat-
ure dependence of Ar(T') provides a direct experimental
probe of the order parameter’s behaviour and isieom-
monly used to extract critical exponents and wvalidate
theoretical models.

Near the critical temperature T, weé have shown from
the conformable GL-equation that the superconducting
order parameter behaves as

B
(T ~ (1 _ g) . for T VT (92)

c

where the critical exponent £.dépends on the conformable
deformation parameter «. Thissreduces to the standard
mean-field behaviour with_g.= % when/a = 1, recovering
the classical GL-result [66]. Thus, near the critical tem-
perature T, the supereonducting order parameter van-
ishes in power-law form. Mereover, the London penetra-
tion length according to relation (91) scales as

(D) ~ (T - T 7. (93)

Thus the penetration depth diverges as the temperature
approaches Ti from below. This scaling relation is a dir-
ect consequence of.the GL-formalism and can be used to
extract/the critical exponent 8 from experimental meas-
urements,of A7, (T) near the superconducting transition.
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D. Conformable scaling of the specific heat near T.:
Heat capacity jump

In classical thermodynamics of phase transitions, the
specific heat near the critical temperature T, typically
scales as [2, 3]

C(T) ~ |T - Tc|7aa (94)

where « is the associated criticalsexponent.. In mean-
field theory, a = 0, corresponding tora finite jump at
T. [1, 79]. However, in more generalised or. fluctuation-
driven models, a@ may take monzero,values and, describe
a divergence [46, 77, 81].

To generalise the scaling behaviour (94) within the con-
formable derivative framework, wesshowed that the spe-
cific heat satisfies a deformed differential equation of the
form of Eq. (25), such-that we find the scaling form

~
«

C(T) ~|T —4.17%, with a = kT 71 (95)

Thus the critical exponent « is no longer a universal con-
stant but depends explicitly on the deformation para-
meter pc‘and the critical temperature T.. The conform-
able framework thus naturally introduces a generalised
scaling law for,the specific heat.

The generalised conformable framework enables direct
fitting of . experimental data from superconducting sys-
tems using eritical scaling laws derived from deformed
thermodynamic equations, as shown in the next sec-
tion. Specifically, the temperature dependence of key
observables can be analysed as follows: the order para-
meter ¢(T) may be extracted from angle-resolved pho-
toemission spectroscopy (ARPES), tunnelling spectro-
scopy, or other coherence-sensitive measurements; the
London penetration depth Ap(7T') is accessible through
microwave cavity perturbation, magnetic susceptibility,
or muon spin rotation techniques; and the specific heat
C(T) is measured via calorimetry near the superconduct-
ing transition. Each observable exhibits a specific power-
law scaling near the critical temperature T, governed by
exponents that emerge naturally from the conformable
derivative formulation.

Summarising these results, we note that when solv-
ing the time-dependent or inhomogeneous problem in the
context of GL-theory, derivative terms must be kept and
may dominate if ¢(T') varies sharply. However, for static,
near-equilibrium (mean-field) behaviour, they contribute
only to subleading corrections. The Landau-based equa-
tion is an equilibrium condition: it comes from minim-
ising a free energy, assuming time-independence, homo-
geneity, and absence of fluctuations. The conformable
dynamic equation, instead, describes a non-equilibrium
evolution, in which the system may be relaxing toward
equilibrium with scale-sensitive kinetics due to iy 7# 1.
Therefore, the deformed equation gives rise to a modified
critical exponent, which reduces to § = 1/2 only when
iy = 1, i.e., when the dynamics are classical. The ex-
ponent S = 1/2 emerges from equilibrium minimisation
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Heat Capacity of Niobium — Conformable Piecewise Fit

1.8
O Digitized Data
16 Fit: B1 =0.411, o, = 0.644
— 82 =0.808, a, = 0.567
| €=0.2928, T =8.700K

14 c

12
<
s '
£
2

2081

O

0.6 -

0.4

0.2

S O
o O
0 O Cl) 1 I | Il L L
1 2 3 4 5 6 7 8 9 10

Temperature (K)

Figure 1: Heat capacity of niobium fitted by the smoothed conformable piecewise model (31) with Cv (T") = B;(|T —Tc|+€)™ .
Fitted parameters with 95% confidence intervals: By = 0.411 £ 0.023, @y = 0:644£0.031 (T' < T¢); and Bz = 0.808 £ 0.041,
a2 = 0.567 £ 0.028 (T > T.). We used the offset parameter ¢ = 0.293 & 0.015 to_ensure regularisation near the divergence
at the critical temperature T, = 8.700 £ 0.005 K. Data from [82]. The fitting employed weighted least-squares with weights
proportional to 1/0? where o; are experimental uncertainties. Smallideviations away from the immediate critical region reflect
finite-size effects, experimental uncertainties, and crossover contributions not@xplicitly included in the minimal conformable

model.

of the GL-free energy, while 8 = VTC’“”_l results from
integrating the conformable dynamic evolution equation,
which accounts for non-equilibrium scaling governed by
the conformable derivative. They agree only when the
deformation vanishes.

IX. NUMERICAL FITTING AND DATA
ANALYSIS

To test the predictive power of ghe conformable form-
alism, we apply it to experimental data for the supercon-
ducting transition of niobium.

A. Heat capacity of niobium superconductor

Figure 1 shows the experimental heat capacity data
for niobium near fits supercondueting transition, along
with a piecewise conformable fit that captures the crit-
ical behaviourson bothisidés of the transition temperat-
ure T, = 8.7 K. The fitted parameters are provided in
the caption. \ For the fit we used the regularised model
(31). While the fit.is'not perfect, it demonstrates good
agreement with the data over a wider interval around the
critical temperature.

B. Penetration depth and conformable scaling

The temperature dependence of the London penetra-
tion depth Ap(7T") provides key informations about the
superconducting coherence and the fluctuation behaviour
near the critical temperature T,.. Analogous to the diver-
gence observed in the specific heat, the penetration depth
exhibits a critical-like behaviour and can be modelled us-
ing the conformable scaling framework.

We adopt the piecewise model (87) with the regularised
form (88), where € > 0 is the smoothing parameter that
ensures a regularised behaviour at the transition point.
The conformable derivative framework again justifies this
scaling law via the modified differential relation (81) such

that A (T) ~ |T — T,| =77,

The temperature dependence of the normalised Lon-
don penetration depth for niobium is shown in Fig. 2.
The data are well described by the conformable piecewise
model with distinct scaling exponents below and above
the critical temperature. The fitted parameters are listed
in the caption of Fig. 2.
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Depth Fit for Niobium using Conformable Piecewise Model
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Figure 2: Fit of the normalised London penetration depth Ar(7")/Ao, Where Ao denotes the London penetration depth extra-
polated to zero temperature, serving as a normalisation constant for ¢omparison between theory and experiment. The data for
niobium are fitted using the piecewise conformable model (87) withtheregularised form A\ (T) = B; (|T — Te| + €)™, as given

in Eq. (88). The fitted parameters are By = 1.57, a1 = 0.68 for &' < T, and

= 5.01, a2 = 0.98 for T' > T¢, with e = 0.055

and T, = 9.78 K. Experimental data are taken from [83]. Small deviations away from the immediate critical region reflect
finite-size effects, experimental uncertainties, and crossover contributions mot explicitly included in the minimal conformable

model.

C. Coherence length from H:(T) in niobium

To further validate our theoretical predictionsy, we
turn to experimental data on niobiummand extract the
temperature-dependent coherence length wusing the up-
per critical field Hoo(T).

1. Theoretical background\

In the GL-framework, thesupper critical magnetic
field H.o(T) is related to the superconducting coherence
length £(T') by the expression [66;:79, 84]

Heo(T) = %20(11)7 (96)

where &g = h/2e[~ 2.07 xA071 Wb is the magnetic
flux quantum. This,inverse-square relation permits the
extraction of &(T) from.experimental measurements of
H(T).

Near the critical temperature 7T, the coherence length
diverges according,to' the power law (44). Such a scal-
ing behaviour arises naturally when the GL-framework
is extended to ineclude fractional or conformable spatial

derivatives. These generalised operators account for non-
locality, fractality, and memory in the order parameter
field, yielding a power-law divergence of the correlation
length and critical exponents beyond mean-field values
[14, 15, 85-87]. Similar approaches using fractional or
stochastic generalisations of the GL-equation have also
been explored in dynamical settings [88]. To see this,
consider the modified GL-free energy with the conform-
able derivative

2
Pl =20 () o

which replaces the standard gradient term |Vi|2. The
corresponding GL-equation in one dimension becomes

ao(T = T.) + bl *y

1 2(1—;)d2,¢}
= ) & ¥ 1
2m . dx? +(

- u)xl—%?g =0. (98)

Assuming a linearised form near T, and a trial solution
() = 1hoe~*/¢, we compute the derivatives

W _ Yo,
- € e , (99)
d*y Yo s
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Substituting these into the kinetic term (97) produces

1 [220-m (1= p)at=2m
3

Kinetic term ~ — e

}wu

(101)
Balancing with the linear term ao(T — T¢.)v in relation
(98) we find

(1 — p)at 2
g T ¢

Let 7 =T, —T > 0 be the reduced temperature. The
modified GL-equation involves two characteristic contri-
butions: the standard term Ty(7,&) o £72, associated
with the spatial gradient energy, and the conformable
(or fractional) correction Ts(7,&) o 7, which encodes
temperature-dependent scaling. The relative magnitude
of these two terms determines the dominant physical re-
gime. The crossover point is obtained when both contri-
butions are of comparable strength,

ao(T — Tc) ~ —

2m

! {552(1—;») } (102)

T1(7*7£*) = TQ(T*’g*)v (103)

which defines a characteristic temperature scale 7, and
a corresponding coherence length &,.. In practice, 7.
marks the boundary between the mean-field region and
the conformable-dominated region, and &, is the coher-
ence length at this crossover.

As T — T,, the reduced temperature becomes very
small (7 < 7,) and the coherence length grows (£ > &,).
In this regime, the conformable correction dominates,
leading to the scaling law

1)~ (T.-T)7 " (104)

In the opposite regime, defined by 7 > 7, (equivalently
& < &), the standard GL-term prevails, and the classical
mean-field result is recovered,

&T) ~ (T, —T)7V2 (105)

Therefore, (7.,&x) act as crossover parameters separat-
ing two asymptotic domains: a critical région governed
by conformable scaling and a mean-field region governed
by conventional GL-behavipur, Thus, the power-law di-
vergence (44) is recovered with an effective exponent v
that may vary depending on which term dominates and
the value of the conformable parameter p. In fractional
generalisations of the Gli-theory, one may therefore con-
sider replacing the usual spatial gradient term |V|? by
this deformed expression involving the conformable de-
rivative, leading to a madified scaling law for £(7T).

The experimental data for/H .o (T") were extracted from
Fig. 4 of the «classical work by Williamson [89], which
presents the/ behaviour of the upper critical field for
niobium. The, experimental points (open circles) were
digitisedausing the,WebPlotDigitizer tool.

The joriginal figure displays the data in a dimension-
less form, with the vertical axis representing the ratio
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—H2/(dHz/dt)i—1 as a function of the reduced tem-
perature t = T/T,.. To reconstruct the actual values of
H5(T) in physical units (Tesla), we assumed a functional
dependence near the critical transition of the form

Haoo(T) = Hao(0) (1 - f)n (106)

where H.2(0) denotes the extrapolatéd upper eritical field
at zero temperature and n is a fitting exponent.  The crit-
ical temperature was fixed at 7, = 9.2 K, consistent with
values for pure niobium and imhline with the paramet-
ers adopted in literature [66]&Aftericonversiony, the data
were fitted with the empirieal model (106), enabling the
subsequent extraction of the temperature dependence of
the coherence length &) through,inversion of relation

(96), i.e.,
f(T):NFIiZ(T)' (107)

This procedure provides an experimental foundation to
assess thelvalidity of theoretical models for the temper-
ature dependence of/the coherence length.

Wemote that here we claim that the use of a conform-
ablesderivative imythe GL-framework is motivated by the
need 0 eapture mesoscopic and spatially inhomogeneous
éffects thathare not adequately described by the stand-
ard gheory: ‘In particular, real superconducting samples
often exhibit intrinsic disorder, nonuniform pinning land-
scapes;or microstructural granularity, leading to effect-
ive nonlocal interactions and spatially varying coherence.
The conformable derivative introduces a scale-dependent
deformation of the spatial gradient, which can mimic the
impact of fractal-like geometries or finite-size scaling in
constrained domains. This modification allows for a more
flexible description of the kinetic term and leads to a
generalised coherence length scaling, making the theory
more compatible with experimental deviations from clas-
sical mean-field behaviour.

2. Results and analysis

Figure 3 displays the digitised data and the fitted
model for the coherence length. The excellent agreement
indicates the suitability of the power-law model in this
temperature range. The coherence length £(T") describes
the spatial extent over which the superconducting order
parameter v varies appreciably. As T — T, £(T) — oo,
and A sets the overall magnitude of £ for temperatures
below T,. This coefficient A encodes material-specific
properties, including microscopic interactions, effective
mass of Cooper pairs, and strength of the pairing poten-
tial.

The extracted critical exponent v =~ 0.329 is notably
smaller than the classical GL-mean-field prediction of
v = 1/2. Several factors may contribute to this deviation:
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Least Squares Fit of Coherence Length £(T)
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Fit: A=40.76, = 0.329, € = 2.000
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Figure 3: Extracted coherence length £(7T") (blue dots) and fitted model (red line), using &(T") = A(T. — T)™" with v = 0.329
and A = 40.76. Experimental data adapted from [89], see text. Smalldeviations away from the immediate critical region reflect
finite-size effects, experimental uncertainties, and crossover contributions not explicitly included in the minimal conformable

model.

(i) A limited resolution or experimental uncertainty in
the high-temperature region (T" — T¢); (ii) residual dis-
order or impurity-induced scattering effects not incorpor-
ated into the ideal GL-framework; (iii) memoryyeffects—
either thermal or spatial—captured through conform=
able (fractional-order) derivatives; (iv) effective aver-
aging over anisotropic coherence lengths in polycrystal-
line or textured samples.
From the expression

§(T) = A(T, — T),

N
we deduce the units of the coefficient A by dimensional
analysis. Since £(T)) is given in nanometres (nm), (7.—7)
in Kelvin (K), and v is diménsionless, ‘A must have units
of nm - K”. Given the fitted eéxponent v =~ 0.329 and
A = 40.76, this means that

(108)

40.76 i
&T) ~ (TT—W [in nm)].

(109)
To express A in SI unit§ (metres)ywe convert according
to

Agr = 40.76 X 107% maK***? = 4.076 x 1078 m - K*?%.

(110)
Such a reduced exponeént is qualitatively compatible with
generalised GL-.models that incorporate non-integer-
order differential 'structures.

L

For,¢clean elemental superconductors such as niobium,
coherence lengths on the order of 30-40 nm are typical at
intermediate temperatures. The value A = 40.76 nm-K”
is thus physically reasonable and consistent with known
properties of niobium. It represents the critical amp-
litude of the coherence length near the critical temperat-
ure T,. Its physical meaning and units depend on how the
data was scaled in the fitting process. A larger A implies
that £(T) becomes large faster as T — T, for a fixed v.
This can be influenced by material purity, anisotropy or
also electron-phonon coupling strength.

D. Quality of fits and origin of deviations

In Figs. 1 to 3, experimental data for the heat capa-
city and the London penetration depth are fitted using
the parameters Bi, Bs, aj, and as, which character-
ise the leading scaling behaviour within the conformable
GL-framework. While the overall agreement captures the
dominant critical trends, small but noticeable deviations
between the data and the fitted curves are indeed present
and merit discussion.

First, it is important to emphasise that the conform-
able formulation is designed to model the critical scaling
regime, rather than the full temperature range. Outside
the immediate vicinity of 7., additional physical effects,
such as crossover to mean-field behaviour, non-critical
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background contributions, and material-specific micro-
scopic details are expected to contribute and are not ex-
plicitly included in the present minimal model. These
effects naturally lead to systematic deviations from the
asymptotic scaling window.

Second, both heat-capacity and penetration-depth
measurements are known to be sensitive to experimental
uncertainties, including sample inhomogeneity, finite-size
effects, and resolution limitations close to the transition
temperature. In particular, the rounding of singular
behaviour near 7T, may obscure the ideal critical form,
producing small discrepancies even when the underlying
scaling is correctly captured.

Third, the conformable GL-approach deliberately re-
tains a compact parameter set to preserve analytical
transparency and thermodynamic consistency. Sublead-
ing corrections to scaling, logarithmic terms, or addi-
tional crossover parameters may further improve the fit
quality, yet at the cost of introducing non-universal para-
meters that would obscure the physical interpretation of
the deformation indices. The present fits therefore rep-
resent a controlled compromise between descriptive ac-
curacy and theoretical clarity.

In this sense the adequacy of the fitting procedure
should be judged not solely by pointwise agreement, but
by the general ability of the model to reproduce the cor-
rect scaling trends and yield consistent deformation para-
meters across different observables.

Within this criterion, the fits shown in Figs. 1 to 3
provide quite good, stable and reproducible estimates of
the effective indices a1 and ap, thus supporting the phys-
ical relevance of the conformable framework despite the
presence of minor deviations.

We further note that the fitting proceduréremployed
in the preparation of Figs. 1 to 3 is based on a_piece-
wise conformable analysis around the critical temperat-
ure, allowing for distinct effective scaling indices above
and below T,.. This approach reflects the known asym-
metry of fluctuation mechanisms in the ordered,and dis-
ordered phases and avoids imposing an artificial global
fit across crossover regimes. The parameters By, /Bo, a7,
and ay were obtained from stable nonlinear regressions
over restricted near-critical windows, and wete verified to
be robust under moderate variations,of the fitting range.
Residual deviations therefore primarily reflect crossover
effects and experimental rounding, rather than deficien-
cies of the scaling framework itself.

It is worth emphasising that the observed deviations in
these figures are not merely numerical artifacts but are
physically consistent with thesinterpretation of the de-
formation parameter pas anteffective coarse-grained in-
dex. From a microscopic perspective, these deviations re-
flect the influence of diserdér, finite-size effects, and het-
erogeneous relaxationpathways that are known to gen-
erate asymmetric scaling and crossover behaviour near
the critical points. From a theoretical standpoint, this
is fully /consistentywith RG-expectations, where different
pre-asymptotic regimes and effective exponents emerge
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depending on the dominant RG-trajectories. In the con-
formable framework, these effects are incorporated dir-
ectly at the operator and functional levels, allowing the
model to capture the leading scaling behaviour while nat-
urally delimiting its controlled domain of applicability.

In the specific case of niobium, thé rémaining devi-
ations observed in the heat-capacity peak and in the tem-
perature dependence of the London_peénetration depth
are also consistent with well-known microscopic effects
not explicitly resolved within a mifiimal GL-description.
As reviewed by Kroger [90]4niobium is & strong-coupling
superconductor in which electron-phonen: interactions
and surface-related phonon modes lead to renermalisa-
tions of the electronic density of states and effective
masses near T,.. Such effects naturally induce asymmet-
ric scaling and rounding behaviour in thermodynamic
observables. Within the conformable approach, the de-
formation parametersishould therefore be interpreted as
effective indices summarising the cumulative impact of
these microscopie renormalisations on the near-critical
scaling behaviour, rather than as a substitute for a fully
microscopic strong-coupling theory.

X. " CONCLUSIONS AND OUTLOOK

In_this, work, we developed and applied the conform-
able derivative framework to describe critical phenom-
ena/mear coﬁinuous phase transitions. By deforming the
standard derivative operator through a temperature- or
space=dependent scaling, we derived modified evolution
equations for key thermodynamic observables, including
the heat capacity, magnetisation, susceptibility, and cor-
relation length. These equations yield consistent power-
law behaviours near the critical point, with critical ex-
ponents expressed analytically in terms of conformable
parameters. The formalism preserves dimensional con-
sistency and remains compatible with equilibrium ther-
modynamics, while offering greater flexibility than stand-
ard approaches. In the limiting case p — 1, the con-
formable derivative reduces to the standard derivative,
and the classical GL-theory with mean-field critical ex-
ponents is recovered.

In particular, the observed deviations from the mean-
field exponents are explained as consequences of con-
formable deformation, capturing finite-size effects, spa-
tial granularity, and critical slowing down. The flexib-
ility of the deformation parameter enables the model-
ling of crossover behaviours between distinct universal-
ity classes, potentially capturing nontrivial fixed-point
trajectories. The conformable approach thus provides
a meaningful interpolation between classical mean-field
theory and more general statistical frameworks, such as
nonextensive thermodynamics.

We demonstrated the relevance of the conformal frame-
work by fitting experimental data of the superconduct-
ing transition of niobium. Good fit qualities could be
achieved over relatively broad intervals around the crit-
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ical temperature for the heat capacity, the London pen-
etration depth, and the coherence length. For this pur-
pose, an asymmetric formulation was proposed based on
the conformal GL-formulation, in which different model
parameters appear below and above the critical temper-
ature.

Contrary to the impression that the present formula-
tion merely restates known mean-field scaling, our results
highlight several nontrivial and new physical insights:

(i) Dynamical origin of static exponents. By combin-
ing the conformable derivative with the critical kinetic
coefficient T'(T') ~ |T'—T.|*", the static exponents emerge
directly from the relaxation dynamics, rather than being
postulated. For instance, the order parameter equation
yields the form I'(T)T! v % ~ —ao(T.—T)v, leading to
W(T) o< (T, — T)P*) | where 3 is determined by (g, T').
This mechanism is absent in simple reparametrisations
of the temperature.

(ii) Cross-observable constraints. Equation (111) es-
tablishes the internal consistency among the conformable
parameters associated with different observables. Spe-
cifically, the exponents governing the temperature de-
pendence of {Cy,|M]|, x,&} are not independent but re-
lated by the classical scaling identities expressed in terms
of the deformation indices px, namely,

pet =2y + gt = 2 (111)

Hence, once pc is determined experimentally, the re-
maining parameters {fas, by, fte } are constrained by this
relation. This feature defines a set of cross-observable
tests for the conformable scaling hypothesis, providing
a stringent criterion for internal consistency across ther-
modynamic observables.

(iti) Distinct experimental signatures. The prediction
that THXd1n X/dT has a constant slope in In|Z — T%|
provides a direct discriminant from conventional fits:sthe
slope is observable-dependent and determined by micro-
scopic couplings, not just by a universal change of vari-
ables.

(iv) Physical interpretation of p. The conformable in-
dex p captures finite-size effects, disorder,»and nontrivial
memory of thermal fluctuations, bridgin;%inetic slowing
down and effective fractal dimensionality. This extends
beyond a notational reformulation.

A significant advantage of the conformable framework
lies in its analytical tractability.n, Unlike renormalisa-
tion group methods, which often rely on asymptotic
expansions and perturbative schemes, the conformable
model yields closed-form ‘expressions that can be dir-
ectly fitted to experimental data:"This was demonstrated
through application to superconducting phase transitions
in niobium, where thé model successfully captured the
asymmetric scaling of specific heat and London penetra-
tion depth near the critical temperature. The extracted
exponents are eonsistent with deviations from mean-field
theory and suggest-the presence of mesoscopic effects,
spatial inhomogeneities, and dynamics characterised by
memory effects.
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The geometric interpretation of the conformable
framework developed herein is linked to deformations in
the thermal or spatial metric [14, 19, 75| and offers in-
sight into how fractal geometry and nonlocal responses
might influence critical behaviour. In parallel, conform-
able symmetry approaches have also fouund applications
in nuclear structure and critical point Symmetries [91],
illustrating the broader relevance of such, deformations
across diverse physical systems. In particularjthe frame-
work is general and can be adapted to a broad range of
critical systems, includingdpercolationythresholds, spin
glasses, disordered media, andhquantum phase trans-
itions. Its generality makeghit a waluable tool for ex-
ploring universality in complex systems; particularly in
non-equilibrium or nonextensive regimes.

Beyond phenomenological applieations, several open
questions remain as to the rigorous mathematical for-
mulation of the conformable framework. These include
the development/of a wel-defined operator semigroup
structure, the spectral theory of deformed differential
operators, and the formulation of variational principles
compatible with eonformable dynamics [20]. Addressing
these foundational issues may reveal deeper connections
between the conformable approach and the broader struc-
ture of mathematical physics.

The possible extension of the conformal framework to
quantum phase transitions, non-equilibrium critical dy-
mamics, and systems with complex topology will be dis-
cussed in'the future. These applications require further
theoretical development and experimental validation.
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Appendix A: Dimensional consistency

The mathematical structure of the conformable deriv-
ative suggests a deeper geometric meaning. In this sec-
tion, we explore interpretations based on fractal metrics
and spatial deformation. Specifically, we analyse the di-
mensional consistency of the primary equations and crit-
ical exponents derived using the conformable derivative
framework.

1. Conformable derivative units

The conformable derivative with respect to temperat-
ure is defined as

df
T
Given that temperature has units of Kelvin, [T] = K we
see that % has units of [f]/K. Therefore

(D f] =

This confirms that the conformable derivative scales as
expected, preserving consistent units when applied to
temperature-dependent quantities.

DY) f(T) = T+ (A1)

[f]- K. (A2)

2. Critical exponent dimensionality

The critical exponents «, B, 7, and v are defined
through

a=rTHe™t g = Tim—1
= ATH = pTie (A3)

Since exponents such as a appear in power-law expres-
sions of the form C(T) ~ |T — T.| 2, they must be
dimensionless. For this to hold, x musthave units of
K'~#c, and similarly for the other exponents. Hence,
with this choice all critical exponents are indeed dimen-
sionless, satisfying the necessary conditions for physical
consistency.

3. Modified Ginzburg—Landau equation

The modified GL-equation derivedsusing the conform-
able kinetic term reads

T+ b — S T L e by

dr? m =0

(A4)
Now let 1 have the units [¢)] = K=/2. Then (i) a(T) =
ao(T — T,) implies [agh=AK"2; (ii) to match units, the
coefficient b must have the units [b] = K~5/2; (iii) the
kinetic terms involve Ssecond and first derivatives, and
with the€onformable’powers of T', they retain the same
dimension as 1 /K, ensuring consistency. Thus, all terms

in the equation have matching units.
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4. Scaling of the heat capacity
The heat capacity scales as
Ca E
O ~IT-TI" [Clgz (A5)

For dimensional consistency, @ must.be,dimensionless,
which is satisfied given that a = kTH#e 1.

5. Penetration depth and order parameter

The London penetration{depth scales as
AL(T) ~ (T =T) ™, 06 = B/2. (A6)

Assuming that [Ap]=length, and that { is dimensionless,
the units are corvectly preserved.

In summary, all eore expressions and critical expo-
nent definitionsiderived from the conformable derivative
framework are dimensionally consistent. This ensures the
robustnesgief the theoretical framework and its applicab-
ility to thermodynamical systems such as superconduct-
ing transitions.

Appendix B: Variational derivation of the modified
# Ginzburg-Landau equation

Westart from the conformable free energy functional

Falv) = [ |or1o? + Gl + 5 Tw()P ar.

(B1)
The conformable derivative with respect to temperature
reads

i

T (T =T ==, B2
Y1) =1k (B2)
Then, the kinetic term takes on the form
dw

Ta _ T2 (1—a) B

T (T) iy (B3)
and the full functional reads
Falt) = [ ol + Gl + 57207 | 2 ar.

(B4)

To minimise the free energy, we compute the variation
with respect to ¢*(T),

SF. — / [a(T)8l0 1 + bl 261

1 oay (A d(6yT) | di” d(5y)
o <dT ar T ar ar )| B9

+
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Using integration by parts and assuming vanishing
boundary terms, we find

/Tz(ka)@d(&/)*)dT

dlr dT
dip
T*=) 2 ) dar. (B
= [our [ (i) Jar o
Therefore, setting 6F, = 0, the associated Euler—
Lagrange equation becomes
1 d _ ) dY
TV + b|Y|* — —— (T?I¥ =) =0. (B
oDy + o - o (10 ) =0 (1)
Expanding the total derivative, we obtain
d*p
T2(1 a) ¥
a(T) + by - ey
(1—a) o dw
LT Y28 B8
m dTl (B8)

Final form of in powers of 1 — T/T.

Substituting the ansatz

w(r) = o (1 TTY (B9)

into the full equation, we obtain

8 36
aMT_nw4}—£>-M%(1—£)
1 BB —Ddo (T o
2m T02 T.
B—1
+¥T”“% (1 - g) £ 00y(B10)

Matching powers of (1 — T/T,), we recover 3 = 1/2,as
the critical exponent.

Now, we analyse the behaviour of ¢(T') near.the critical
temperature T,. To this end, consider again the nenlinear
temperature-deformed GL—type equation

T2(1 o)L N
1

dr?
_oadth
f«Tl el _ B11l
m dT 0, ( )

with a(T') = ao(T — T,). We.agaimassume the ansatz

a(T)y + by —

B
W(T) = 1y (1 — T> = thoe” ) where e = 1 — z

T, T.
(B12)

Then, forming the/derivatives with respect to T, we find

de 1

dr T’

W 0 B s

dT T.

G

= B1
dr1? T2 (B13)
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We can then identify the different terms. Starting with
the linear term,

ao(T — To)p = —agTeipoe” (B14)
then the nonlinear term
bl * = bige®; (B15)
the term with the second derivative,
L oi-a) BB =1 5 o,
2mT 0 e’ (B16)
and the term with the first-order derivative,
1—
( a)ﬂonl 2a [‘3 1 (Bl?)

mT,

We see that e = 1 -4 T/T, enters these different terms
with a different exponent. Seeking a consistent balance,
we suppose that thie nonlinearterm o ¢ and the linear
term oc 71 dominate! e then equate their powers:
36 = 8+ 1, implying 8 =/1/2. This is consistent with
standard Landautheory-@nd a typical critical exponent
in second-order phasetransitions. This means that in the
four terms above, we have the orders

B2 — —3/2
Bl — o—1/2
238 — 23/2

S Bl = £3/2, (B18)
el, the derivative terms diverge as ¢ — 0. However,
despite’ their divergence, the derivative terms describe
kinetic effects (gradients of ¢). Near T = T, the order
parameter becomes small and smooth, ¥y — 0, and its
variation is slow. Finally the mean-field and equilibrium

theories focus on minimising the free energy—gradient
terms are subleading. This allows us to match

")

a(TYW+bp*> =0 = == (B19)
From this we conclude that
T\ /2
w(r) = o (1- ) (B20)

Thus, the derivative terms represent corrections to the
scaling behaviour, but not to the leading-order critical
exponent. This demonstrates that the ansatz (B9) sat-
isfies the nonlinear equation near T' = T,, with leading
order balance provided by the algebraic terms,

aMp+bp* =0 = [B=1/2] (B21)

This matches classical Landau theory and remains
valid under conformable kinetic corrections. Moreover,
this represents a static equilibrium solution for which the
derivatives are zero (i.e., long-time equilibrium). It is im-
portant to note that our model for equilibrium and homo-
geneous conditions and when fluctuations are negligible,
has the classical exponent 5 = 1/2.
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Appendix C: Recovery of the relaxation equation in
the undeformed limit

We now show that the classical critical exponent 8 = %
naturally emerges from the conformable relaxation equa-
tion in the undeformed equilibrium limit. To this end,
consider the generalised relaxation model

DT 88 = g Ty — by, (CD)

where I'(T) is a temperature-dependent kinetic coeffi-
cient, pyy € (0,1] is the conformable deformation para-
meter, and the right-hand side arises from the variational
derivative of the standard GL-free energy.

In the undeformed limit, we take

fty = 1, such that 7'+ =1, (C2)

and for simplicity we assume that the kinetic coefficient
is constant near T,, i.e., I'(T) ~ T'y. Equation (C1) then
becomes

Lo~ = —ao(T. — T)y — bly[*y. (C3)

We now look for a solution near the critical point of the
form

¢(T) = '(/}O(Tc - T)B7 (04)

valid for T' < T, and where 9 is a constant amplitude
to be determined. Computing the derivative, we haye
dip
= = T, —T)° 1. 5
= —B00(T. ~ T) (8)
Substituting into Eq. (C3), we obtain

~Tofo(T. = T)7
= —ao(T, — T)Yo(T, — T)? — b3 — T)3" (C6)

Dividing both sides by (T, — T)?~! (dssuming, vy # 0
and T < T,),

—ToB = —ao(T, — T)* — by (@ — TYBtLd (C7)

Now we check the leading-order behaviour as 7' — T :
The term (T, — T)? dominates, while the nonlinear term
o (T.—T)?’*1 is subleadingif 28+ 1 > 2 and thus 3 > 1;
or they are comparable iff8 = %

Assuming that the dominant balance occurs between
the terms of order

7 F()ﬁ = _GO(TC — T)27 (CS)

we see that this leads to a contradiction: the left-hand
side is constant, while the right-hand side vanishes as
T — T,.. Therefore, ¢his balance fails. Instead, if we
assume that the dominant balance occurs between the
first-derivative termrand the nonlinear cubic term,

—TBoBvo(Te — T)° 7' =~ b3 (T. — T)*,  (C9)
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and we cancel signs and factors of 1y; then we see that
DoB(T. — T)P~1 = bp2(T. — T)*P. (C10)

Divide both sides by (7. — T)?~! to find
Lo = b (T, — T+, (C11)

To keep both sides finite and nonzero as"l — 1., we
must have that

26+1=0 ‘& p=<% (C12)
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which is unphysical.

Thus we try instead to match the linear and nonlinear
terms (equivalent to the adiabatic limit),

ao(T. —T)p ~bp*[ =  agT. —T) ~bp*. (C13)

Solving for 9 (T'), ave see that

VAT~ PET), _F 0D ~ [T D)

(C14)
Thus, the leading-order balance occurs not with the de-
rivative term, butswith the free-energy terms, confirming
that in the long-time (quasi-equilibrium) limit, the sta-
tionary solution satisfies

I B==. (C15)

Thisidemonstrates that even when starting from the gen-
eralised relaxation equation, the classical mean-field ex-
ponent 8 = 1/2 is recovered in the undeformed limit
ty = 1, under equilibrium assumptions. The derivative
terms decay near T, and the critical scaling is governed
by the balance of the potential terms in the GL-free en-

ergy.

Higher-order corrections

Derivative terms can be treated as perturbations (next-
to-leading order). They modify the scaling only slightly
and do not affect the critical exponent to leading or-
der. Thus, (i) €' and £°=2 diverge as ¢ — 0
but are derivative-based; (ii) near T., % is small and
smooth, so derivatives are small; (iii) the dominant bal-
ance is between a(T)y and b3, yielding again 3 = 1/2.
Thus, indeed the derivative terms are corrections to this
leading-order behaviour.

Appendix D: On the claim of simple
reparametrisation

For a scalar f(T) with constant coefficients, we have
that DY f = T1=rf/(T) = df /dT’ with T' = T"/p.
However, consider the two cases:
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(i) Critical kinetics. With T'(T) ~ |T —T.|*¥, the relax-
ation law becomes I'(T(T")) 4%, = —0F/0X. The non-
trivial T-dependence of I" survives, producing a distinct

scaling.

(ii) Thermal GL-functional. The conformable GL-free
energy includes a gradient term o< Tz(l_o‘)\%\z. Un-
der a transformation T+~ T’, Jacobian factors remain,
yielding Euler-Lagrange equations [Eq. (B8)| that are not
reducible to the standard GL-form.

Hence, the conformable framework only collapses to
a trivial change of variables in the static, constant-
coefficient case. In the presence of critical kinetics and
weighted GL-terms, it carries genuine physical content.
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