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1. Time Kernels

The time-kernel &5 can be mathematically represented as:

= (—1)" s \'"
% =3 Z nlI'(1 — B — fpn) </€5t5) (K1)

S
n=0

In the main manuscript, &5 for f=1,/2 was introduced in eqn (7) respectively. Here

we present the series form of other seven &3° for f= 2,3, 2, 2 1 1 and § in eqn (S-1)

to eqn (S7) respectively.
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2. Full anomalous diffusion solutions for selected (5 values

(S-6)

We present the solution to the probability density function (PDF) for the selected
eight § values. Mathematically, the sub-ordination integration is represented as:
P(x,t) = [;° &s(s,t)Py(x, s)ds. Here, ie., P(x,t) = == exp <—£> is the Gaussian

Var Kt 4Kt
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PDF introduced as eqn (2) in the main manuscript, and &3 is the time kernel for eight
[ values represented as eqn (7) in the main manuscript and as eqn (S-1) to eqn (S-7)
in current supporting information respectively.

A.1: Using subordination integration between eqn (S-1) and the Gaussian, the PDF for

15} :% is as follows:
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A.2: Using subordination integration between eqn (S-2) and the Gaussian, the PDF for
6] :% is as follows:
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Using subordination integration between eqn (S-3) and the Gaussian, the PDF for

15} :% is as follows:
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Using subordination integration between eqn (7) from the main manuscript and
the Gaussian, the PDF for § =3 is as follows:
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Using subordination integration between eqn (S-4) and the Gaussian, the PDF for

6] :% is as follows:
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A.6: Using subordination integration between eqn (S-5) from the main manuscript and
the Gaussian, the PDF for g :% is as follows:
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A.7: Using subordination integration between eqn (S-6) and the Gaussian, the PDF for

15} :% is as follows:
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A.8: Using subordination integration between eqn (S-7) and the Gaussian, the PDF for
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3. Flux solutions

The subordination integration used in the previous section can be repeated to obtain
the flux solutions. The only difference in this integration is that the Gaussian is replaced

with the flux of the following form: F(z,t) = 7 €Xp (—%) x.
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4. The stability terms

The breakthrough curves and the flux plots for cases, § = and 1 5 were derived

57 57 57
by introducing the stability term pu(s,t) in Cﬁc(—it = [ és s,t)Cl(x, s)u(s,t)ds.
Here p(s,t) = exp (%), allows (a) numerical integration and derivation of the
BTC and (b) preserves the initial arrival and tailing features of the anomalous
diffusion (see fig. 1). The coefficients a and b are derived from the numerator and
denominator of a selected exponent (3, and the value of v controls the influence of
the term on the subordination integration. The stability terms for the selected [
exponents are exp <7;15;§t4>, exp (%), exp (7;_2515>’ and exp (77;5—;%) respectively.
The linear and residual BTCs for the selected new [ values were estimated
considering the v =100 in the present work. Note that the exponential form of
the stability term truncates the &3, and the resulting BTC and flux plots can be
evaluated for finite time intervals. The BTC of 3/4 can be assessed until ¢ = 10'°
days, respectively. The parametery in p(s,t) controls the influence of the stability
term on the subordination integration. The BTCs and flux plots were evaluated by
setting v = 100 to ensure minimal impact of the stability term on the subordination
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Figure 1. Residual BTCs log;o(1 — C/Cp) vs. logy(t) of f=3, B=1, and =1
obtained through the NIntegrate method with and without involving stability term.
The plots shows that in each case, including the stability term does not change the
initial arrival times and long-time tails of the residual BTCs.

integration.
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