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1. Time Kernels

The time-kernel Eβ can be mathematically represented as:

Eβ =
1

s
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n=0

(−1)n

n!Γ(1− β − βn)

(
s

κβtβ

)1+n

(K-1)

In the main manuscript, Eβ for β=1/2 was introduced in eqn (7) respectively. Here
we present the series form of other seven Eβs for β= 4

5
, 3

4
, 2

3
, 2

5
, 1

3
, 1

5
, and 1

9
in eqn (S-1)

to eqn (S7) respectively.
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2. Full anomalous diffusion solutions for selected β values

We present the solution to the probability density function (PDF) for the selected
eight β values. Mathematically, the sub-ordination integration is represented as:
P (x, t) =

∫∞
0

Eβ(s, t)P1(x, s)ds. Here, i.e., P (x, t) = 1√
4πK1t

exp
(
− x2

4K1t

)
is the Gaussian
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PDF introduced as eqn (2) in the main manuscript, and Eβ is the time kernel for eight
β values represented as eqn (7) in the main manuscript and as eqn (S-1) to eqn (S-7)
in current supporting information respectively.

A.1: Using subordination integration between eqn (S-1) and the Gaussian, the PDF for
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A.2: Using subordination integration between eqn (S-2) and the Gaussian, the PDF for
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A.3: Using subordination integration between eqn (S-3) and the Gaussian, the PDF for
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is as follows:
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; 13

12
, 7

6
, 4

3
, 3

2
, 5

3
, 7

4
, 11

6
; x12

139314069504t4

))
+

324

(
−

6998400
√

2πt10/3Γ(− 5
12) 0F7

(
; 1
6
, 1
3
, 5
12
, 1
2
, 2
3
, 3
4
, 5
6

; x12

139314069504t4

)
Γ( 7

4)
+
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13063680t8/3x2Γ
(
− 7

12

)
Γ
(

13
12

)
0F7

(
; 1

3
, 1

2
, 7

12
, 2

3
, 5

6
, 11

12
, 7

6
; x12

139314069504t4

)
−

1658880
√

3πt7/3Γ
(
−2

3

)
|x|3 0F7

(
; 5

12
, 7

12
, 2

3
, 3

4
, 11

12
, 13

12
, 5

4
; x12

139314069504t4

)
+

77760t2x4Γ
(
− 1

12

)
Γ
(

1
4

)
0F7

(
; 1

2
, 2

3
, 3

4
, 5

6
, 13

12
, 7

6
, 4

3
; x12

139314069504t4

)
+

8640
√

2πt4/3x6Γ( 1
12) 0F7

(
; 2
3
, 5
6
, 11
12
, 7
6
, 5
4
, 4
3
, 3
2

; x12

139314069504t4

)
Γ( 1

4)
−

20480
√

3πtx6Γ
(
−10

3

)
|x| 0F7

(
; 3

4
, 11

12
, 13

12
, 5

4
, 4

3
, 17

12
, 19

12
; x12

139314069504t4

)
+

45t2/3x8Γ
(
− 5

12

)
Γ
(
− 1

12

)
0F7

(
; 5

6
, 13

12
, 7

6
, 4

3
, 17

12
, 3

2
, 5

3
; x12

139314069504t4

)
+

3
√

2πx10Γ(− 7
12) 0F7

(
; 7
6
, 5
4
, 4
3
, 3
2
, 19
12
, 5
3
, 11

6
; x12

139314069504t4

)
Γ( 1

4)

))
A.4: Using subordination integration between eqn (7) from the main manuscript and

the Gaussian, the PDF for β =1
2
is as follows:

P (x, t) =
√
t√
π
(

4√tΓ( 1
4) 0F2

(
; 1
2
, 3
4

;− x4

256t

)
2
√

2π
−

−1
2
|x| 0F2

(
; 3

4
, 5

4
;− x4

256t

)
−
x2Γ(− 1

4) 0F2

(
; 5
4
, 3
2

;− x4

256t

)
16
√

2π 4√t )

A.5: Using subordination integration between eqn (S-4) and the Gaussian, the PDF for
β =2

5
is as follows:

P (x, t) = −
((

16π
(

99225
√

2t8/5Γ
(

2
5

) (
5
√

25− 5
√

5Γ
(

1
5

)
+√

5−
√

5
(
5Γ
(

1
5

)
− 16Γ

(
−4

5

))
+ 2
√√

5 + 5
(
8Γ
(
−4

5

)
− 75Γ

(
6
5

))
−

50
√

5
(√

5 + 5
)
Γ
(

6
5

))
Γ
(

8
5

)
0F7

(
; 1

5
, 3

10
, 2

5
, 1

2
, 7

10
, 4

5
, 9

10
; x10

2500000000t2

)
−

1488375
(√

5 + 1
)√

2
(√

5 + 5
)
t7/5Γ

(
−3

5

)
Γ
(

2
5

)
Γ
(

8
5

)
|x|×

0F7

(
; 3

10
, 2

5
, 1

2
, 3

5
, 4

5
, 9

10
, 11

10
; x10

2500000000t2

)
−

496125
2

(√
5 + 1

)
t6/5x2

(
24π −

√
2
(√

5 + 5
)
Γ
(

2
5

)
Γ
(

3
5

))
Γ
(

8
5

)
×

0F7

(
; 2

5
, 1

2
, 3

5
, 7

10
, 9

10
, 11

10
, 6

5
; x10

2500000000t2

)
+

99225
√

10− 2
√

5
(√

5 + 1
)
tΓ
(
−6

5

)
Γ
(

2
5

)
Γ
(

8
5

)
|x|3×

0F7

(
; 1

2
, 3

5
, 7

10
, 4

5
, 11

10
, 6

5
, 13

10
; x10

2500000000t2

)
+
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1
4
x4Γ

(
2
5

)(
−33075

√
2
(√

5 + 5
)
t3/5Γ

(
1
5

)
Γ
(

8
5

)
|x| ×

0F7

(
; 7

10
, 4

5
, 9

10
, 6

5
, 13

10
, 7

5
, 3

2
; x10

2500000000t2

)
+

441
2
t2/5x2

(
24
(√

5 + 3
)
π +
√

2
(

50
√

5−
√

5Γ
(

7
5

)
+

√√
5 + 5

(
25Γ

(
7
5

)
+ 3Γ

(
−3

5

))
+
√

5
(√

5 + 5
) (

25Γ
(

7
5

)
+ 3Γ

(
−3

5

)))
Γ
(

8
5

))
×

0F7

(
; 4

5
, 9

10
, 11

10
, 13

10
, 7

5
, 3

2
, 8

5
; x10

2500000000t2

)
+

√
2Γ
(

8
5

) (
1
4
(−4725)

(√
5 + 1

)√√
5 + 5 5

√
tΓ
(

3
5

)
|x|3 ×

0F7

(
; 9

10
, 11

10
, 6

5
, 7

5
, 3

2
, 8

5
, 17

10
; x10

2500000000t2

)
+

1
16
x4
(

126
√

25− 5
√

5Γ
(
−1

5

)
+ 126

√
5−
√

5Γ
(
−1

5

)
+
√√

5 + 5
(

625Γ
(

19
5

)
− 1575

(√
5− 1

)
Γ
(

9
5

)
− 252

(√
5 + 3

)
Γ
(
−1

5

)))
0F7

(
; 11

10
, 6

5
, 13

10
, 3

2
, 8

5
, 17

10
, 9

5
; x10

2500000000t2

)
+

165375
(

3
√

5−
√

5−
(√

5 + 1
)√√

5 + 5 +
√

25− 5
√

5
)
t4/5

1F8

(
1; 3

5
, 7

10
, 4

5
, 9

10
, 11

10
, 6

5
, 13

10
, 7

5
; x10

2500000000t2

)))))/
11907

(
5−
√

5
)3/2 (√

5− 1
) (√

5 + 5
)7/2

t9/5Γ
(
−3

5

)
Γ
(
−1

5

)
Γ
(

1
5

)
Γ
(

2
5

)
Γ
(

3
5

)
Γ
(

8
5

))
A.6: Using subordination integration between eqn (S-5) from the main manuscript and

the Gaussian, the PDF for β =1
3
is as follows:

P (x, t) = 1
1728π 3√t

(
2592 6
√
tΓ
(

7
6

)
0F4

(
; 1

3
, 1

2
, 2

3
, 5

6
;− x6

46656t

)
−

432
√

3Γ
(

1
3

)
|x| 0F4

(
; 1

2
, 2

3
, 5

6
, 7

6
;− x6

46656t

)
+

432
√
πx2

0F4

(
; 2
3
, 5
6
, 7
6
, 4
3

;− x6

46656t

)
6√t −

32
√

3Γ(− 4
3)|x|3 0F4

(
; 5
6
, 7
6
, 4
3
, 3
2

;− x6

46656t

)
3√t −

3x4Γ(− 1
6) 0F4

(
; 7
6
, 4
3
, 3
2
, 5
3

;− x6

46656t

)
√
t

)
A.7: Using subordination integration between eqn (S-6) and the Gaussian, the PDF for

β =1
5
is as follows:

P (x, t) = 1
5√t

(
−

(−1)3/10
√

10−2
√

5 10√t 0F8

(
; 1
5
, 3
10
, 2
5
, 1
2
, 3
5
, 7
10
, 4
5
, 9
10

;− x10

10000000000t

)
Γ(− 1

10)
+
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i(
√

5+5)
3/2 10√t 0F8

(
; 1
5
, 3
10
, 2
5
, 1
2
, 3
5
, 7
10
, 4
5
, 9
10

;− x10

10000000000t

)
2
√

10Γ(− 1
10)

−

5

(
(−1)9/10

√
5−
√

5(
√

5+1)t7/10−(
√

5−1)
√√

5+5(−t)7/10

)
11
√

2πt3/5

Γ
(

21
10

)
0F8

(
; 1

5
, 3

10
, 2

5
, 1

2
, 3

5
, 7

10
, 4

5
, 9

10
;− x10

10000000000t

)
−

244140625
√
x2

0F8

(
; 3
10
, 2
5
, 1
2
, 3
5
, 7
10
, 4
5
, 9
10
, 11
10

;− x10

10000000000t

)
6931873723686912Γ(− 56

5 )
+

(−1)7/10(
√

5−3)
√√

5+5x2
0F8

(
; 2
5
, 1
2
, 3
5
, 7
10
, 4
5
, 9
10
, 11
10
, 6
5

;− x10

10000000000t

)
6
√

2 10√tΓ(− 3
10)

−

48828125i

√
5−
√

5
π

x2Γ( 3
5) 0F8

(
; 2
5
, 1
2
, 3
5
, 7
10
, 4
5
, 9
10
, 11
10
, 6
5

;− x10

10000000000t

)
27727494894747648 10√2 10√tΓ(− 56

5 )
+√

1
2(
√

5+5) 10
√
− 1
t
x2Γ( 13

10) 0F8

(
; 2
5
, 1
2
, 3
5
, 7
10
, 4
5
, 9
10
, 11
10
, 6
5

;− x10

10000000000t

)
6π

+
(−1)9/10

√
5x2Γ( 1

5)Γ( 8
5) 0F8

(
; 2
5
, 1
2
, 3
5
, 7
10
, 4
5
, 9
10
, 11
10
, 6
5

;− x10

10000000000t

)
23/5(6−6

√
5)π3/2 10√t

+

5
√

1
2(3−

√
5)(x2)

3/2
0F8

(
; 1
2
, 3
5
, 7
10
, 4
5
, 9
10
, 11
10
, 6
5
, 13
10

;− x10

10000000000t

)
12(
√

5−1) 5√tΓ(− 2
5)

+

(−1)7/10(
√

5−1)
√

5−
√

5
2π

x4
0F8

(
; 3
5
, 7
10
, 4
5
, 9
10
, 11
10
, 6
5
, 13
10
, 7
5

;− x10

10000000000t

)
480t3/10 −

(−1)9/10(
√

5+3)
√

5−
√

5
2π

x4
0F8

(
; 3
5
, 7
10
, 4
5
, 9
10
, 11
10
, 6
5
, 13
10
, 7
5

;− x10

10000000000t

)
480t3/10 −

10√−1(
√

5+1)x4
0F8

(
; 3
5
, 7
10
, 4
5
, 9
10
, 11
10
, 6
5
, 13
10
, 7
5

;− x10

10000000000t

)
24(
√

5−5)
√

2(
√

5+5)πt3/10
+

(
√

5−1)
√

5−
√

5
2π

t2/5x4
0F8

(
; 3
5
, 7
10
, 4
5
, 9
10
, 11
10
, 6
5
, 13
10
, 7
5

;− x10

10000000000t

)
480(−t)7/10 −

(x2)
5/2

0F8

(
; 7
10
, 4
5
, 9
10
, 11
10
, 6
5
, 13
10
, 7
5
, 3
2

;− x10

10000000000t

)
240t2/5Γ( 2

5)
−

2384185791015625(−1)9/10√πx6
0F8

(
; 4
5
, 9
10
, 11
10
, 6
5
, 13
10
, 7
5
, 3
2
, 8
5

;− x10

10000000000t

)
6065945980057315758495904423194535133184 22/5

√
tΓ(− 112

5 )Γ(− 4
5)
−

i(
√

5−1)
√
πx6

0F8

(
; 4
5
, 9
10
, 11
10
, 6
5
, 13
10
, 7
5
, 3
2
, 8
5

;− x10

10000000000t

)
9600 22/5

√
tΓ(− 4

5)Γ( 8
5)

−

(−1)3/10(
√

5−1)
√

1
2(
√

5+5)x6Γ( 17
10) 0F8

(
; 4
5
, 9
10
, 11
10
, 6
5
, 13
10
, 7
5
, 3
2
, 8
5

;− x10

10000000000t

)
10080π

√
t

+

299 10√−1
√

1
2(
√

5+5)x6
0F8

(
; 4
5
, 9
10
, 11
10
, 6
5
, 13
10
, 7
5
, 3
2
, 8
5

;− x10

10000000000t

)
1200000

√
tΓ( 33

10)
+

(x2)
7/2

0F8

(
; 9
10
, 11
10
, 6
5
, 13
10
, 7
5
, 3
2
, 8
5
, 17
10

;− x10

10000000000t

)
8064t3/5Γ(− 4

5)
+

10√−1(
√

5+1)x8Γ( 9
10) 0F8

(
; 11
10
, 6
5
, 13
10
, 7
5
, 3
2
, 8
5
, 17
10
, 9
5

;− x10

10000000000t

)
80640

√
10(
√

5+5)πt7/10
−

11i

(
4 5√−1
√

5−
√

5−(
√

5+1)
√√

5+5

)
x8

0F8

(
; 11
10
, 6
5
, 13
10
, 7
5
, 3
2
, 8
5
, 17
10
, 9
5

;− x10

10000000000t

)
80640000

√
2t7/10Γ( 21

10)
−

5(− 1
2)

3/10
√

5−
√

5
π

x8Γ( 19
5 ) 0F8

(
; 11
10
, 6
5
, 13
10
, 7
5
, 3
2
, 8
5
, 17
10
, 9
5

;− x10

10000000000t

)
8128512t7/10Γ( 2

5)

)
A.8: Using subordination integration between eqn (S-7) and the Gaussian, the PDF for
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β =1
9
is as follows:

P (x, t) = 1
9√t

(
(−1)17/1828/9

√
π 18
√
t cos

(
π
9

)
cos
(

2π
9

)
×

0F16

(
; 1
9
, 1
6
, 2
9
, 5
18
, 1
3
, 7
18
, 4
9
, 1
2
, 5
9
, 11
18
, 2
3
, 13
18
, 7
9
, 5
6
, 8
9
, 17
18

;− x18

39346408075296537575424t

)
Γ(− 4

9)Γ( 8
9)

+

9
√
x2

0F16

(
; 1
6
, 2
9
, 5
18
, 1
3
, 7
18
, 4
9
, 1
2
, 5
9
, 11
18
, 2
3
, 13
18
, 7
9
, 5
6
, 8
9
, 17
18
, 19
18

;− x18

39346408075296537575424t

)
2Γ(− 1

9)
−

(x2)
3/2

0F16

(
; 5
18
, 1
3
, 7
18
, 4
9
, 1
2
, 5
9
, 11
18
, 2
3
, 13
18
, 7
9
, 5
6
, 8
9
, 17
18
, 19
18
, 10

9
, 7
6

;− x18

39346408075296537575424t

)
12 9√tΓ( 7

9)
+

18
√
−1x6 csc

(
π
9

)
csc
(

2π
9

)
Γ
(

7
9

)
Γ
(

10
9

)
×

0F16

(
; 4
9
, 1
2
, 5
9
, 11
18
, 2
3
, 13
18
, 7
9
, 5
6
, 8
9
, 17
18
, 19
18
, 10

9
, 7
6
, 11

9
, 23
18
, 4
3

;− x18

39346408075296537575424t

)
1920 27/9π3/2t5/18 −

(−1)17/18x6 csc2
(
π
9

)
csc2

(
2π
9

)
Γ
(

7
9

)
Γ
(

10
9

)
×

0F16

(
; 4
9
, 1
2
, 5
9
, 11
18
, 2
3
, 13
18
, 7
9
, 5
6
, 8
9
, 17
18
, 19
18
, 10

9
, 7
6
, 11

9
, 23
18
, 4
3

;− x18

39346408075296537575424t

)
7680 27/9π3/2t5/18 −

(x2)
15/2

0F16

(
; 17
18
, 19
18
, 10

9
, 7
6
, 11

9
, 23
18
, 4
3
, 25
18
, 13

9
, 3
2
, 14

9
, 29
18
, 5
3
, 31
18
, 16

9
, 11

6
;− x18

39346408075296537575424t

)
2615348736000t7/9Γ( 1

9)
+

18
√
−1
√
πx16 cos

(
π
9

)
cos
(

2π
9

)
×

0F16

(
; 19
18
, 10

9
, 7
6
, 11

9
, 23
18
, 4
3
, 25
18
, 13

9
, 3
2
, 14

9
, 29
18
, 5
3
, 31
18
, 16

9
, 11

6
, 17

9
;− x18

39346408075296537575424t

)
52960811904000 28/9t5/6Γ( 1

9)Γ( 13
9 )

+

18
√
−1x8 cot

(
π
9

)
cot
(

2π
9

)
csc
(
π
9

)
csc
(

2π
9

)
×

sec( π
18) 0F16

(
; 5
9
, 11
18
, 2
3
, 13
18
, 7
9
, 5
6
, 8
9
, 17
18
, 19
18
, 10

9
, 7
6
, 11

9
, 23
18
, 4
3
, 25
18
, 13

9
;− x18

39346408075296537575424t

)
1935360

√
πt7/18 −

(−1)17/18x8 cot
(
π
9

)
cot
(

2π
9

)
csc
(
π
9

)
csc
(

2π
9

)
×

sec( π
18) 0F16

(
; 5
9
, 11
18
, 2
3
, 13
18
, 7
9
, 5
6
, 8
9
, 17
18
, 19
18
, 10

9
, 7
6
, 11

9
, 23
18
, 4
3
, 25
18
, 13

9
;− x18

39346408075296537575424t

)
1935360

√
πt7/18 −

(−1)17/18x12 cos
(

2π
9

)
cot
(
π
9

)
Γ
(

13
18

)
×

sec( π
18) 0F16

(
; 7
9
, 5
6
, 8
9
, 17
18
, 19
18
, 10

9
, 7
6
, 11

9
, 23
18
, 4
3
, 25
18
, 13

9
, 3
2
, 14

9
, 29
18
, 5
3

;− x18

39346408075296537575424t

)
2874009600

√
3πt11/18 +

18
√
−1x12 cot

(
π
9

)
csc
(

2π
9

)
×

sec( π
18) 0F16

(
; 7
9
, 5
6
, 8
9
, 17
18
, 19
18
, 10

9
, 7
6
, 11

9
, 23
18
, 4
3
, 25
18
, 13

9
, 3
2
, 14

9
, 29
18
, 5
3

;− x18

39346408075296537575424t

)
20692869120t11/18Γ( 23

18)
+

18
√
−1x14 cos

(
2π
9

)
cot
(
π
9

)
×

sec( π
18) 0F16

(
; 8
9
, 17
18
, 19
18
, 10

9
, 7
6
, 11

9
, 23
18
, 4
3
, 25
18
, 13

9
, 3
2
, 14

9
, 29
18
, 5
3
, 31
18
, 16

9
;− x18

39346408075296537575424t

)
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)
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(
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×
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18
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9
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(
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9
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×
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, 7
6
, 11

9
, 23
18
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18
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9

)
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(
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9
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×
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, 7
6
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9
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18
, 4
3
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18
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9
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18
, 5
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)
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9 )
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(−1)11/18
√
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√
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(
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9

)
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(
π
9
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Γ
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18

)
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, 1
2
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√
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(
; 1
3
, 7
18
, 4
9
, 1
2
, 5
9
, 11
18
, 2
3
, 13
18
, 7
9
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√
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√
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√
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√
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√
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√
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√
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, 3
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(
π
18
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×
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(
; 1
2
, 5
9
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18
, 2
3
, 13
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, 7
9
, 5
6
, 8
9
, 17
18
, 19
18
, 10

9
, 7
6
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9
, 23
18
, 4
3
, 25
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;− x18
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)
8960 3√tΓ(− 4

9)
−

(x2)
9/2

sin
(
π
9

)
csc
(
π
18

)
csc
(

2π
9

)
sec
(

2π
9

)
×

0F16

(
; 11
18
, 2
3
, 13
18
, 7
9
, 5
6
, 8
9
, 17
18
, 19
18
, 10

9
, 7
6
, 11

9
, 23
18
, 4
3
, 25
18
, 13

9
, 3
2

;− x18

39346408075296537575424t

)
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−
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(
π
18
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(
π
9

)
×
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(
; 7
9
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6
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18
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18
, 10

9
, 7
6
, 11

9
, 23
18
, 4
3
, 25
18
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9
, 3
2
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9
, 29
18
, 5
3

;− x18
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)
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+
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(
π
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(
π
9

)
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(
π
9

)
×

0F16

(
; 7
9
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6
, 8
9
, 17
18
, 19
18
, 10

9
, 7
6
, 11

9
, 23
18
, 4
3
, 25
18
, 13

9
, 3
2
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9
, 29
18
, 5
3

;− x18

39346408075296537575424t

)
1939956480t11/18Γ( 23

18)
+
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(−1)13/18x14 sin
(
π
18

)
sin
(
π
9

)
cos
(
π
9

)
×

0F16

(
; 8
9
, 17
18
, 19
18
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9
, 7
6
, 11

9
, 23
18
, 4
3
, 25
18
, 13

9
, 3
2
, 14

9
, 29
18
, 5
3
, 31
18
, 16

9
;− x18

39346408075296537575424t

)
504388684800t13/18Γ( 13

6 )
−

(−1)11/18x14 sin
(
π
18

)
sin
(

2π
9

)
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(

2π
9

)
×

0F16

(
; 8
9
, 17
18
, 19
18
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9
, 7
6
, 11

9
, 23
18
, 4
3
, 25
18
, 13

9
, 3
2
, 14

9
, 29
18
, 5
3
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18
, 16

9
;− x18

39346408075296537575424t

)
504388684800t13/18Γ( 13

6 )
−

x16
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18)
×
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(
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, 10

9
, 7

6
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9
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, 4

3
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9
, 3

2
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9
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, 5
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9
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6
, 17
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39346408075296537575424t

)
×(

−16(−1)13/18 cos
(
π
9
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√
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(
2π
9

)
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√
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(
π
9

)
cot
(

2π
9

)
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(

2π
9

)
+

4 6
√
−1
√

3 cot
(
π
9

)
cot
(

2π
9

)
sec
(
π
18

)
− 3(−1)5/18 cot

(
π
9

)
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(
2π
9

)
sec
(
π
18

)
+

32(−1)5/6 sin
(
π
9

)
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(
π
9

)
cot
(

2π
9

))
sin
(

2π
9

)
+

1
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√
3 18
√
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(
π
9

)
×
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(
; 1
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, 4

9
, 1

2
, 5

9
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9
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√
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9
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×
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(
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, 5
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√
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√
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(
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, 5
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√
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×
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(
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9
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(
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, 4
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, 5
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3. Flux solutions

The subordination integration used in the previous section can be repeated to obtain
the flux solutions. The only difference in this integration is that the Gaussian is replaced
with the flux of the following form: F (x, t) = 1

4
√
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3
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x.
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B.2: Flux solution for β =3
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B.3: Flux solution for β =2

3
:

F (x, t) = 1
t2/3

e−
2

27t2

(
−

3|x| 0F7

(
; 1
12
, 1
4
, 1
3
, 5
12
, 7
12
, 3
4
, 11
12

; x12

139314069504t4

)
4xΓ(− 2

3)
−

xΓ( 7
12)Γ( 11

12) 0F7

(
; 1
6
, 1
3
, 5
12
, 1
2
, 2
3
, 5
6
, 13
12

; x12

139314069504t4

)
4π3/2 3√t +

xΓ( 5
12)Γ( 13

12) 0F7

(
; 1
6
, 1
3
, 1
2
, 7
12
, 2
3
, 5
6
, 11
12

; x12

139314069504t4

)
4π3/2 3√t +

1
52488

√
3πt8/3

x|x|
(
−6561t2Γ

(
1
3

)
0F7

(
; 1

4
, 5

12
, 7

12
, 2

3
, 3

4
, 11

12
, 13

12
; x12

139314069504t4

)
+

126t2/3x4Γ
(
−10

3

)
0F7

(
; 7

12
, 3

4
, 11

12
, 13

12
, 5

4
, 4

3
, 17

12
; x12

139314069504t4

)
+

22x6Γ
(
−14

3

)
0F7

(
; 3

4
, 11

12
, 13

12
, 5

4
, 17

12
, 19

12
, 5

3
; x12

139314069504t4

))
+



CONTENTS 18

1
1433272320π3/2t11/3x

3
(
−2488320t8/3Γ

(
−1

4

)
Γ
(

5
12

)
0F7

(
; 1

3
, 1

2
, 7

12
, 2

3
, 5

6
, 7

6
, 5

4
; x12

139314069504t4

)
−

22394880t8/3Γ
(
−3

4

)
Γ
(

11
12

)
0F7

(
; 1

3
, 1

2
, 2

3
, 3

4
, 5

6
, 13

12
, 7

6
; x12

139314069504t4

)
+

x2
(

103680t2Γ
(
− 5

12

)
Γ
(

1
4

)
0F7

(
; 1

2
, 2

3
, 3

4
, 5

6
, 7

6
, 4

3
, 17

12
; x12

139314069504t4

)
+

103680t2Γ
(
−1

4

)
Γ
(

1
12

)
0F7

(
; 1

2
, 2

3
, 5

6
, 11

12
, 7

6
, 5

4
, 4

3
; x12

139314069504t4

)
+

x2
(
−2880t4/3Γ

(
− 7

12

)
Γ
(

1
12

)
0F7

(
; 2

3
, 5

6
, 11

12
, 7

6
, 4

3
, 3

2
, 19

12
; x12

139314069504t4

)
−

2880t4/3Γ
(
− 5

12

)
Γ
(
− 1

12

)
0F7

(
; 2

3
, 5

6
, 13

12
, 7

6
, 4

3
, 17

12
, 3

2
; x12

139314069504t4

)
+

x2
(

60t2/3Γ
(
−3

4

)
Γ
(
− 1

12

)
0F7

(
; 5

6
, 13

12
, 7

6
, 4

3
, 3

2
, 5

3
, 7

4
; x12

139314069504t4

)
+

60t2/3Γ
(
− 7

12

)
Γ
(
−1

4

)
0F7

(
; 5

6
, 7

6
, 5

4
, 4

3
, 3

2
, 19

12
, 5

3
; x12

139314069504t4

)
+(

4
√

2πΓ(− 11
12) 0F7

(
; 7
6
, 5
4
, 4
3
, 3
2
, 5
3
, 11

6
, 23
12

; x12

139314069504t4

)
Γ( 1

4)
−

Γ
(
−3

4

)
Γ
(
− 5

12

)
0F7

(
; 7

6
, 4

3
, 17

12
, 3

2
, 5

3
, 7

4
, 11

6
; x12

139314069504t4

)))))))
B.4: Flux solution for β =1
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B.5: Flux solution for β =2
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B.6: Flux solution for β =1
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B.7: Flux solution for β =1
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B.8: Flux solution for β =1
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4. The stability terms

The breakthrough curves and the flux plots for cases, β = 4
5
, 2

5
, 1

5
, and 1

9
were derived

by introducing the stability term µ(s, t) in Cβ(x,t)

C0
=
∫∞

0
Eβ(s, t)C1(x, s)µ(s, t)ds.

Here µ(s, t) = exp
(

asb

γπbbta

)
, allows (a) numerical integration and derivation of the

BTC and (b) preserves the initial arrival and tailing features of the anomalous
diffusion (see fig. 1). The coefficients a and b are derived from the numerator and
denominator of a selected exponent β, and the value of γ controls the influence of
the term on the subordination integration. The stability terms for the selected β
exponents are exp

(
4s5

γπ55t4

)
, exp

(
2s5

γπ55t2

)
, exp

(
s5

γπ55t

)
, and exp

(
s9

γπ99t

)
respectively.

The linear and residual BTCs for the selected new β values were estimated
considering the γ =100 in the present work. Note that the exponential form of
the stability term truncates the Eβ, and the resulting BTC and flux plots can be
evaluated for finite time intervals. The BTC of 3/4 can be assessed until t = 1010

days, respectively. The parameterγ in µ(s, t) controls the influence of the stability
term on the subordination integration. The BTCs and flux plots were evaluated by
setting γ = 100 to ensure minimal impact of the stability term on the subordination
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Figure 1. Residual BTCs log10(1 − C/C0) vs. log10(t) of β= 3
4 , β=

1
3 , and β= 1

5

obtained through the NIntegrate method with and without involving stability term.
The plots shows that in each case, including the stability term does not change the
initial arrival times and long-time tails of the residual BTCs.

integration.
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