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3.1 INTRODUCTION

Complex dynamical systems are often characterized by a farmber of nonlinearly
interacting elements, giving rise to emergent propettiasttanscend the principle of
linear superposition. In particular within the biologisaiences, one of the primary
challenges is to investigate how the collective behaviamati, tissues or organisms
can be understood in terms of the properties of their mote@anstituents.

To investigate this intricate connectivity of cellular s, the analysis of complex
networks has become an important part of molecular biologyyarge number of
biological phenomena and processes can be translatechantbstract concept of a
complex network, making biological problems mathemalydahctable. Prominent
examples include the representation of transcriptiorallegion as a network, where
vertices represent genes or proteins and edges repregeidtogy interactions, as
well as cellular metabolism, where vertices represent buditas and edges represent
biochemical interconversions. However, beyond theseeratraightforward exam-
ples, more abstract processes can sometimes also be tiedriaka the language of
complex networks. For example, different configuratiomates of a protein may be
represented as vertices, with edges indicating transiti@tween them.

Once a biological process or phenomenon is represented leywaork, the tools
of complex network theory allow for a systematic charaztgion of its structural
properties. The analysis of network topology then seekstmwer the functional
organization, the underlying design principles and unkmarganizing principles
of cellular systems. Indeed, as realized only rather régemainy empirically de-
rived complex networks, ranging from technological andd@ogical to biological
examples, share common topological features. The organiinciples of empiri-
cal networks often reflect crucial system properties, ssafohustness, redundancy
or other functional interdependencies between networknetgs. A quantitative
analysis of the large-scale characteristics of complewodds thus contributes to a
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Fig. 3.1 The substrate grapt¥'s of the S. cerevisiagnetabolic network [23], consisting
of Ny = 810 vertices (metabolites) and/r = 3419 edges. Directional information is
omitted. Left: Avisualization of the substrate graph using the freelylatde software package
Pajek [9]. Right: A visualization of the adjacency matrix, with vertices (atmlites) ranked
according to their degree. Each dot indicates whether tiregimonding vertices (metabolites)
are connected by an edge. The figures are adapted from [61].

better understanding of the organization of cellular fiort and has already made
significant impact on our current view of molecular biology.

While not aiming at a comprehensive review, this chapteksée summarize and
describe several basic measures and characteristicsvadnkebpology. The chap-
ter is organized as follows: The main emphasis is placed oovarview of basic
measures and indices that characterize the topology ofonk$wgiven within Sec-
tion 3.2. In Section 3.3, several basic prototype modelsoofigex networks are
discussed. The subsequent Section 3.4 is devoted to a ltiafeoof global fea-
tures of complex networks, such as hierarchies, modulaattack tolerance and
robustness. Finally, Section 3.5 provides notes on thesttat testing of network
properties and describes several known pitfalls and plessilsinterpretations in the
statistical analysis of network properties. The workingraple throughoutthis chap-
ter is a reconstructed version of tBe cerevisiaenetabolic network [23], consisting
of 810 metabolites an&43 reactions. The original bipartite graph was collapsed,
such that two metabolites are connected if they participedecommon reaction. A
graphical representation is shown in Fig. 3.1.

3.2 GLOBAL PROPERTIES OF COMPLEX NETWORKS

Following the nomenclature of Chapter 2, a network is folynedpresented by
agraph G = (V, E), consisting of a seV of Ny verticesand a setF of Ng
edges We distinguish betweeunndirected graphswhose vertices are connected by
edges without any directional information addected graphgdigraphg, whose
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Fig. 3.2 Representations of complex networled A directed network, consisting éfy = 7
vertices andVg = 13 directed edgesb) The adjacency matriA of the network.c) The set

of adjacency lists, specifying to which other vertices eagetiex connectsd) The distance
matrix D with elementsi;;. Note that the distances are not symmetric and may be infinite
indicating that not all vertices can be reached from all otlegtices.e) The input degreé:®

and output degreg™* of each vertex.

edges posses directional information. Additionallywieighted graphseach edge
(directed or undirected) is associated with a scalar vadwentifying a possible
interaction strength, a cost, or a flow on the respective edge

In most cases, a network is represented byadgcency matrixA, with entries
A;; = 1indicating that there exists an edge between vetieandn;, andA4;; = 0
otherwise. For undirected networks, the adjacency marsyimmetricA;; = Aj;.
For weighted networks, the elements of the adjacency matgxeplaced by non-
binary scalar values.

However, in particular fosparse networks.e. networks where the number of edges
is much smaller than the number of possible ed§jes< N2, the adjacency matrix
becomes computationally inefficient in terms of memoryadtion. Alternatively,
the network can be specified by a setadfacency listsconsisting of Ny lists that
enumerate to which other vertices each vertex connectsalseeChapter 2. The
adjacency matrix, as well as the adjacency lists, have theque advantages and
disadvantages in terms of computational efficiency. A saignmexample of both
representations is given in Fig. 3.2.



3.2.1 Distance, Average Pathlength and Diameter

In a network consisting ofVy, vertices, thedistanced;; between any two vertices
n; andn; is given by the length of thehortest pattbetween the vertices, i.e., the
minimal number of edges that need to be transversed to tfeaml vertexn,; to
n;. The shortest path between two vertices does not have toigaejroften there
exist several alternative paths with identical pathlendtar directed networks, the
distance between two verticesto n; is usually not symmetrid;; # d;;. Likewise,
for directed, as well adisconnected networkse., networks consisting of two or
more isolated components, there might not always be a patlttmnects vertex;
ton;. Insuch a case, the distance between the respective eddiodinited;; = co.
See Fig. 3.2 for examples.

Thediameterd,, = max(d;;) of a network is defined as the maximal distance of any
pair of vertices. Theverageor characteristicpathlengthi = (d;;) of a network is
defined as the average distance between all pairs of verticgbe case of infinite
distances, the average inverse pathledgth= (1/d;;), also referred to asfficiency
can be used to specify the average pathlength within theanktvn this case, a fully
connected networl;; = 1 Vi, j has an efficiencyles = 1, whereas large distances
and disconnected components (using the libfi;; = 0 for d;; = oo) reduce the
efficiency of the network.

The situation is slightly less straightforward if weighteetworks are considered.
Then, we are faced with the possibility to take addition&imation into account.
For example, within a network of train connections, the ssipathlength (distance)
between two stations can be defined according to physidaindiss, or, taking travel
time into account, by the total time needed to travel from stagion to another.
Furthermore, the fastest connection must not always bettbapest, thus we might
wish to define the distance between two stations accorditigetamount of money
needed to travel from one station to another. In either ¢hegerm distance between
vertices can be generalized to accommodate additionarsicéibrmation, given by
aweight factorthat is associated with each edge.

Computationally, the estimation of the distance betweem\ertices is not trivial.
Within the extensive literature on the shortest paths gmblthe most common
choices are th®ijkstra and theFloyd-Warshallalgorithm [6]. The Dijkstra algo-
rithm returns the lowest cost path between a source vertexd all other vertices
in the network inO(N? ) time. For efficiency reasons, the algorithm return juse
shortest path, enumerating all shortest paths betweendwices is computationally
more tricky and expensive. To calculate the all-to-allalistes, the Floyd-Warshall
algorithm is the method of choice. The algorithm returns digance matrix in
O(N{). Both algorithms straightforwardly allow to incorporateighted edges.
Negative weights may induce cycles that reduce the costafteqach time the cycle
is traversed. In this case, the definition of the 'lowest 'qusth has to be modified.
Note that distances, pathlength and diameter also depemeteork size and density
(number of vertices and links) and are therefore no gendassifiers that straight-
forwardly allow to compare different networks.
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3.2.2 Six Degrees of Separation: Concepts of a Small World

One of the striking properties of almost all empirical netikis that, despite their
huge size of sometimes several millions of vertices, theamepathlength is usually
surprisingly small. For example within cellular metabuolisrepresented by a net-
work of metabolites (vertices) linked by biochemical réans (edges), the average
pathlength between two metabolites is only approximadely 3, independent of
the specific organism [22, 33, 71]. A recent study of the Waklidle Web (WWW),
represented by a network of web documents (vertices) teat@amected by directed
hyperlinks (URLS), estimated that the average pathlengtivéen any two vertices
is onlyd = 16 [1], extrapolated for a network of 200 million documents.

The termsmall worldnetwork itself originated in the social sciences, reflegtime
assertion that within networks of social acquaintancesrfendships) all people
(vertices) on the planet are separated from each other bg gmall number of inter-
mediate friends or acquaintancesiX degrees of separatigralthough the specific
value six must not be taken too literally).

However, strictly speaking, the term small-world is not agjee network property,
i.e. there is no measure or statistical test that allows égklwhether a given specific
empirical network belongs to the class of small world netgoAs stated above, the
average distance between vertices also depends on thd gieen@twork: The more
vertices a network has, the more distant the vertices telnel.tdhe small-world prop-
erty is thus mainly understood to apply to network modelssehaverage pathlength
d increases slower or equal than the logarithm of the netwiagkds~ log Ny for
Ny — oo. A further distinction includesitra-smallnetworks [13], whose average
pathlength scales as~ loglog Ny .

3.2.3 The Degree Distribution

One of the most basic properties of a ventexs its degreek;, defined as the number
of edges adjacent to the vertex. In a network witheelf-loops(edges that connect
a vertex to itself) andanultiple links(two vertices are connected by more than one
edge) the degree equals the number of neighbors of the véntthe case of directed
networks, we distinguish between timput degreei™ and theoutput degree: u*.
Taking all vertices of a network into account, we can ask ffer probabilityp(k)
that the degree of a randomly chosen vertex equalBhedegree distributiorp(k)
has become one of the most prominent characteristics ofonketwpology. One of
the key discoveries that triggered the renewed interesbmpdex network theory
was that the distributiop(k) of many empirical networks approximately follows a
power lawp(k) ~ k~7, wherev denotes thelegree exponentin contrast to the
until then prevailing picture, where vertices are conngcéamdomly and each vertex
has approximately the same number of links, many empiriealorks are strongly
inhomogeneous: While the vast majority of vertices onlygessa small number
of links, a small number of verticesh(ibs’) are highly connected. Examples of
prototypical degree distributions are depicted in Fig. 3.3

Though being one of the most basics characteristics of mktavohitecture, a statisti-
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Fig. 3.3 Degree distributions of complex networka) A lattice-like network. Each vertex
has the same degrég(for periodic boundary conditions or large networks, suw@t vertices
at the border can be neglectett). An Erdos-Renyi random network. The degree distribution
is homogeneous, the degrees of the vertices are centeraddatioe average valuec) A
scale-free network. The degree distribution is highly mlegeneous and follows a power law
of the formp(k) ~ k™7, wherey denotes thelegree exponenwhile most vertices only have
a low number of connections, a smaller number of verticesjislyrconnected.

cally stringent numerical estimation of the degree distidn is far from trivial [25].
Inthe simplest case(k) can be straightforwardly estimated from an (usually binned
histogram of degrees. However, for many real networks wiiting/ly inhomogeneous
degree distributions, the simple histogram approach gesvinsufficient statistics
at high degree vertices and is a notorious source of migirgtations [25]. More
reliable in terms of numerical estimation is themulative degree distributign. (),
defined as the probability that a randomly chosen vertex higegeee larger thah.
The cumulative degree distributign(k) is a monotonously decreasing function of
k and its estimation requires no binning. For a power-lawrithstion p(k) ~ k=7,
the cumulative degree distribution is of the fopitk) ~ k~(~1). An exponential
distribution p(k) ~ exp(—k) corresponds to an invariant cumulative distribution
pe(k) ~ exp(—k). Computationally even more straightforward is to rank tee v
tices according to their degree and plot the degree vergugattk of each vertex.
Examples of different representations of the degree Higion are shown in Fig 3.4.
It should be noted that all empirical networks necessahijsdeviations from an
strict mathematical degree distribution. In particulargower-law distributions, the
size (number of vertices) of the network puts constraintshenestimation of the
degree exponent. Highly connected vertices are rare, aidglobability is thus
difficult to estimate for small networks. Likewise, the nuenlbf vertices with small
degree is restricted by network size. Consequently, thadtap ~ k£~ often only
applies to an intermediate region of the empirical degrstidution and has to be
adjusted with an exponential cut-off at high degrees. Maorpdrtantly, as shown
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Fig. 3.4 Different representations of the degree distribution efrietabolite substrate net-
work described in Fig 3.1a) A binned histogram. Shown is the number of vertices with a
degreek, using a logarithmic binningb) The cumulative degree distribution (k), i.e, the
probability that a vertex has a degree larger or eduaNote that the cumulative distribu-
tion does not require binning, but is obtained from the (redized) number of vertices with
degree larger or equél. c) The rank plot of metabolites, ranked according to their degr
k. A power-law of the formp ~ k=7 in the rank plot corresponds to a degree exponent
vy=1+ 7—1T ~ 2.3 in the original degree distributiop(k) and~. ~ 1.3 in the cumulative
distribution. The straight lines are not fitted and only seas a guide to the eye.

in the recent literature, the reported degree exponent ofyreapirical networks
correlates with network size and thus might not reflect theaexponent of the
underlying networks [18, 17]. Furthermore, for small degegponents the variance
of the degree distribution is infinite, thus any empiricahgée of vertex degree is no
'typical’ observation.

However, for many biological problem it is often more imm@ot to note that the
degree distribution is highly inhomogeneous and longthias opposed to the ques-
tion whether the degree distribution fits a power-law in &t$tatistical sense. For
weighted networks, the concept of degree can also be exdandaccount for the
weights of the edges by defining terengthof a vertex as the sum of the absolute
values of the weights.

3.2.4 Assortative Mixing and Degree Correlations

Despite its importance in the topological characterizaibcomplex networks, the
degree distribution itself does provide only little infaation about the internal struc-
ture and organization of the network. More interesting isstto look for correlations
between the degrees of adjacent vertices. A network isccdigassortativef ver-
tices with high degree connect preferentially to verticéh Yow degree. Vice versa,

a network is calle@ssortativef vertices with high degree preferentially also connect
to other vertices with high degree. As pointed out in the métiterature [49], social
networks tend to be assortative, i.e. persons (vertice$) many friends (connec-
tions) tend to be also connected to other persons with maegds, while most
technological and biological networks are disassortative
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Formally, the degree correlation can be obtained from tiné poobability distribution
p(ki, k;) that two connected vertices andn; have degreé; andk; respectively.
For uncorrelated degrees the joint probability is giventi®yproduct of the marginal
degree distributions(k;, k;) = p(k;)p(k;) A measure for the deviation from statis-
tical independence is given by theutual informatior{64, 66].

Unfortunately, a direct numerical estimationggk;, k;) is computationally demand-
ing and often not feasible due to the limited size of the (eigl) network (but see
also [66] for the numerical estimation of probability diktrtions and a discussion of
finite size effects). More straightforward is thus to coesithe Pearson correlation
coefficient between the degree of two adjacent vertices. cohelation coefficient
or assortativity coefficient lies in the range-1 < r < 1, with » < 0 correspond-
ing to a disassortative network and> 0 to an assortative network. Note that the
assortativity coefficient, similar to the usual Pearson correlation, has it limits for
strongly inhomogeneous degree distributions and failotoectly quantify nonlin-
ear degree correlations, i.e. networks that are assatatitow degree vertices and
disassortative for high degree vertices.

Another popular, and closely related, measure to evaluegeee correlations is
the average neighbor degrd@3]. For each vertex; the average degreg ,,, =

kli Z;V:VI A;;k; of its neighbors is calculated. Subsequently, these vavesv-
eraged for all vertices having the same degdteeesulting in the average neighbor
degreek,,, (k). See Fig. 3.5 for examples of vertex degree correlations.

To evaluate the degree correlations for weighted and didewttworks requires slight
modifications in the respective definitions. In the case dfaded networks, two dis-
tinct correlation indices are most interesting) o the in-degree" of vertices
correlate with their neighbors out-degred'®, and (i) do the out-degrees{"*

of vertices correlate with their neighbors in-degrég% In the case of weighted
networks, the degrees can again be replaced by their weligbtaterparts.

3.2.5 The Clustering Coefficient

Another basic measure that accounts for the internal strecif a network is the
clustering coefficien€'. The clustering coefficient relates to the local cohesisene
of a network and measures the probability that two vertidés a&xcommon neighbor
are connected. Inthe case of undirected networks, giveriexve with k; neighbors,
there exist,.x = k;(k;—1)/2 possible edges between the neighbors. The clustering
coefficientC; of the vertexn; is then given as the ratio of the actual number of edges
E; between the neighbors to the maximal numbg,,,

2F;

Q:m%—n'

(3.1)
See Fig. 3.6 for a schematic example. Note that, strictlalkipg, the clustering
coefficientC; is not a property of the vertex; itself, but rather a property of its
neighbors. The global or mean clustering coeffici€nt (C;) of the network is the
average cluster coefficient of all vertices.
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Fig. 3.5 Vertex degree correlation in the substrate grapbft: The average neighbor de-
greek; .. of each vertexu;, plotted versus the degrég. The solid line gives the (binned)
average over all vertices with the same degted-or large degrees a weak negative corre-
lation is observedRight: The clustering coefficient’; of each vertex versus the degree
Highly connected vertices exhibit a low clustering coefiti i.e., highly connected vertices
preferentially connect to vertices that are not mutuallpreeted, indicating a hierarchical
structure.

Many empirical networks exhibit a rather high clusteringffizient, indicating a
local cohesiveness and a tendency of vertices to form ckistegroups. Indeed,
for example in social networks, it seems intuitive that twaygons (vertices) who
have a common friend are much more likely to be also frienslgoapared to two
randomly chosen persons. Interestingly, this also diyaetlates to the notion of
degree correlations and dynamics on networks. As pers@isttare a common
friend are likely to become acquainted themselves, theyawtjuire new friends over
time. In particular, a highly connected person will indu@nwrconnections among
his friends (neighboring vertices). In this sense, wittonial networks, a situation
with disassortative degree correlations and low clusgeeoefficients is dynamically
unstable and must be expected to evolve gradually towards ohastering and thus
assortative degree correlations.

However, despite its conceptual simplicity, the interatien and statistical testing
of the clustering coefficient holds some pitfalls, which digcussed in more detalil
in the Section 3.5. Furthermore, the clustering coefficikmends on the number of
edges within the network. To claim a nontrivial local clustg within the network,
an estimated value @f thus has to be compared to an appropriate null model to val-
idate whether the value is indeed statistically significaat, whether the respective
network indeed exhibits a higher degree of clustering thaareesponding random
network. Difficulties also arise for specific types of grapgsch as bipartite graphs,
that exhibit a nontrivial clustering coefficientinheremthe bipartite structure [1, 52],
see Section 3.5 for a detailed discussion.

An alternative, but equivalent, definition 6fcan be given with respect to the number
of triads (triples of vertices where each vertex is conrettteboth others) within a
network. Note that the number of edges between the neiglib@rsertex is equal
to the number of triads that vertex is part of. The globaltetirg coefficient is then
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Fig. 3.6 The clustering coefficient relates to the local cohesivertgsa network. a) The
clustering coefficient is defined as the probability that wedices with a common neighbor are
connectedb) A highly connected vertex with a low clustering coefficienticating a (at least
locally) hierarchical structurec) A a vertex with high clustering coefficiefitvertex = 0.8

defined as the proportion of triads in a network with respec¢hé total number of
connected triples (triples where at least one vertex is eotead to both others).

_ 3 x number of triads
~ number of connected triples

(3.2)

The factor3 accounts for the fact that each triad contributeés¢onnected triples [1].

A characterization of the clustering coefficient with respe the number of triads
holds some advantages with respect to numerical estimatidrcan be generalized
to other structures, such as the number of squares [31].

Of particular interest is also the correlation of the clusig coefficientC; with
other properties of a vertex;. For example, as described by Newman [49], many
empirical networks exhibit a negative correlation betwéen degrees; and the
clustering coefficient€’;, indicating a modular structure of the network. See Fig. 3.5
for an example.

3.2.6 The Matching Index

Within many empirical networks, two vertices that are fumeally similar do not
necessarily have to be connected. For example, within aanktef protein interac-
tions, two proteins that are involved in the regulation afitr processes and should
be considered as closely related, must not necessarilytbimdch other. Corre-
spondingly, the normalizeshatching index\/;; quantifies the 'similarity’ between
two vertices based on the number of common neighbors sharegdoverticesn;
andn;.

" common neighbors Yon Aindj
M;; = . = — (3.3)
> total number of neighbors £, + kj = Y ny AinAjt

Note that for the measure to be properly normalized, the ahémetor only counts
the number of distinct neighbors, i.e. neighbors that asrezh by both vertices
are only counted once. One of the virtues of the matchingxridehat it can
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Fig. 3.7 \Vertices that are functionally related do not necessaidiyetto be connected. The
matching index counts number of common neighbors shared/dwertices, normalized by
the total number of distinct neighbors. The right panel shtve adjacency list of the vertices
ni1 andng, along with the corresponding matching indef -.

be straightforwardly applied to networks consisting offiént types of vertices,
such as bipartite graphs. For example, two transcriptiotofa may regulate the
expression of similar genes, without necessarily reguigior binding to) each other.
A schematic illustration of the matching index is given igBL.7.

The matching index can be generalized beyond the immedédginors of a vertex

or extended to multiple vertices [40]. Furthermore, at thestgeneral level, two

vertices can be regarded (or defined) as 'similar’ if thetalce to all other vertices
within the network is approximately the same, irrespectifevhether they are

directly connected or not [75]. An advantage of this defimitlies in the fact that

the actual pair-wise similarity of two vertices must not pedfied. The definition

only draws upon the notion that two entities (vertices) nfaestonsidered 'similar’,

if they perceive the rest of the world (here the distanceltother vertices within the

network) in a similar way.

3.2.7 Network Centralities

Closely related to distance measures, network centraliticés seek to characterize
each vertex or edge with respect to their position within nieéwork. Centrality
measures will be discussed in more detail in Chapter 4 ofltbek, here we will
only briefly outline some basic features.

Intuitively, a basic measure of the importance of a verigis its degree:; (degree
centrality). And indeed, several studies on biologicalvwek report a significant
relationship between vertex degree and functional impegaof vertices [2]. For
example, within protein interaction networks, the remafahighly connected pro-
teins is more likely to have lethal effects than removal @iteins with only a small
number of links [32]. However, the degree is clearly not thi@eterminant of the
functional importance of a vertex. Often more relevanth&sdontextual location of
the vertex within the network. For example, we can ask fronctviiertex a signal
should be sent to reach all other vertices in minimal time, \@re versa, which
vertices can be reached fastest from any other vertex witlemetwork? In this
respect, theloseness centralitypecifies which vertices have the shortest paths to all
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Fig. 3.8 The degree of a vertex does not necessarily reflect impataith respect to
function of a network. While vertex: has a high degree, its removal does not necessarily
affect communication within the network. However, remasbertices with low degree may
have significant effects on communication or mass flow withennetwork, as seen for vertex
na.

others, measured for example by the (inverse of the) avetiatgnce from a vertex
to all other vertices. For detailed definitions see Chaptiartis book.

Probably the most well-known centrality measure idte®veenness centraligC).
The betweenness centrality can be defined with respect twe®rand edges, and
measures how often a vertex or edge is present in the setsifaliest paths As can
be seen in Fig. 3.8, low degree vertices can be crucial tdkstacommunication
or mass flow within a network. Thus, with respect to robustrn@®perties of a
network, a selective attack on vertices with higld’ was often found to be more
relevant than a removal of vertices with high degree. Coatprally, the estimation
of the betweenness centrality is rather demanding andilesidn Chapter 4 of this
book.

3.2.8 Eigenvalues and Spectral Properties of Networks

An important property of network topology are the spectralgerties of the adja-
cency matrixA. Though as yet only hardly used in biological research, peetsa

of random graphs are among the oldest characteristics afonletopology with a

plethora of applications in many branches of physics [1].

For an undirected graph, the symmetric adjacency matrixas Ny, real eigenval-
ues);. The spectral density()),

Ny
P = 5= 250 ), (3.4)
=1

approaches a continuous function for increasing netwarl i, — oco. An ex-
tensive amount of work about the mathematical propertigkeEpectral density is
available, including the famous Wigner semicircle law [2]L,

Of more relevance to the biological sciences, the eigegati network matrices
are becoming increasingly important with respect to twéedént fields of research:
First, in networks of coupled oscillators, i.e, in netwovidsere each vertex corre-
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sponds to an oscillator coupled to other oscillators viadjacency matrix, the global
dynamics of the system are determined by the structure addfecency matrix. In
particular, the stability of the synchronized state, tlee, state of the network where
almost all vertices oscillate synchronously, can be rdl&tethe eigenvalues of the
Laplacianmatrix of the network [54], defined in close analogy to theaadpcy
matrix. Recent studies also take into account the effectaifiated edges [74].
Second, along similar lines, the eigenvalues of networkioes determine the stabil-
ity and local dynamics of networks composed of interactiegnents. For example,
the vertices of a metabolic network denote metabolites se@ltoncentrations change
according to the adjacent edges (metabolic reactionsmalyr this system is rep-
resented by a differential equation for all metabolite @orications. However, at
least locally, this (usually unknown) system of differahgquations can be approx-
imated by a weighted interaction matrix, denoted as thehland of the system.
The Jacobian matrix already governs essential aspecte dlytamics and predicts
specific dynamic behavior even if detailed knowledge abmaitinderlying reactions
and interactions is not available [63, 65, 68].

3.3 MODELS OF COMPLEX NETWORKS

The various network indices discussed until now charameand quantify the topo-
logical structure of a given network. However, to underdtand elucidate whether
an estimated value indeed corresponds to nontrivial streetithin the network re-
quires to consider basic prototype models of complex ndtsvaVe emphasize that
none of the models described below aims to mimic the detédatlires of any real
network. Rather they represent minimal models, each imgetd exhibit distinct
generic features of complex networks. The purpose of pyp®inodels is twofold:
First, they provide null models to understand whether aenlesl feature is a generic
feature of certain network classes or whether it deviataa fvhat could be expected
for a simplistic model. Second, prototype models often einsight on how cer-
tain features of complex networks arise from the constonatiles of the prototype
models, allowing to probe to what extent (for example evohadry) mechanisms
can account for the observed features of empirical netwolgain, more detailed
mathematical treatises on random network models are gisewkere [1, 17, 50],
here we only outline the basic ideas.

3.3.1 The Erdds-Renyi Model

Probably the most basic model of a random network is giverheyBrds-Renyi
(ER) network [20]. The ER network consists 8f, vertices, connected bV g
(undirected) edges which are chosen randomly from the seé¥yafNy — 1)/2
possible edges (excluding multiple connections and linksifa vertex to itself). The
probabil_ityp that two randomly chosen yertices are connecj[ed isﬁh:us]#f_l_).
Alternatively, the ER model can be defined as a séYpfvertices, with each pair of
vertices connected with an equal probabilitg 1. The number of edge¥ is then
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a random variable, with the expectation valiéz) = pNy (Ny — 1)/2 [1].

The ER model has been the primary subject of random graphythessulting in
extensive knowledge about its mathematical propertiesygoical features. Here we
only summarize some basic properties.

The degree distribution of the ER model is given byiaomial distributionthat
becomes approximateBoissoniann the limit of large networks{y — oo0). The
probability of a vertex to have degréds

k

p(k) ~ e~ % (3.5)
with (k) = pNy denoting theaverage degreeA typical realization of the ER model
is rather homogeneous, most vertices have a similar degjstghuted approximately
symmetrically around the average degtég as shown in Figure 3.3b. Most ana-
lytical work on the ER model has concentrated on questiolase to percolation
theory, i.e, the connectednes of the network and the emeegsdipaths that enable a
traversal of the whole network. For smalthe network is disconnected and consists
of a large number of isolated components [50]. JAtz 1/Ny (thus for average
degreeg(k) =~ 1) a phase transition occurs, giving rise tgiant-componerthat en-
compassed most of the vertices of the network.Farlog( Ny ) /Ny all vertices are
connected for almost all realizations of the random netwdtie ER model exhibits
thesmall-worldproperty. Above the percolation threshold, the averagel@agth is
very small and scales as the logarithm of the number of \estie- log Ny (with
(k) kept constant for increasing number of vertices). By camsion, the cluster-
ing coefficient of the ER network’ = p = (k)/Ny, i.e. the probability that two
vertices with a common neighbor are connected equals tHmpiiity that any pair
of randomly chosen vertices are connected. The ER modelrddeshow any local
cohesiveness. Likewise, the degree of connected vericandorrelated, the ER
model does not display degree correlations.
The Erdds-Renyi model remains one of the most important prototype nzidejraph
theory. However, the main limitations for a direct companisf network properties
with empirical networks are its homogeneous degree digtah, the absence of local
structure and the lack of degree correlations. A close manathe ER model, the
configuration modewill be discussed in Section 3.5.

3.3.2 The Watts-Strogatz Model

While the Erds-Renyi model correctly reproduces thmall-worldproperty, it fails
to account for the local clustering that characterizes mampirical networks. In
particular for social networks, i.e. networks of mutuagfrilships or acquaintances,
most studies indicate a clustering coefficient that is ardémagnitude higher than
the value obtained for a corresponding ER network.

In one of the seminal papers of complex network theory, VattsStrogatz proposed
a model for coexistence of local structure on the one hartlaamall average path-
length on the other hand [72]. The starting point of the maglie limiting case of
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Fig. 3.9 The Watts-Strogatz model: Starting point is a regular netywoonstructed such
that each vertex is connected to its two nearest neighbesslting in a maximal clustering
coefficientC' = 1. With probability p..w links are randomly rewired. In the limjit.cw — 1
the ER model is recovered.

a regular lattice-like network: Each vertex (arranged om@a@&-dimensional ring in
the original model) is connected to its'2 nearest neighbors. In social terms, this
would resemble a strictly local medieval-like world, whe@h person only knows
people in his or her immediate vicinity, such as neighbos@aople in nearby vil-
lages. Consequently, the model exhibits strong local debesss (a high clustering
coefficient), but the spread of information is slow, i.e. #verage pathlength scales
linearly with system size.

Extending the regular lattice-like network, shortcutsaestn distant vertices are in-
troduced, i.e. with a probability..., a link is rewired, such that one end is detached
from its original vertex and connected to a randomly chosstex. In social terms,
this would correspond to a merchant or traveler, who is atspainted to a small
number of more distant people within the country. As the phility p,.., increases
and more links are rewired, the model approaches a randamorieof the ER type.

In the limit p,.,, — 1 the ER model is recovered. The network thus again exhibits
no local structure (small clustering coefficient) and therage pathlength scales as
the logarithm of network size.

One of the intriguing result of the WS model is that alreadys/small number of
shortcuts .. < 1) is sufficient to rapidly decrease the average pathlendth [2
On the other hand, for smal..,, the local clustering remains almost unaffected
and the clustering coefficient only decreased significdiotlyp,.., — 1. Thus for

an intermediate region af...,, the WS model exhibits a coexistence of high local
clustering and short average pathlength (small-world @riyp, as also observed in
many empirical networks. A schematic representation off&model is given in
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Fig. 3.10 The Baralsi-Albert model [7]: Starting with an initial small netwgrconsisting
of Ny unconnected vertices, a new vertex is introduced at eacstep and connected with
m < Ny edges (here shown with = 2).

Fig. 3.9.

The main significance of the WS model results from the fadtitteanphasizes a dif-
ference between local and global properties of network cliastering coefficient,
a local property, is determined by the immediate neighbodhaf a vertex and is al-
most unaffected by the introduction of additional 'shotgcwithin the network. On
the other hand, the average pathlength, a global propafigly decreases upon the
introduction of just a few shortcuts. This has, for examptefound implications on
the spread of infectious diseases across continents. Agehiaraverage pathlength
to distant vertices is not detectable at the local level, yeur social neighborhood
might remain almost unaltered, while the 'distance’ (inwmk terms) to infected
persons can rapidly decrease with only a small number ofta@rtinental travellers.
However, apart from the coexistence of high local clustgand short average path-
length, the WS models captures almost no other feature fiougrpirical networks.
Its importance as a null model for biological networks themmains limited.

3.3.3 The Baralasi-Albert Model

Among the most important limitations of the models discdssgove is that neither
captures or accounts for the inhomogeneous degree distrifaund in many empir-
ical networks. To this end, Barabi and Albert [7] proposed a simple network model
that gives rise to a scale-free degree distribution anbstivides the conceptual
basis for most current network models described in thegdlitee.

Closely related to (and actually a simplification of) an iesnnodel by Price [4, 16,
45, 50], the BA model is based on two essential ingredieht&rowth: In contrast
to the models discussed above, the BA model does not assanthéhnumber of
vertices within the network is fixed. Mimicking the dynamafsnany real networks,
vertices are continuously added and the network grows as@idum of time. ii)
Preferential attachment: New edges are not introducedralyibut the probability
that a vertex receives a new edge depends on its presenedegegain reflecting
dynamic properties of real networks.

The growth process is organized as follows: Starting witlingral small network,
consisting ofNy unconnected vertices, a new vertex is introduced at ea@step.
The new vertex is connected to with < N, edges to the already present ver-
tices. The probability(n;) that analready present vertexreceives a new edge is
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proportional to its degrek;:

ks
p(n;) = Sk

(3.6)

After ¢ timesteps, the network consists 8% (t) = Ny + t vertices, connected by
Ng(t) = mt edges. Due to the preferential attachment mechanism, védtces
tend to have accumulated more links, and thus have an eveerhigobability to
receive yet more links (aiich-get-richef dynamics). Likewise, new vertices only
have a small number of links, and thus a low probability oéreing additional links.
A schematic illustration of the growth process is given ig.R.10.

In the long time limitt > 1, the BA model exhibits a scale-free degree distribution
p(k) ~ k=782 with a degree exponeniza = 3 that is invariant with time. The
degree exponent is independent of the free parameteaad Ny. The BA model
captures the small world property, BA networks are foundaweehshorter average
pathlength than ER and WS models of the same size and defisigydegrees are
uncorrelated and analytical estimates of the clusterirdfioient are available [36].
One of the merits of the BA model is that it provides a possildehanism to explain
the observed scale-free distribution of many empiricaivoeks. Indeed, the time
evolution of many empirical networks is governed by prefdied attachment-like
processes. For example, within a social network, peoplgi¢es) with already
many friends (edges) are more likely to acquire new frieads;ompared to people
with few edges. Likewise, already famous actors will obtaiore offers to act in a
new movie than young unknown actors. Scientific papers tleadlaeady frequently
cited are more likely to be read and cited again than lessiéetly cited papers.
Importantly, the preferential attachment rule also presiseveral testable predictions
for complex networks. For example, if metabolic networlesr@ported as scale-free,
then, according to this growth rule, highly connected melitds should have an early
evolutionary origin. Indeed, as emphasized by Wagner atid#g, many of the
highly connected metabolites, mainly intermediates oft@é cycle and glycolysis,
as well as some ubiquitous co-factors, are among the evohny oldest.

However, explanations in terms of evolutionary mechanial®s hold some pitfalls
which are unfortunately rarely — if ever — discussed in ttegditure. Mostimportantly,
not only the formation of a network itself, but often also #oguisition of data about
the network is governed by similar mechanisms. For exanmpieor movies with
famous actors are more likely to be included in the respeaatabases than local
movies starring only unknown actors. Likewise, putativechiemical regulations
or reactions adjacent to the TCA cycle are more likely to mestigated, and thus
reported in publications, than putative regulations witthie outskirts of metabolism.
In this sense, an observed feature of an empirical netwogktailso always reflect
properties of the data acquisition process, rather thamigenproperties of the
network itself.
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3.3.4 Extensions of the BA Model

The BA model constitutes the conceptual basis for a largetyaof extensions and
modifications and has triggered an exceptional amount tfduwork in the complex
network models. Most extensions can roughly be subdividtmitivo (though often
overlapping) categorie$) Modifications that aim to generate networks with specific
tunable features, such as different degree exponent)launbuster coefficients or
degree correlationsii) Modifications that aim to mimic the evolutionary growth
processes of specific networks in more detail, such as agisgdial networks or
capacity restrictions in transportation networks.

For example, the exponential cutoff at high degrees obdanvmany real networks
can be accounted for by aging of vertices, i.e., verticeslihge been present for
a given timeT" stop acquiring new edges or are removed from the network [3] —
as could be expected in social networks. Similar, an ainwdHin a transportation
network will not acquire new connections beyond a certapacéy, again resulting
in an exponential cutoff at high degrees. Other processewttify the properties
of the network include re-wiring of edges according to defingles. For exam-
ple, within a social network people that have a common friarelmore likely to
become acquainted themselves, resulting in an increasatidistering of the net-
work [15]. Further extensions and modifications include ragneffects and high
clustering [36], degree correlations [56, 73], tunablerdegxponents [38], informa-
tion accessibility [48], among many more. An overview oflganodifications and
extensions of the original BA model can also be found in Talblef [1].

3.4 ADDITIONAL PROPERTIES OF COMPLEX NETWORKS

Within the first section, most emphasis was placed on quivét measures that
describe the properties of individual vertices and edgesvd¥er, complex networks
are also characterized by emergent features that trandoepdoperties of individual
vertices and relate to the organization of the network as @levhin the following
the basic emergent global properties of complex netwonksh ss robustness or
modularity, are outlined.

3.4.1 Structural Robustness and Attack Tolerance

Most biological systems share a common feature: robus{Be8%, 60, 69]. Con-
stituting one of the fundamental organizing principles imidgy, cellular networks
must be able to maintain their function in the face of congpenturbations and fluc-
tuations that affect the internal or external parameteth@kystem. In the context
of complex network analysis, robustness is mainly undetsts the persistence of
topological network properties, such as average pathlemgtonnectedness, upon
removal of vertices or links [1, 2, 10, 33].

Indeed, most empirical networks show a surprising tolezaagainst removal of
vertices. Focusing on topological aspects of robustnelss amumber of studies



ADDITIONAL PROPERTIES OF COMPLEX NETWORKS XiX

) \;%

Fig. 3.11 The 'robust, yet fragile’ nature of scale-free networks.oprties of scale-free
networks are highly robust against random removal of vestibut vulnerable against selective
intentional removal of vertices.
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revealed significant differences between distinct netwopologies upon removal
of vertices or edges [2, 29]. In general, we have to distisigbietween random and
intentional attacks on network topology. While for ER netks) due to the homo-
geneity of vertex properties, the response to random aadtiohal attacks is roughly
similar, the situation for scale-free networks is marketifferent. Most properties of
scale-free networks were found to be exceptionally robgeirest random removal of
vertices. However, at the same time, scale-free netwoekguwdnerable with respect
to intentional attacks. This difference is due to the hafen@ous degree distribution.
Low degree vertices are far more frequent than high degmieeg, but only play a
minor role in overall network topology. While random attaekill most likely affect
low degree vertices, a selective attack on high degreecesrtias far more dramatic
consequence on global network indices [2, 1, 29]. A schenilatstration is given
in Fig. 3.11.

In general, the difference between random and intentiot@atles is at the core of
most current research on network robustness. The 'robeidagile’ nature of com-
plex systems refers to the fact that many complex system®hbust against random
attacks, while they remain fragile against selective &tadn particular highly op-
timized systems are extremely robust against anticipatadke, while optimization
concomitantly leads to vulnerability against unantioggaperturbations, related to
the principle of "highly optimized tolerance’ (HOT) [12].

It should be noted though, that the restriction to topolabaspects of robustness
only allows for a rather restricted view on network robusgieDynamic aspects of
functional robustness thus receive increasing interesitdy [35, 47, 60, 63, 65].

3.4.2 Modularity, Community Structures and Hierarchies

Related to the idea of functional robustness is the notianadules and community
structures within complex networks. In general, it is assdrthat many complex
networks are built up from (interacting and possibly ovepiag)modulesr commu-
nitites The detection of such community structures has attractiestantial interest
recently and defines an important aspect of complex netwualkyais [57, 75, 76].
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Unfortunately, there is no generally accepted definitiowlét constitutes a module
or community structure within a complex network. As a wotkdefinition, modules
or communities are often understood as subsets of vertig#sate densely con-
nected among each other, but are only sparsely connectetido\ertices outside
the community. In this respect, probably the most influémtéinition of network
modularity comes from the work of Newman and Girvan, who deéiscore function
for network modularity based on this principle [24, 51].

Computationally, the detection of community structuredasely related to the clus-
tering of elements, i.e., the assigment of ’entities’ intstidct categories based on
a suitably defined notion of similarity. In the context of qolex network analysis,
similarity of vertices can be defined in different manneos,éxample with respect
to the shortest path between two vertices, the total numijgatbs between vertices
(weighted according to pathlength), among several othesipiities. Likewise,
and again resembling the situation in clustering algorghmodules can be detected
using agglomerative or divisive methods, i.e. by groupinglar vertices into larger
units or by iteratively breaking down a complex network istoaller and smaller
subsets. Although there is a plethora of proposed novelighgos specifically de-
signed to detect modules within complex networks, it shdxddhoted that a recent
study [26, 27] demonstrates that standard ways of clugtetata, e.g. based on
k-means or hierarchical clustering, often outperform mawethods.

The relevance of modularity in complex networks can be semm fwo different per-
spectives: First, modularity represent a inherent desigrciple of many complex
networks. Indeed, in particular for biological networkaphd by evolution, it seems
plausible that modular networks have advantages in terntisedf ability to adjust
to new evolutionary constrainst by incoporating new fummdility within the net-
work [34, 26]. Second, a decomposition into modules if ofietpful to understand
the functional organization of complex networks. For exlanmany technological
networks, such as integrated electronic circuits, can actlionalized on the basis
of individual resistors or transistors. Only by the constion of functional modules,
such as shift registers, counters, gates, inverters, eagisting of many lower-level
elements, an effective manipulation and design can beasthie

As already implicit in the example of an integrated eledir@ircuit, modules are not
restricted to one specific level of representation. Ratinedules may overlap and
consist of smaller modules, giving rise to a hierarchicgbmization of modularity
within complex networks [14, 57, 70, 58]

3.4.3 Subgraphs and Motifs in Networks

Closely related to the detection of community structureguoctional modules is
the notion ofmotifsas building blocks of complex networks [31, 39, 43, 44, 59].
Providing a bridge between local vertex-related propsréiad global functional
properties of networks, the basic idea of network motifeas targe complex networks
are essentially composed of small interlinked subgraphmiil& to the notion of
sequence motifs, we can thus look for re-occuring patteittsmthe network, i.e.,
small sets of vertices that exhibit an identical local tagital structure. Indeed, as
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Fig. 3.12 All 13 possible three-vertex motifs, according to [44, 58}set: The concept

of motifs can be generalized to account for specific repeatddjraphs within a complex
network. Shown are possible motifs of the yeast transomptegulatory network, with circles
denoting regulators and rectangles denoting gene prosatecording to [39].

shown in previous studies [44], the transcriptional int6oa network ofEscherichia
coliis essentially composed of repeated appearances of thylely bverrepresented
network motifs. Furthermore, similar studies reveal tiwat distribution of motifs
is characteristic for certain classes of networks, i.etwoeks with similar overall
functionality (such as communication networks or food-s)eddso exhibit a highly
similar motif distribution [43]. Figure 3.12 shows all pdde directed subgraphs
composed of three vertices. Unfortunately, the systenaationeration of network
motifs is computationally demanding. A more detailed digsiom of network motifs,
also accounting for computational aspects, is given i lgtapters of this book.

In general, the concept of network motifs is not restrictedubgraphs with a fixed
number of vertices. Rather, it allows to look for any re-a@g patterns, including
more complicated topological structures, such as muftisimotifs, regulator chains,
or dense overlapping regulons (DORs) [59, 39]. The mostgming aspect of
network motifs, however, results from the asserted commectf local topological
structure to dynamic function of a network motif. While sugtcorrespondence
between topology and function, i.e., that each motif has alspecific 'hard-wired’
function, was claimed in several early studies on networtifs@4, 59], later results
indicate that this is not the case. Though there is incrgasterest in the analysis of
dynamic aspects of complex networks, the precise reldtipietween structure and
function of complex networks is still largely unclear [31,3%5, 68, 63]. Additional
aspects in the interpretation of motif distributions, irdihg possible pitfalls in their
statistical estimation, are discussed in the next section.
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3.5 STATISTICAL TESTING OF NETWORK PROPERTIES

The most crucial, and probably most widely underestimaspeéet of complex net-
work analysis is the statistical testing of network projesrt As yet, all network
indices were described as numerical quantities that caallysae straightforwardly
estimated from any given network topology. However, in napgilications, network
indices are also associated with a biological meaning erpmetation — we seek to
uncover those features of the network that are charadgtesfghe underlying system.
Thus, for example in the case of a metabolic network, thetmqres not whether
the clustering coefficient takes a specific numerical vahug,rather whether this
value distinguishes the network from other networks of Einsize, i.e, whether the
metabolic network can be regarded as ’highly clusteredly@nthe latter case, i.e.
if the clustering coefficientindeed deviates from what ddaé expected for networks
of similar size, it represents a distinctive feature of thgpective network. But then,
how should such a deviation be detected or quantified? Whaésaf clustering
coefficient should be considered 'usual’ or 'typical’ for etwork of given size?
One answer to these questions, in addition to the prototygem described in the
last section, lies in the formulation of appropriately randzed null-models of com-
plex networks. We create an ensemble of surrogate netwaslg|ly of identical size
and density, and compare the values of network indicesmddarom the empirical
network to those obtained from the ensemble of randomizedgate networks.
More general, statistical testing always means to set upllahgpothesis, i.e., a
process or mechanism that is assumed to account for an ebisérature, and a
subsequent test whether the observed feature is actualsistent with the null-
hypothesis. In the context of complex network analysis, ssitide null-hypothesis
is, for example, that an observed clustering coefficiertmststent with values arising
from Erdds-Renyi networks of the similar size. Given a certain probapilireshold,
the null-hypothesis is rejected if the probability to adiyéind the observed clus-
tering coefficient for Erds-Renyi networks is below the defined threshold. In this
case, the deviation of the clustering coefficient with respe the null-hypothesis
is significant

However, apart from some straightforward cases, the staigesting of network
properties holds several potential pitfalls and possibleses of misinterpretations.
In the following, we briefly outline some of the most widelyegsnull-models for
complex network analysis and point out possible ambigaiitigheir interpretation.

3.5.1 Generating Networks and Nullmodels

The most basic null-model is a network of identical size (bemof vertices and
edges) but lacking any other internal structure. Concélytequivalent to an Erds-
Rényi network of the same size, such an ensemble can be cctestioy randomly
rewiring links within the network - as already done in the siwaction of the Watts-
Strogatz model.

Usually more appropriate, however, is to preserve the @edigtribution of the
empirical network. An ensemble of randomized surrogate/orids with preserved
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Fig. 3.13 Generating random networks with preserved degree disivitnuAt each iteration,
two edgesd¢ — b) and ¢ — d) are selected at random and rewired@as+ d) and ¢ — b),
provided that the respective edges do not already existe Mt for undirected networks,
there are two possible ways to rewire the links.

degree distribution is obtained by iteratively swappingdamly selected edges, as
schematically depicted in Fig. 3.13: For a directed netwatkeach iteration two
edges¢ — b)and ¢ — d) are selected atrandom and rewiredas{ d)and ¢ — b),
provided that the respective edges do not already exist.e®i this sufficient
times, i.e. such that most edges have a statistical chareedelected, the resulting
network has a preserved degree distribution, but lacks #rer internal structure of
the initial empirical network. The approach can be geneedlito account for other
features of complex networks. For example, the analysigtiork motifs [44, 59]
makes use of a similar approach to generate networks witesepred three-vertex
motif distribution, swapping two edges if and only if the ultgng motif distribution

is preserved. Closely related to network randomizatioméscbnfiguration model

of complex networks: To construct a network with a specifiedrde distribution,
each vertex is assigned a numbeof adjacent edges, such that the total number of
assigned edges is even. Subsequently, pairs of the, as g@tnected, 'stubs’ are
randomly chosen and connected [52, 59].

In any case, a network inde@ of interest is subsequently compared against the
values found for the ensemble of surrogate networks, antdeawaluated according
to a significance score

_ antwork _ <qurrogatc>

S : (3.7)

Usurrogate

where (QsWrogate) denotes the average found within the ensemble of surrogate
networks antrgurrogate the standard deviation. Unfortunately, the constructibn o
randomized networks that preserve features other tharetred or motif distribution

is far from straightforward.

3.5.2 The Conceptualization of Cellular Networks

The most difficult problem of complex network analysis iseofthe choice of an
appropriate null-model or null-hypothesis. By definitiatl, statistical tests rely on
the definition of a null-model, and any notion of 'significahés only defined with
respect to this null-model. Thus, if the null-model is eons or trivial, so will
be any result obtained from an evaluation of the significaxfagetwork properties
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against this null-model. In particular, the choice of thél-model is additionally
complicated by the fact that networks are usually absteymtasentations of more
complex biological processes. While this reduction in gdexity’ is often necessary
to make biological questions mathematically tractablalsib holds the temptation to
neglect properties of the underlying system — resultingiir@oneous or misleading
interpretation of network properties.

An illustrative example of such a case was discussed in thiegbof a recent study
of motif distributions in complex networks [43]. Thereihgtsignificance profile of
small subgraphs (motifs) within a neuronal network waswstald and compared to
simple degree-preserving randomized networks. The stodgieded that the neural
information processing networks exhibits a highly chaggstic significance profile
for its motif distribution, suggesting evolutionary meafsans that result in key cir-
cuit elements to perform specific tasks. However, as poiatedater [5], a neural
network, i.e., a network of neurons connected by synapsespti just a network
of vertices connected by edges. Rather, neurons have algpagition and and a
tendency to form local clusters, hence neighboring neuhang greater chance of
forming connections than distant neurons. As the spat@gnties are not reflected
in the null hypothesis, the statistical test misclassifiesrapletely random but spa-
tially clustered network as one that is nonrandom and etchdignificant network
motifs. Indeed, a simple toy model that preserves the dpatisition of neurons
and connects neurons preferentially to nearby neuronded@beproduce an almost
identical significant profile for the motif distribution, thiout the need to invoke any
evolutionary mechanisms to select for specific functioasks [5].

The example serves to illustrates two important aspecttatiftical testing of net-
work properties:i) The observed motif distribution within the neural inforioat
processing network was indeed highly significant, as cortbtar degree-preserving
random networks of the same size — there was no computatésral involved.
The significance profile of motifs is thus indeed a true charagtic of the system.
i) However, the significance profile of motifs tests againshaatrnull-hypothesis:
the assumption of a completely random network. Strictlyagpe, rejecting this
null-hypothesis only trivially proves that neural netwsikre not random. However,
only little can be learned about the possible biologicakfion of network motifs
from the sole fact that their distribution is not random. A®mplified here for
the neural network, the significant deviation from randortwoeks is most likely
a simple and straightforward consequence of the (neglestedial structure of the
system.

Thus, as a general rule, network properties that are fouhe tignificant with re-
spect to simple randomized networks must not necessaritppertant with respect
to function. Even though the statistical estimation of gigance might be techni-
cally correct, significance here only implies deviatiorefirrandomness — which is
often a trivial consequence of the underlying process desy#self. Two important
classes of complex networks where the construction of tiearks itself implies
deviations from randomness, and thus implies highly sigaifi network properties,
are discussed below.
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Fig. 3.14 The clustering coefficient of th8. cerevisiaesubstrate graph, depicted in Fig-
ure 3.1.Left plot: The clustering coefficient is compared against randomizeadarks with
preserved degree distribution. The yeast substrate graptssa highly significant clustering,
as compared to randomzied networks generated accordihg seheme shown in Figure 3.13.
Left plot: The clustering coefficient is compared against randomistdiarks that preserve
the original bipartite structure. In this case, no significdeviation between the clustering
coefficient of the yeast substrate graph and its shuffledtegparts are detected.

3.5.3 Bipartite Graphs

A large number of complex networks in biology and other fiedds derived from
bipartite graphs. A prominent example is the metabolic netwconsisting of two
distinct types of vertices: substrates and reactions.vige, one of the benchmark
examples of complex network analysis, the movie-actor agtyoriginates from a
bipartite graph: Based on a public movie databas& (imdb . org), two actors are
connected by an edge if they have performed in a movie togetine movie-actor
network often serves as a prototypical (and computatipmalich better accessible)
example of a social acquaintance network. In particular, dbexistence of high
local clustering and small average pathlength, typicakfmrial networks, has been
demonstrated using the movie-actor network as a paradigmetmple [72]. Com-
paring the observed clustering coefficient of the movievatttwork to Erds-Renyi
networks of the same size, indeed reveals a highly signifatastering that is orders
of magnitudes higher than for corresponding random netsvork

However, by construction, the movie-actor networks is cosagl of fully-connected
subnetworks only: All actors performing in one movie are nally connected and
form a fully-connected subgraph. Since an actor partietpat several movies, the
cligues for each movie are then joined together and orgdriite the final movie-
actor network. Thus, by construction, the underlying Hitisg structure clearly
distinguishes the network from actual social acquaintareteorks and already im-
plies a 'significant’ local structure.

A similar reasoning holds for metabolic networks: Using flane scheme as pre-
vious studies [71], the substrate-graph of a metabolic okdtvis constructed by
connecting two metabolites if they share a common reacfibe. resulting network,
analyzed in a number of recent studies [22, 33, 71, 41], slaosignificantly higher
clustering coefficient than could be expected for randomnvords with preserved
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Fig. 3.15 To preserve the underlying bipartite structure of a netwankodified randomzia-
tion scheme is proposed. Using the original bipartite grapb edges are randomly selected
and rewired. Note that this leads to nontrivial modificasia the substrate graph projection.

degree distribution. Repeating the analysis for$heerevisiasubstrate graph, al-
ready used in the previous sections and depicted in Figlire8nfirms these results:
The observed clustering coefficient of the metabolic neltvgignificantly deviates
from the values obtained for the ensemble of random netweitkgpreserved degree
distributions, as shown in Figure 3.14 (left plot). Howewdwes this result really
imply a significant clustering of the network beyond the theit it was derived from
a bipartite graph? To test this assertion, a scheme that@gfesaandom instances
of the original network, but always retains the underlyingdtite structure, was
proposed [61]. The randomization scheme is shown in Figur.3Note that the
randomization of the bipartite graph leads to nontriviadifioations when only the
projection onto the substrate graph is considered. Againpeasing the resulting
clustering coefficients of the randomized networks to thestelring coefficient ob-
tained from the yeast metabolic network, reveals no sigmificleviation. Thus we
have to conclude that the metabolic networlSofcerevisiaeonsidered here shows
no significant clustering beyond the trivial clustering imspd by the construction
rule of the network - namely that is was constructed as a gtioje from a bipartite
graph.

3.5.4 Correlation Networks

A similar reasoning also holds faorrelation networksrepresenting an increasingly
popular way to invesigate and visualize large-scale ecgdidata [11, 19, 42, 46,
62, 67]. A correlation network is constructed by connecting vertices, such as
metabolites or proteins, if their respective concentraigsocorrelated over a suitable
set of experiments. That is, the correlation ma€tixs converted into a binary (ad-
jancency) matrixA, with elements4,; = 1 whenever the correlation between two
elements:; andn; exceeds a given threshold, usually defined with respectiiea g
significance level.

However, networks that are constructed from correlatiotrices posses, by con-
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struction, a nontrivial structure and are highly cluster&d particular, correlations
are transitive, i.e. if an entityl correlates with two entitie® andC, thenB and
C are also (likely to be) correlated themselves. Formalig, titnsitivity can be ex-
pressed as an inequality that holds between any tripletroélztion coefficients [61].
To test for the (nontrivial) structure of correlation netk®thus implies to generate
networks that preserve all features inherent to correlatiatrices, but are random
otherwise. Specifically, randomized networks with presdrdegree distributions,
generated according the scheme shown in Figure 3.13, @ithlatinherent structure
of correlation networks. If recent studies [19] thus reprt’'unsuspected assor-
tative feature’ for biological correlation networks, thigsmost probably a result of
an inappropriate null-hypothesis, rather than a distiecteature of the process in
guestion. However, no satisfiying solution to the problencaistructing appropri-
ate null-models for correlation networks is known. The iip&ation of correlation
networks is discussed in more detail in [62].

These examples serve to illustrate that a proper intefjzataf network properties,
even when tested for significance against randomized nksyis sometimes far
from straightforward. Unfortunately, to what extend thelerlying structure of the
original network trivially determines its topological feges, is often not as obvious
as in the case of bipartite graphs or correlation networks.

3.6 SUMMARY

The analysis of complex networks will continue to play a magie in many sci-
entific disciplines. In particular the analysis of largetsyss, consisting of many
interacting elements, often necessitates an abstraetsepation of the system and
its interactions in terms of a complex network. In respeetrdbof, the theory of
complex networks, emanating from the mathematical fieldrapg theory, has at-
tracted renewed interest over the last decade. While mangegis of complex
network theory have their roots in graph theory, novel peaid have also triggered
the development of a variety of novel concepts, sheddirty ki the topological
organization and design principles of complex networksthia chapter, we have
provided a brief overview over some typical properties andcepts used in the
analysis of large complex networks. Though certainly no pahensive review,
we have focused mainly on the best known indices to chaiaettre topological
structure of complex networks, such as distance and aveabéength, the degree
distribution, the clustering coefficient, assortative imixand network centralities.
Several of the indices and concepts described in this cheyitglay an important
role in the remainder of this book and are discussed in maeel de later chapters.
However, complex network analysis does not stop at the ghger and numerical
estimation of individual indices characterizing the tagptal structure. An im-
portant aspect of complex network theory is also the devety of paradigmatic
prototype models that elucidate and explain how topolddézures arise from the
construction rules and design principles of complex neltw@f further interest are
also global features of networks that result from the locapprties of vertices and
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often relate to the function of a network as a whole. In thgpeset, we have briefly
discussed concepts of network functionality and orgaitinasuch as robustness,
attack tolerance, modularity and hierarchies within carpietworks. One of the
mostimportantaspects of complex network analysis, howeshe statistical testing
of network properties. Any interpretation of the functibrelevance of topological
structures is only valid as far as it has been properly teatetlvalidated against
appropriate null-models. Not always receiving the attamti deserves, a sound val-
idation of network properties is far from trivial. As demaraged in this chapter, an
inappropriate choice of null-models will lead to 'signifitaresults, even when the
network property in question is actually a simple and shHaward consequence
of the way the network is constructed. In this sense, thet ginegplification achieved
by the representation of a complex system as a network, coitexatly gives rise to a
large number of potential pitfalls and misinterpretationthe analysis. One should
always keep in mind that complex biological processes, sscprotein binding or
cellular metabolism, are not actually networks. Rathey tire physical or biological
systems that can be represented as complex networks — nt@kiongical problems
mathematically tractable, but only at the cost of also dngtsome aspects of their
entireness.

3.7 EXERCISES

1. Name several typical characteristics of vertices andrideshow they can be
estimated. In particular, give examples for vertex prapsrthat can be esti-
mated using only information about the vertex and its neigbland properties
that relate to the topology of the network as a whole.

2. Give examples of typical degree distributions. How is degree exponent
defined and how can it be estimated from a given empirical owtw

3. Why does a negative correlation between vertex degreelastéring coeffi-
cient indicate a hierarchical structure?

4. Are functionally related vertices always connecteddtf what are alternative
approaches to define relatedness’ of vertices within a ¢expetwork?

5. What are 'small-world’ networks? Is the ErstRenyi model a 'small-world’
network?

6. What is the average clustering coefficient of @&dRenyi random networks?

7. Outline how the Bardisi-Albert network model is constructed. What are the
main differences to Efis-Renyi and Watts-Strogatz network models?

8. Outline how an ensemble of random networks can be constttitat preserves
the degree distribution of a given empirical network.
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9. Outline a scheme to randomize a network, such that the-legex motif
distribution is preserved.

10. What does the term 'significant’ mean in the context distiaal validation of
network properties?
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