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Employing extensive Monte Carlo computer simulations, we investigate in
detail thepropertiesofmultichainadsorptionof chargedflexiblepolyelectrolytes
(PEs) onto oppositely charged spherical nanoparticles (SNPs). We quantify the
conditions of critical adsorption—the phase-separation curve between the
adsorbed and desorbed states of the PEs—as a function of the SNP surface-
charge density and the concentration of added salt. We study the degree of fluc-
tuationsof thePE–SNPelectrostatic bindingenergy,whichweuse toquantify the
emergence of the phase subtransitions, including a series of partially adsorbed
PE configurations. We demonstrate how the phase-separation adsorption–
desorption boundary shifts and splits into multiple subtransitions at low-salt
conditions, thereby generalizing and extending the results for critical adsorption
of a single PE onto the SNP. The current findings are relevant for finite concen-
trations of PEs around the attracting SNP, such as the conditions for PE
adsorption onto globular proteins carrying opposite electric charges.

1. Introduction
The adsorption of polyelectrolytes (PEs) onto charged interfaces of different
geometries [1–6] has numerous applications, e.g. for surface coating, in biotech-
nology as gene-delivery vectors, for stabilization of colloids, in biophysics and
pharmacology, in the food industry, for paper-making and for water-
purification purposes. The adsorption of PEs onto micelles, dendrimers, globu-
lar proteins and lipid membranes was also studied [7–12]. Moreover, the
wetting, lubrication and adhesive properties of certain surfaces can be
controlled and tuned via PE coating and formation of responsive PE layers [5].

Starting from the pioneering theoretical studies of critical adsorption of a
single long flexible PE chain onto an oppositely charged plane with the
Debye–Hückel attractive potential by Wiegel [13,14] and Muthukumar & von
Goeler [2,15], the adsorption–desorption conditions onto planar and curved
interfaces have been extensively investigated in recent decades theoretically
[2,3,6,13,15–25], experimentally [7–12,26–31] and by computer simulations
[25,32–36] (see the recent review [37]). Various characteristics of PE–surface
adsorption—the behaviour above the critical-adsorption point—in different
surface geometries, in the presence of various physical PE–interface interactions
and for varying polymer flexibilities (e.g. flexible, semiflexible and kink-able
chains)—were examined in detail as well [3,6,12,16,37–69].

PEs get adsorbed onto an oppositely charged interface when the benefit
from reducing the overall electrostatic (ES) energy via binding or complexation
overwhelms the free-energy penalty associated with the more confined
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strong adsorption (n0 = 0.001 M) weak adsorption (n0 = 0.38 M)(a) (b)

Figure 1. Typical conformations of six PE chains near the attractive SNP
shown for the regimes of (a) strong and (b) weak adsorption. The SNPs
are not shown to scale.
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Figure 2. Mean PE–SNP ES binding energy 〈EB〉 in units of thermal energy
kBT plotted as a function of salt concentration n0, with some representative
configurations of the PE chains observed in simulations being presented. The
grey area in the graph defines the region of coexistence of adsorbed and de-
sorbed PEs. The dashed curve at low salt is the variation of 〈EB(n0)〉 given by
equation (3.2) (see text for details). The error bars quantify the ES binding-
energy fluctuations, which are amplified in the coexistence region, as detailed
in electronic supplementary material, figure S3. Parameters: the surface-
charge density of the SNP of radius a = 100 Å is s ¼ �0:1 C m�2, the
number of PE chains is M = 2 and the PE polymerization degree is N = 50.
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(adsorbed) states of the polymer [6,13,17,20] (figure 1). The
linear [20] and nonlinear [36] Poisson–Boltzmann theories
were used to describe the PE–surface attractive ES potential.
The adsorption onto heterogeneous/patchy [4,19,45,70–73],
multicomponent responsive [68] and low-dielectric [21,74,75]
interfaceswas also considered. The conditions of critical adsorp-
tion under confinement [21,22,25], for pH-sensitive or titratable
PEs [35] (see also [37,62,63,65,76,77]), block copolymers [78] and
polyampholyte chains [35,63,79] were examined by theory and
simulations as well. Recently, we quantified the conditions of
critical PE adsorption onto dipolar Janus-type net-neutral
spherical nanoparticles (SNPs) [24].

Some of these situations revealed significant differences
from the standard conditions of critical PE adsorption onto
planar [2,13] and spherical [6,15,17,20] interfaces. These differ-
ences are important, e.g. for rationalizing the experimental
evidence of critical adsorption of PEs onto oppositely charged
globular proteins [10,12,26,27,59], micelles [7,9,80], dendri-
mers [8,81], liposomes [31] and colloids [29,30]. The critical
single-chain PE–surface adsorption was examined by quan-
tum-mechanical methods in the three basic geometries [6,20]
and for low-dielectric adsorbing interfaces [21]. The latter is
a standard situation in PE-adsorption experiments onto mica
and silica surfaces, for complexation of PEs (including DNA)
with certain proteins1 as well as for adsorption of PE
complexes [82] and DNA [83–86] onto lipid membranes.

In our previous studies of PE critical adsorption onto oppo-
sitely charged surfaces only single-chain systems were
considered. This mimics the case of infinite dilution of PEs in
experiments and reproduces the respective single-chain theor-
etical limit [6,17,18,20,21,23–25,36,79]. The classical Debye–
Hückel screening in the electrolyte solution was implemented
(with anion and cation concentrations equal to n0 for 1 : 1
salt). In reality, PE concentrations are always finite, making
the consideration of multichain adsorption more relevant.
Additionally, especially for relatively high PE concentrations,
the effects of PE-own counterions—contributing to the overall
charge neutrality—become gradually more important.

A number of adsorption properties of flexible PEs onto
oppositely charged planar and curved interfaces as well as
SNPs were considered [53,55,56,61,63,65]. One application
of current findings is PE adsorption onto and PE complex for-
mation with the oppositely charged molecules (e.g.
aggregation of PEs with globular proteins). Similar to our
previous studies [24,25,79], we employ here extensive
Monte Carlo computer simulations to uncover the features
of critical adsorption for multiple PE chains at varying
solution salinity and SNP surface-charge density. As a
reference case, we compare these new phase-transition results
with the conditions of critical adsorption of a single PE onto a
uniformly charged SNP.

The paper is organized as follows. In §2, we outline the
physical model used in the simulations and describe theoreti-
cal approximations employed in the analysis. In §3, we
present the main results of computer simulations and discuss
the underlying trends and their physical rationales. We
conclude in §4with anoverviewpossible futuredevelopments.
2. Potentials and methods
Themodel system is composed ofM PE chains in the vicinity of
an oppositely charged SNP, as illustrated in figures 1 and 2. The
whole system is enclosedbya large spherical cavity (tomake the
simulations feasible and to minimize the effects of confinement
onto polymer conformations). The cavity radiusRcav used in the
simulations is 104 Å, i.e. approximately 102 times larger than the
PE contour length. The size effects of such a simulation cell are
negligible (even larger cavities yield the same results). For this
cavity size the polymer volume-density is approximately
10−12 Å−3 in the case of six adsorbing PEs. The system is
immersed into an aqueous solution of 1 : 1 salt with a bulk con-
centration of ions n0 and relative dielectric constant ϵs = 78.7,
kept at the temperature T = 298.15 K. Each PE chain ismodelled
as a fully flexible and non-stretchable polymer of N spherical
beads (monomers) of radius b = 2 Å. Each bead carries the
charge qi = +e0,where e0 is the elementary charge.Neighbouring
charges are separated in the simulations by a fixed distance
equal to the Bjerrum length, lB ¼ e20=(4pe0eskBT) � 7Å (in SI
units; in the Gaussian system 4πϵ0 = 1), where ϵ0 is the absolute
permittivityand kB is the Boltzmann constant. The owncounter-
ionsof thePEsandSNPare included in the total solution salinity
to maintain the overall charge neutrality in simulations. Water
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molecules are modelled implicitly, while the PE chains are
simulated explicitly at each step.

The repulsive ES interactions between the ith and jth
monomers of the PE located at radius-vectors ri and rj are
given by the screened Coulomb potential. The monomer–
monomer (m-m) Debye–Hückel potential is

Um�m(rij) ¼
1, rij , 2b,

1
4pe0es

qiqje�krij

rij
, otherwise:

8<
: (2:1)

Here

k�1 ¼ lD ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4plB(2n0 þ jnPEs � nSNPj)

p (2:2)

is theDebye screening length in the electrolyte solution contain-
ing the added 1 : 1 salt with the total concentration of anions
and cations 2n0, as well as with concentrations of PE- and
SNP-own monovalent counterions, nPEs ¼ M�N=( 43pR

3
cav)

and nSNP ¼ 4pa2jsj=( 43pR3
cav), correspondingly; see also [87].

The contribution of the PEs and SNP counterions is computed
based on the net electric charge of the PE–SNP system. All
point-size ions and counterions in the solution are modelled
implicitly via their ‘mean-field action’ through the value of
the reciprocal Debye screening length, κ; see equation (2.2).2

The SNP has the surface-charge density σ and radius
a = 100 Å. Attractive ES Debye–Hückel potentials of the
SNP with the ith PE monomer at distance ri = |ri| from the
sphere centre (the monomer–particle (m-p) potential) are
given by [6,15,17,20,21]

Um�p(ri) ¼
1, ri , aþ b,

1
4pese0

4pa2sqi
1þ ka

e�k(ri�a)

ri
, otherwise:

8<
: (2:3)

Similar to [24,25,33–36,78,79], Metropolis Monte Carlo
simulations in the NVT ensemble are employed below.

Threedifferentmovements of thepolymerare implemented
in order to sample the conformational space and calculate the
averaged adsorption characteristics: (i) translational random
displacements of the whole PE chain, (ii) randomly chosen
pivot rotations for a given chain, and (iii) randomly chosen
crankshaft motions [88].3 The equilibration process is carried
out after running the system for approximately 107 simulation
steps, while the averaged properties are calculated below
using 107 statistically independent configurations of the PEs
around the SNP.

Specifically, the equilibration process is carried out by run-
ning two independent simulations with different initial
conditions. In the first one, all PE chains start fully contacting
the SNP, while in the second simulation all PEs start at
random locations in the surrounding solution. After 107 simu-
lation steps, we verify the convergence between the average
properties obtained from these two simulation runs, and the
process is repeated until the required degree of convergence
is reached. For the case of no convergence after 107 steps, we
start a new run using with the last recorded polymer configur-
ation from the previous run as the initial configuration and
repeat this procedure until convergence.

Below, we examine the properties of critical PE–SNP adsorp-
tion for multichain systems (figures 1 and 2). The video files
illustrating the polymer adsorption–desorption dynamics are
presented in the electronic supplementary material. The video
files numbered as {1, 2, 3} and {4, 5, 6} illustrate the PE–nano-
sphere adsorption for the case of two and six polymer chains,
respectively, with the salt concentration in each set taking the
values n0 = 1, 10 and 380 mM, correspondingly. Each
of these files contains 104 frames recorded for the SNP surface-
charge density σ=−0.1 C m−2. The entire simulation box is
shown and, therefore, at high-salt conditions with mostly
desorbed PE chains the SNPs appear smaller in the videos.
Note that rapid motions of PEs seen in the course of dynamics
for the free chains stem from the high acceptance rate of pivot
and crankshaft movements (used both for equilibration and for
reaching a quicker convergence of themean statistical properties
to be computed).
3. Results
3.1. Two PE chains
First, we remind the reader that the classical PE–plane criti-
cal-adsorption result states that [13] the adsorbed state is
preferred (in the presence of the exponentially screened ES
potential) for charge densities larger than the critical value,
|σ| > |σc|, scaling with the solution salinity as

jsc(k)j � k3: (3:1)

Physically, upon increasing κ the PE–plane ES attraction is
diminished and larger surface-charge densities should be
maintained to trigger PE–surface adsorption [6,13,17,20].
Various modifications of the law (3.1) are known to exist,
e.g. for curved [2,6,15,24] and patterned [70,71] interfaces,
Janus particles [24], PE chains of a finite length, PE adsorp-
tion onto proteins and dendrimers [9,12,29] and for the
nonlinearly (rather than linearly) treated ES PE–surface
attractive potentials [36]. Below, we unveil certain modifi-
cations and pronounced splitting of the critical-transition
boundaries for multichain PE adsorption onto SNP: the
results that extend/modify the single-chain adsorption law
(3.1). We show that—due to the interplay of PE–SNP attrac-
tive and PE–PE repulsive ES interactions—a splitting of the
adsorption–desorption transition emerges.

Figure 2 shows some typical conformations of two PE
chains for varying solution salinity as well as the variation
of the mean ES PE–SNP binding energy, 〈EB〉. The latter is
computed via summing the Um−p potentials (2.3) over all
the PEs’ monomers and averaged over all polymer configur-
ations encountered in the simulations. Naturally, at lower salt
concentration the adsorbed PE state is preferable because of
stronger ES PE–SNP attractions. Electronic supplementary
material, figure S1a shows the time series of the PE–SNP ES
binding energy of two PEs (M = 2) for s ¼ �0:1C m�2. This
representation makes obvious the sharp transitions along
the time series between the (2-0) state (two PEs are adsorbed),
the (1-1) state (one PE is adsorbed and one desorbed) and the
(0-2) state (both PEs are desorbed) of the chains. We can
identify a range of salinities—the grey area in the inset of
figure 2—within which the variation of 〈EB〉 with n0 does
not obey the laws of standard exponential screening given
by equation (2.3). This is shown in figure 2 at salt concen-
trations lower than the region of adsorption–desorption
coexistence (see also fig. 1a of [33]). The dashed curve in
figure 2 corresponds to the Debye–Hückel-type function for
the mean ES binding energy, namely

hEB(n0)i ¼ ae�bn1=20 , (3:2)
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Figure 3. Magnitude of the critical SNP surface-charge density |σc| for
adsorption of two PEs versus the reciprocal Debye screening length, κ.
The open diamonds and open triangles are the result of simulations for criti-
cal adsorption of a single PE onto the SNP obtained with the criterion of
maximal ES-energy fluctuations and with 50%/50% of time for the PE to
stay in the adsorbed and desorbed states, respectively (these two datasets
yield almost superimposing symbols). The theoretical prediction of equation
(3.1) is the dotted line in the high-salt limit. The arrows denote the charge
densities at which one and two adsorbed PEs fully neutralize the SNP charge.
The blue region shapes the range of |σc| and κa in between the boundaries
of (2-0)!(1-1) and (1-1)!(0-2) adsorption–desorption subtransitions.
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with the fit parameters α≈−1220 kBTandb � 4:44 M�1=2. Here,
themolar concentrationM is not to be confusedwith thenumber
of PEs, M. The discontinuous transitions between the adsorbed
PE–SNP state at low salinities and desorbed state at larger sali-
nities is characterized by clear deviations from the expected
behaviour (3.2) for the PE–nanosphere ES binding energy.

The probability distribution of EB for the simulated time
series is shown in electronic supplementary material, figure
S1b. The total probabilities are normalized to unity (as they
should) when the contribution of the binding energy from
the desorbed state (the vertical ‘line’ in this figure) is taken
into account. For two PEs near the ES-attractive SNP we
identify three coexisting states: (i) two PEs are adsorbed,
with the total ES binding energy EB≈−80 kBT, (ii) one PE is
adsorbed, with EB≈−35 kBT, and (iii) both PEs are desorbed,
with a weak binding, EB≈ 0 kBT. These values are the
averages of instantaneous binding energies over the time
periods the PEs spend in the respective states in our
computer simulations.

Electronic supplementary material, figure S2 shows the
probability of occurrence of these three coexisting states
(denoted by the subscript ‘cs’ below) for varying salt concen-
tration n0. Note that the data for electronic supplementary
material, figure S1b were obtained at n0 ¼ 0:39 M via count-
ing the number of PE configurations in each of the
substates (visualized by the time series shown in electronic
supplementary material, figure S1a). The probability of each
substate (with a distinct range of the PE–SNP ES binding
energies, as shown in electronic supplementary material,
figure S1b) in this PE–SNP system, denoted as p(EB), is pro-
portional to these numbers. This counting procedure has
been repeated for systematically varying n0 to restore the
variation of the probability of each of the PE–SNP adsorption
substates, denoted as Pn¼{2,1,0}

cs (n0), upon addition of salt into
the system, as shown in electronic supplementary material,
figure S2 (the CPU time to produce this figure on a standard
workstation is approximately one week).

As more salt is added in the solution, polymer configur-
ations with two PEs being adsorbed get replaced by states
with one PE adsorbed and one PE desorbed, and, finally,
states with the two PE chains being desorbed start to domi-
nate. The exact values of n0 at which these (2-0)!(1-1) and
(1-1)!(0-2) adsorption–desorption subtransitions take place
depend on the PE linear-charge density e0/lB, the SNP
radius a and its surface-charge density σ.4 Naturally, at a
given n0, the sum of all three probabilities is unity,

P2
cs þ P1

cs þ P0
cs ¼ 1: (3:3)

Electronic supplementary material, figure S3 illustrates
the fluctuations of the total PE–SNP binding energy at
s ¼ �0:1C m�2. Similar to figure 2, the region of state coex-
istence around n0 � 0:4 M is shown in grey. In this region, as
follows from electronic supplementary material, figure S2,
the number of transitions between the (2-0), (1-1) and (0-2)
states is maximized (their probabilities at this point are
≈1/4, ≈1/2 and ≈1/4, respectively). These frequent tran-
sitions give rise to large changes of EB in the simulations
that, in turn, result in a dramatic increase of ES-binding-
energy fluctuations,

dEB ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hE2

Bi � hEBi2
q

: (3:4)
At a chosen SNP surface-charge density, σ, the amount of
added salt at which the ES-energy fluctuations are maximal
is associated with the respective adsorption–desorption
critical subtransition. Hereafter, we implement this
adsorption–desorption criterion (as compared, for instance,
with the standard criterion of 50% adsorbed and 50% des-
orbed PE configurations along the recorded time series in
the simulations). The criterion based on ES-energy fluctu-
ations, as we show below, enables the exact determination
and categorization of the adsorption–desorption subtransi-
tions for multichain PE–SNP complexation. This is the
main goal and achievement of the current study, making it
more general (or superior) to our previous simulations of
single-chain PE–surface critical adsorption [24,25,36,79].

It is natural to define the critical n0 for the subtransitions
(2-0)!(1-1) and (1-1)!(0-2) at the points of maximal δEB for
the respective partially adsorbed states; see electronic
supplementary material, figure S4.5 This is the key method-
ology to determine adsorption–desorption subtransitions
for the multiple-PEs system we develop and employ here
for the first time.6 Recalculating the respective values
κ(2-0)→(1-1) and κ(1-1)→(0-2) of the reciprocal Debye lengths via
equation (2.2) at each σ value, and repeating this procedure
for systematically varying σ in the simulations, gives rise to
a splitting of the adsorption–desorption boundary |σc(κ)|
into |σc(κ(2-0)→(1-1))| and |σc(κ(1-1)→(0-2))| subtransitions.
Within the blue region in figure 3, the number of transitions
between the three coexisting states of the PE chains is
maximized. The blue region is situated ‘inside’ the corre-
sponding grey region of figure 2 for the same model
parameters. Namely, at a given SNP surface-charge density
the blue region in figure 3 indicates the range of solution sali-
nities in between the two maxima of the binding-energy
fluctuations, p(δEB), realized for the respective subtransitions
(see electronic supplementary material, figure S5 for the case
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of six PEs). The results for adsorption of a single PE onto the
same SNP—obtained with the same adsorption criterion of
maximal ES-energy fluctuations—are shown as the open
diamonds in figure 3.

Note that the grey area in electronic supplementary
material, figure S4 denotes the region of state coexistence,
while the critical-adsorption subtransitions shaping the blue
region of figure 3 take place at the two points inside the
respective grey area. Specifically, the transitions are realized
at the maxima of the ES binding-energy fluctuations; see
the peaks of p(δEB) in electronic supplementary material,
figure S4.

The single-PE results based on the adsorption criterion of
50% adsorbed and 50% desorbed PE configurations are also
shown in figure 3 (as the open triangles). As one can see,
the single-chain critical-adsorption results for |σc(κ)| for
these two adsorption criteria are almost superimposing.
The adsorption criterion based on ES-energy fluctuations,
however, enables us to find the critical-adsorption boundaries
of all partially adsorbed PE–SNP states and to determine
subtransitions for multichain PE–SNP adsorption.

Remarkably, we find that at intermediate salinities the trend
of increasing |σc| with increasing κ observed for two SNP-
adsorbing PEs at high salt gets reverted, and at very small κ
values the value of |σc| for the (2-0)!(1-1) subtransition ulti-
mately saturates at a plateau. This splitting of the adsorption–
desorption boundary into distinct subtransitions and a
plateau-like behaviour of js(k)j at vanishing salt are the novel
results. Naturally, for critical-adsorption conditions for six PEs
these new features become enriched, as we quantify below.
10–3

10–1 1 10 102

1
desorption

ka

Figure 5. Critical SNP surface-charge density |σc| for adsorption of M = 6 PEs
(with N = 50 monomers) obtained from the δEB-based adsorption criterion
plotted versus κa. The data for single-PE critical adsorption with the standard
50%/50% adsorbed/desorbed criterion for PEs are also included as open dia-
monds. The six arrows on the vertical axis indicate the |σ| values at which
the SNP is completely neutralized by one to six PE chains fully adsorbed onto
its surface.
3.2. Six PE chains
Extending the consideration for twoPEs in §3.1,weperform the
same analysis for six PEs and seven possible partially adsorbed
states, namely (6-0), (5-1), (4-2), (3-3), (2-4), (1-5) and (0-6). In
figure 4a, we present the computed probabilities of these coex-
isting states (at a given SNP surface-charge density σ) for
varying concentrations of added salt n0. As expected, at low
amountsof addedsalt allPEchainsare adsorbedonto theoppo-
sitely charged sphere (strong PE–SNP ES attraction, n = 6),
while for increasing n0 values progressively smaller numbers
of PE chains are adsorbed, down ton = 0at high-salt conditions.
In figure 4, the range of salt concentrationswhere the subtransi-
tions are realized forM = 6 chains is shown for σ =−0.1 C m−2;
at each n0 the sum of the probabilities of all the partially
adsorbed PE states is unity.7

The maximal fluctuations of the PE–SNP ES-binding
energy, δEB, are observed in the narrow regions of the respect-
ive subtransitions between the neighbouring substates of the
partially adsorbed PEs; see figure 4b for some and electronic
supplementary material, figure S5 for all the subtransitions.
The procedure in the multichain system is similar to the
two-chain analysis in §3.1: the input data for state coexistence
and binding-energy fluctuations should now be treated for
each subtransition separately. The complications are due to
the complexity of this six-chain system and because some
energy-fluctuation curves contain two (or more) local
maxima. The characteristics of the system in figure 4 for
σ =−0.01 C m−2 and −0.002 C m−2 are further detailed in
electronic supplementary material, figures S6 and S7, respect-
ively. At all conditions studied in the simulations, we
observed a clear correspondence between the points of
maxima of the ES binding-energy fluctuations and of cross-
ing of the state-probability curves for the respective
substates. This makes our new methodology for determining
the critical-adsorption subtransitions in the system of
multiple SNP-adsorbing PEs physically valid and universal.8

The sequential adsorption of PEs we observe in figure 4a is
reflected in a splitting of the adsorption–desorption boundary:
the dependence of the critical surface-charge density of the
SNP |σc| on the concentration of added salt now splits into
M subtransitions and different dependencies for the critical
SNP surface-charge densities for each of them are observed
(figure 5). This splitting of the single-chain |σc(κ)| boundary
in the low-salt limit is our main result for critical adsorption of
multiple PEs onto the ES-attractive SNP. The critical-adsorp-
tion results for a single PE obtained in the simulations
employing the 50%/50% adsorbed/desorbed criterion are
shown in figure 5 (open diamonds, as in figure 3).

We emphasize that the total simulation time for figures 3
and 5—for critical adsorption of two and six PE chains—
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would amount to ≈8 months on a standard modern personal
computer: a computer cluster with ≈500 cores was therefore
used for these large-scale simulations.

We observe that at high concentrations of added salt the scal-
ing dependence |σc(κ)| for the respective subtransitions is
almost insensitive to the number of adsorbed PEs. In this limit,
the Debye screening length is much shorter than the SNP
radius so that each PE chain adsorbs locally almost without noti-
cing—owing to strong screening of PE–PE repulsion—the ES
repulsions stemming from the already adsorbed PEs. The
required |σc| in this situation of local PE adsorption is relatively
large and the total charge of all the PE chains is much smaller
than the magnitude of the SNP charge, |QSNP| = 4πa2|σ|.

In stark contrast, at low concentrations of added salt n0 and
for relatively small |σ| the effect of splitting into the adsorp-
tion–desorption subtransitions is very pronounced. This is
due, in part, to a partial compensation of the SNP charge by
the already adsorbed PEs. In this limit, the Debye screening
length can be much longer than the SNP radius, 1/κ≫ a, so
that each PE upon adsorption ‘feels’ the charge of the already
SNP-deposited polymers. During this ‘obstructed adsorption’,
the PE chains in the solution experience effectively weaker ES
attraction to the SNP (the situation of global adsorption due to
SNP charge renormalization by the already adsorbed PEs).9

Physically, at low salt the adsorption of additional PEs will
acquire progressively larger |σ|, as indeed observed in the
phase diagram of the subtransitions (( j )-(M− j ))→ (( j ±
1)-(M� j+ 1)) in figure 5. To construct this phase diagram,
extensive computer simulations at systematically varying σ
were performed and at each σ-point shown in figure 5 the sep-
aration of the polymer configurations into the coexisting
(partially adsorbed) states was enumerated, as per the pro-
cedure shown in figure 4. This enabled us to quantify all the
PE–SNP adsorption subtransitions.

The data from the computer simulations in figure 5 show
that for the (6-0)!(5-1) subtransition the value of |σc| starts
deviating from the results for (single PE)–SNP adsorption at
k & 0:1=Å, while for the (2-4)!(1-5) subtransition some split-
ting of |σc (κ)| is observed at considerably smaller amounts
of salt, k & 0:03=Å. We also observe that after the initial
decrease of |σc(κ)| with decreasing κ the adsorption–deso-
rption boundary for each subtransition starts to rise again at
κa≈ 1… 3 and at very small κ values the respective values
|σc| reach plateaus. The magnitude of these plateaus
depends on the (average) number of adsorbed PE chains
for a given adsorption subtransition. At vanishing κ values
this plateau-like behaviour of |σc| is physically expected:
with no screening present in the system at κ→ 0, the ES
PE–SNP interactions become nearly insensitive to any further
decrease in the solution salinity. Clearly, depending on the
actual system parameters, this upward trend of |σc(κ)| as
the solution salinity decreases and the plateau-like behaviour
of |σc(κ)| at very small κ might also occupy a quite extensive
region of the adsorption–desorption diagram. Here, the ratio
of the SNP charge to the total charge of all the PEs is the
determining factor, η = 4πa2|σ|/(M × e0N ).10

In figure 5 in the regionof smallκ, we indicate by the arrows
the |σ| values at which the SNP is fully neutralized upon
adsorption of a given number of PE chains. In this low-salt
regime for all the subtransitions a substantial overcharging of
the SNP by the adsorbed PEs is detected, possibly because of
finite-size effects of the adsorbed PEs. The region of SNP
surface-charge densities where the plateau-like behaviour of
|σc| emerges in our simulations is partly superimposed with
the region of SNP charge neutralization by a given number of
PEs; see the arrows on the vertical axis of figure 5. Owing to
PE–SNP overcharging effects, the blue region in figure 5 illus-
trating the region of |σc| and κa within which all the
adsorption–desorption subtransitions take place is lower in
terms of |σ| than the region of SNP charge neutralization
(which is situated in between arrows 1 and 6 in figure 5).
Figure 5 presents the key results of the current study.

The renormalized SNP charge for the adsorption–
desorption subtransition (( j )-(M− j ))→ (( j− 1)-(M− j + 1))
can be assessed as

jQeff
c,SNP(k, j)j � 4pa2jsc(k, j)j � f(j� 1=2)e0Ne�kb: (3:5)

In this expression, with j = {6, 5, 4, 3, 2, 1}, the reduction of the
critical SNP charge is due to ≈( j− 1/2) PE chains being
tightly adsorbed (on average) for the respective subtransition
involving between j and ( j− 1) adsorbed PEs. This PE charge
enters equation (3.5) with the Debye–Hückel screening factor
e−κb (here b is the monomer radius). The fit coefficient f in
equation (3.5) physically means the fraction of the PE
charge efficiently participating in SNP neutralization. For
f < 1 only with a fraction of the PEs’ charge effectively neutral-
izes the SNP (for instance, at some times PEs can be relatively
far from the sphere).

The ‘optimal’ value of f is found numerically to ensure
the closest superposition of the critical-adsorption curves,
|σc(κ, j )|, for all the subtransitions in the region of large sali-
nities. Naturally, the optimal-fit f-value depends on the actual
model parameters controlling ES interactions, such as the
sphere radius a, the polymerization degree N, the inter-mono-
mer distance along the PE, etc. We find that the results for
jQeff

c, SNP(k, j)j display nearly universal dependence for all
the subtransitions at intermediate-to-large κ-values. At low
salinities, in contrast, the plateaus of |σc| remain pro-
nounced and thus no universal curve for jQeff

c, SNP(k, j)j
emerges, as shown in electronic supplementary material,
figure S8. Note that the goodness-of-σc(κ)-data fit by ansatz
(3.5) is sensitive to the exact value of f, in particular when
the SNP charge is comparable to the charge of all the partially
adsorbed PEs (the region of small |σc| and small κ). For large
κ and large |σc|, as η≫ 1 the fit is nearly f-insensitive.

Finally, we study the density distribution of PE mono-
mers away from the SNP, ρ(r), and the width of the
adsorbed PE layer, w, for the condition |σ| > |σs|, i.e.
above the adsorption transition. The width w is defined in
standard fashion [6,20], as the width of the peak of the PE-
monomer distribution ρ(r) measured at its half-height. Intui-
tively, larger |σ| values yield more SNP-localized PE
conformations and thinner PE layers (see electronic sup-
plementary material, figure S9a), while the value of w
increases near and diverges at the adsorption–desorption
‘demarcation’ boundary. We find that at high n0 the adsorbed
PEs feel only weakly the presence of the already adsorbed
PEs. As our PE chains are rather short, they adsorb onto
the SNP surface often without ‘overlaps’ and the thickness
of the adsorbed layer for multiple PEs is only slightly
larger than that for a single PE adsorbed at the same σ; see
electronic supplementary material, figure S9b. The error
bars for w are often smaller than the symbol size (not shown).

By contrast, at low salt concentrations—and for the SNP
surface-charge densities still above the borderline for
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adsorption of all six PE chains—the adsorption of each PE
gives rise to a thicker adsorbed layer on the sphere surface.
In this situation, the already deposited PEs renormalize the
SNP charge, diminishing its adsorption propensity; see
equation (3.5). The system is being rendered closer to the
adsorption–desorption boundary, with expectedly less compact
layers of the adsorbed PEs (e.g. figs. 3 and 5 of reference [20]),
as shown in electronic supplementary material, figure S9b for
the current data for two and six SNP-adsorbing PEs.
/journal/rsif
J.R.Soc.Interface

17:20200199
4. Discussion and conclusions
We conducted extensive Monte Carlo simulations to unravel
the critical-adsorption characteristics for the ES-driven
adsorption of multiple PE chains onto an oppositely charged
SNP. Our main result is the methodology based on the max-
imization of the ES-energy fluctuations for determining and
exact quantification of the adsorption subtransitions (split
phase-transition boundaries). The latter occur between the
multiple coexisting states with (on average) j adsorbed and
(M− j ) desorbed PE chains. We find the exact parameters
of all the subtransitions (( j )-(M− j ))→ (( j ± 1)-(M� j+ 1))
and discover splitting of the critical-adsorption boundaries
for each of them. These findings extend the previous theoreti-
cal and simulations-based results on critical adsorption of a
single PE onto the SNP.

Clearly, some important features were neglected in our
model (in particular, regarding the physical nature of PE–
SNP interactions). Namely, (i) a possibility of a low-dielectric
SNP interior, important for PE adsorption onto certain colloids
and globular proteins. This feature requires certain modifi-
cations of the PE–SNP ES potential [21] and gives rise to a
short-range ES repulsion of PEs from the interface. As a
result, the critical-adsorption boundary shifts towards larger
|σc|, as quantified in [21]. The phase-transition splitting dis-
covered above is, however, not expected to be qualitatively
affected if the low-dielectric interior is taken into account. (ii)
The employed ES-interaction potentials were assumed to be
linear in the entire range of solution salinities and SNP
charge densities. Naturally, at large |σ|—when the SNP ES
potential becomes |ψ|≫ 25 mV—the linear ES theory and
the Debye–Hückel potentials will become inapplicable. The
analysis of PE–SNP critical adsorption for the nonlinear ES
potentials was the topic of our recent study [36].11 (iii)
Although only the cases of M = 2 and M = 6 chains were con-
sidered in the spherical geometry, the generalization to an
arbitrary number of adsorbing PEs of varying length and flexi-
bility as well as simulations in other geometries (cylindrical,
Janus particles, etc.) are straightforward. The finiteness of
the adsorbing ‘particle’ and its surface-charge renormalization
upon PE adsorption are essential to observe the splitting
effects of the critical-adsorption boundary.

What are possible applications of these detailed subtransi-
tions for the scenario of multiple PE chains being ES-attracted
to an SNP? One biological motivation to pursue this research is
to gain a better understanding of the nanoscale properties of
PE complexation and aggregate formation between various
PEs and oppositely charged proteins [10–12,24,26,27,67]. Sup-
pression of protein aggregation, protein-purification set-ups
and stabilization of proteins against thermal denaturation are
possible due to certain coatings involving adsorbed PEs.
Other key applications involve protein–PE complexes used
as the basic tool for protein-delivery purposes and also for pre-
serving the enzymatic activity [12]. Moreover, for semiflexible
SNP-adsorbing PE chains this new approach enables us to
revisit the properties of DNA complexation with the histone
proteins in the nucleosome core particles [16,49,89], the funda-
mental units of compactification of genomic DNA in
eukaryotic chromatin [90,91]. The effects of varying PE flexi-
bility and pH-sensitive charge states of the system’s
components are the potential targets for future research.
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Endnotes
1The dielectric permittivity inside globular proteins is typically rather
low,ϵs∼ 2… 10; it canbe acomplicated functionofproteindimensions,
hydrophobicity of the protein core, protein shape, density and
positioning of charges on its surface [92,93], etc. Critical PE adsorption
onto low-dielectric interfaces is known to demand higher
surface-charge densities, particularly in the low-salt limit (see [21]).
2Note that, owing to the presence of own PEs and SNP counterions,
the effective solution salinity never drops to zero, even if no added
salt is present, n0 = 0. The effect of own counterions on the effective
κ value is, however, fairly small because of a large simulation cell/
box chosen in the model. For instance, for a relatively large net elec-
tric charge present in the PEs–SNP system at no added salt (withM =
2 chains, at σ =−0.1 C m−2 for the SNP and at n0 = 0), the counterion-
mediated screening yields κa≈ 0.04. This value is about 10 times
smaller than the smallest κa values shown on the horizontal axis of
figure 5.
3For crankshaft motions, two arbitrary PE monomers are chosen at
random in the simulations defining an axis for rotation. All the
monomers along the PE contour between the chosen two are then
rotated around this imaginary axis by a random angle [88,94]. As
we do not execute displacements of single polymer monomers, the
crankshaft motions and pivot movements used in our scheme are
vital to modify and efficiently sample all possible polymer confor-
mations, both close to the adsorbing SNP and for relatively free
chains in the solution. Pivot rotations and displacements of the
entire polymer chain can be performed more frequently without
greatly increasing the total simulation time. With this strategy, the
best sampling in the region of coexistence conditions could be
achieved (for a fixed inter-monomer distance along the PE contour,
lB, meaning non-stretchable chains). Note that, close to the transition
point, both the states of the PEs in the adsorbed (close to the nano-
sphere) and desorbed states (far from the SNP) need to be sampled
properly. The motions of the whole polymer in our simulation
scheme, therefore, become particularly important near the adsorp-
tion–desorption boundary at which certain ‘jumps’ across the
energy barriers separating the two states take place particularly often.
4Namely, at |σ| < |σc| the PE chains are in the desorbed state and
their ES attraction energy to the SNP is insufficient to overcome the
entropic preference to stay free/unbound in the solution. By contrast,
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at |σ| > |σc| the ES energy of PE–SNP attraction overwhelms the
entropic contribution and the chains stay in adsorbed configurations
in the SNP vicinity (the adsorbed state).
5We avoid any ambiguous Gaussian-based fitting of the respective
probability distributions of the partially adsorbed states. We also
assume that transitions occur only between the neighbouring sub-
states: the relatively large adsorption energy for each additional PE
being adsorbed justifies this assumption. Namely, the energy states
are then often well separated, so the exchange between the neighbour-
ing states is expected to dominate the state-exchange dynamics.
6The data in electronic supplementary material, figure S4 are
obtained via calculating the ES binding-energy fluctuations for a
subset of polymer configurations in which the PE chains are in one
of the two adsorption substates (referring to the respective adsorp-
tion–desorption transition). For example, for the subtransition
(2-0)!(1-1) we select just those polymer configurations yielding
either two or one PE chains being adsorbed onto the nanosphere.
Note that for large amounts of added salt the mean ES PE–SNP bind-
ing energy is relatively weak: for instance, for n0 = 0.5 M we get
〈EB 〉=− 0.13 ± 1.76 kBT, but still there exist few polymer configurations
for which the ES-energy fluctuations are detected to be rather large
(see also electronic supplementary material, figure S5 for the
energy-fluctuation-based results for the case of six adsorbing chains).
7The error bars in figure 4b, in the lower subpanels of each panel in
electronic supplementary material, figure S5 and in electronic sup-
plementary material, figure S6b were calculated via dividing the
entire data series for the polymer trajectories obtained from simu-
lations into three equal parts, calculating the degree of energy
fluctuations for each of the parts and finally evaluating the standard
deviation of these three values to obtain the magnitude of the
respective error bars (for a given set of model parameters).
8The double-crossing found for, for example the (5-1) and (4-2) prob-
ability distribution curves in electronic supplementary material,
figure S6a, is a reflection of the increasing trend in |σc| at small sali-
nities: we thus have two critical κ values for the same |σ| value.
The probability distributions for some neighbouring PE substates are
bimodal and cross each other at two distinct values of κ. Specifically,
for the (4-2) substate in the high-κ regime the PEs mainly ‘feel’ the
mean ES potential of the sphere. As κ decreases, the (5-1) substate
becomes more stable (having larger probabilities of occurrence)
owing to reduced ES screening. When κ drops below ≈0.02 the ES
repulsion of the adsorbed PEs becomes important and the (5-1)
substate becomes unstable, while at the same time the probability of
the (4-2) substate increases again.
9We note also that in the high-charge and low-salt limit—owing to
strong ES PE–PE repulsion (along the sphere surface and across its
interior)—the PE configurations in the adsorbed states observed in
the simulations are not azimuthally random. The PE chains are
rather adsorbed in somewhat ordered patterns in order to stay
away from the neighbouring adsorbed PEs (see also
[40,59,89,95,96]). Adsorbed PE chains can thereby form peculiar geo-
metric structures similar to a Wigner crystal [97] (see figure 1 and the
video files at low salt in the electronic supplementary material). This
is a reflection of the Thompson problem of minimization of the
screened Coulomb ES energy, manifesting itself, for example, as
boundary scars in the spherical crystallography [98].
10For the conditions of the current study, this increasing trend at low κ
does not occur for the (1-5)–(0-6) subtransition: because of this no split-
ting of the adsorption–desorption boundary was detected in our
previous studies of single-PE adsorption onto the oppositely charged
sphere. Potentially, however, the increasing trend of |σc (n0)| at small
salinities is realizable also for single-chain PE–SNP adsorption. Various
model parameters suchas the linearPEchargedensity, PE length, sphere
radius and charge ratio η should be varied to detect such a splitting be-
haviour. One can imagine, for example, a longweakly charged PE chain
that winds around the attractive SNP: in this adsorbed state, at low-salt
conditions the PE gradually increasing in length will experience similar
effects of intersegmental PE–PE ES repulsions as intra-PE repulsions for
adsorption of multiple PE chains onto the SNP. The computer-simu-
lation-based analysis of this problem is currently underway.
11The differences in the critical-adsorption conditions obtained for the
exponentially screened PE–SNP ES potential were observed in the
nonlinear model [36] only at high surface-charge densities and for
elevated salt concentrations. By contrast, the effects of splitting of
|σc| versus κ adsorption boundary is observed at low SNP surface-
charge densities and in the regime of low salt (figure 5). The effect
of splitting of the adsorption–desorption boundary is, therefore,
expected to be present also for nonlinear Poisson–Boltzmann PE–
SNP potentials. Note that for the highly charged SNP the concept of
charge renormalization can be implemented to reduce the ‘effective’
SNP surface-charge density that interacts with the PEs. Thereby, this
will extend the region of model parameters where the linear Pois-
son–Boltzmann theory is still applicable for computing the critical-
adsorption conditions of multiple adsorbing PEs.
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