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Abstract
We study the effects of ageing—the time delay between initiation of the
physical process at t = 0 and start of observation at some time >t 0a —and
spatial confinement on the properties of heterogeneous diffusion processes
(HDPs) with deterministic power-law space-dependent diffusivities,

= αD x D x( ) | |0 . From analysis of the ensemble and time averaged mean
squared displacements and the ergodicity breaking parameter quantifying the
inherent degree of irreproducibility of individual realizations of the HDP we
obtain striking similarities to ageing subdiffusive continuous time random
walks with scale-free waiting time distributions. We also explore how both
processes can be distinguished. For confined HDPs we study the long-time
saturation of the ensemble and time averaged particle displacements as well as
the magnitude of the inherent scatter of time averaged displacements and
contrast the outcomes to the results known for other anomalous diffusion
processes under confinement.

Keywords: stochastic processes, anomalous diffusion, ageing, weak ergodicity
breaking
PACS numbers: 05.40.-a., 02.50.Ey, 87.10.Mn

(Some figures may appear in colour only in the online journal)

Journal of Physics A: Mathematical and Theoretical

J. Phys. A: Math. Theor. 47 (2014) 485002 (18pp) doi:10.1088/1751-8113/47/48/485002

1751-8113/14/485002+18$33.00 © 2014 IOP Publishing Ltd Printed in the UK 1

mailto:rmetzler@uni-potsdam.de
http://dx.doi.org/10.1088/1751-8113/47/48/485002


1. Introduction

Anomalous diffusion generally refers to a stochastic process with a nonlinear time depen-
dence of the mean squared displacement (MSD). Often, the notion of anomalous diffusion
pertains to the power-law form [1–3]

≃ βx t t( ) , (1)2

where β is the anomalous diffusion exponent. For β< <0 1 we refer to this anomalous
motion as subdiffusion, for β > 1 it is superdiffusion, including the special case of ballistic
motion β = 2. In the limiting case β = 1, the law (1) reduces to the linear growth in time of
regular Brownian motion. There exist a number of stochastic models to describe anomalous
diffusion of the form (1) [1–8]. The most relevant include continuous time random walks
(CTRW) processes with scale-free distributions of waiting times [9], fractional Brownian
motion [10] and the associated fractional Langevin equation motion [11], diffusion on fractal
supports such as critical percolation clusters [12], as well as diffusion processes with time-
[13–15] and space-dependent [15–18] diffusion coefficients. We also mention diffusion
processes for which β = 1 but the associated probability density function (PDF) P x t( , ) is
non-Gaussian [19].

The fact that different stochastic processes share the behaviour of the MSD (1) is due to
the non-universal character of anomalous diffusion: the physical mechanism breaking the
convergence to a Gaussian PDF P x t( , ) and the linear time dependence of the MSD may be
different, depending on the system and/or the temporal and spatial ranges we consider. In
particular, with the impressive advances in single particle tracking and other microscopic
techniques as well as large scale computer simulations, it has become clear that the anomalous
diffusion behaviour in physical systems indeed has different origins. In particular, CTRW
type diffusion was observed for various sub-micron tracers in living biological cells [20, 21]
and structured colloidal systems [22], as well as for charge carrier motion in amorphous
semiconductors [9, 23]. Fractional Brownian and Langevin equation motion was shown to
control the dynamics in simple membranes [24], the motion of polymers in living cells [25],
and the tracer motion in complex liquids [26]. For the diffusion of smaller tracers in living
biological cells, in contrast, it was found that their motion is best described by a spatially
varying, local diffusion coefficient [27].

An important ingredient in the physical description of such systems are spatial con-
finement and ageing. Observing the motion of mobile tracers in biological cells, it becomes
obvious that they multiply collide with the cell wall or other internal structures [28]. Confined
diffusion is ubiquitous in the compartmentalized interior in spaces between poly-disperse
obstacles in the severely crowded [29] cyto- and nucleo-plasm of eukaryotic cells [27].
Directional thermal and active transport of water molecules in the brain white matter is
another example of orientation-dependent non-Brownian diffusion [30]. Concurrently, it was
shown experimentally in several systems that the physical observables explicitly depend on
the age of the system [20, 23].

Here we analyse both effects in the HDP model with power-law spatial dependence of
the diffusion coefficient, ≃ αD x D x( ) | |0 . We examine the ensemble and time averaged MSD
for the HDP process as well as the degree of randomness of (long) time averages of individual
realizations of the process. As we will see, the ageing effects in this system are remarkably
similar to those observed in the non-stationary subdiffusive CTRW process [31, 32]. How-
ever, we point out how both processes can be distinguished. We also analyse in detail the
relaxation behaviour of HDPs under confinement to a finite domain and discuss the differ-
ences to other confined anomalous diffusion processes.
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We first summarize the definitions and main properties of the HDP process in section 2.
We then proceed to analyse the behaviour of ageing HDPs in section 3. The confinement
effects for HDPs are discussed in section 4. Finally, in section 5 we draw our conclusions and
provide some additional graphs in appendix.

2. Free HDPs and their non-aged properties

Here we briefly present the main properties of free, unconfined HDPs. These are defined in
terms of the stochastic Langevin equation [16]

ζ=x t

t
D x t

d ( )

d
2 ( ) ( ) (2)

with the explicitly space-dependent diffusivity D(x). Equation (2) is interpreted in the
Stratonovich mid-point sense, that is, in this approach we use

⎡⎣ ⎤⎦= + + −+ + +x x D x x y y2 ( ) 2 ( ) (3)i i i i i i1 1 1

in the finite-difference displacement scheme. The increments of the Wiener process y(t)
represent Gaussian white noise with unit variance and zero mean, ζ ζ δ〈 ′ 〉 = − ′t t t t( ) ( ) ( ) and
ζ〈 〉t( ) = 0 [16, 18], where δ x( ) is the Dirac delta-function. For the diffusivity we use the
following form

⎧
⎨⎪
⎩⎪

α

α
=

+ >

+ <

α α

α α− −( )
D x D

x x

x x
( )

, 0,

1 , 0,
(4)0

off

off

such that the dimension of the coefficient D0 is α− −cm s2 1. The asymptotic behaviour for
≫x x| | | |off is the power-law

∼ αD x D x( ) . (5)0

To avoid trapping of particles for α > 0 or divergence of D(x) for α < 0 at the position x = 0
in the numerical analysis below we introduced the (small) offset = α−x (10 )off

3 1 in
equation (4). For analytical calculations in the long-time limit we neglect this offset term. The
initial condition = =→

−x t xlim ( ) 10t 0 0
1 is used in the simulations throughout this work. The

starting point affects the MSD value of HDPs only for the initial diffusion steps. The long-
time behaviour of free and confined HDPs remains unaffected. For the latter, many reflections
from the walls during the simulation time t occur.

Depending on the magnitude of the scaling exponent α, the HDP with diffusivity (5)
produces the MSD [16, 18, 33]

⎛
⎝⎜

⎞
⎠⎟

Γ
π

= + ( )x t
p

p
D t( )

( 1 2) 2
(6)

p
p2

1 2

2

0

with the anomalous diffusion exponent

α
=

−
p

2

2
. (7)

In particular, this relation implies that we obtain subdiffusion when D(x) is a decreasing
function of x| |, and superdiffusion is obtained when D(x) is an increasing function of x| |. We
note that previously we also considered other forms of D(x) such as logarithmic and
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exponential dependencies [34]. In the latter case, the resulting diffusion process is ultraslow,
with Sinai-type logarithmic time dependence ∼x t t( ) log ( )2 2 of the MSD.

Apart from the MSD (6), we are interested in the corresponding time averaged obser-
vable, the time averaged MSD [4–8]

∫δ Δ
Δ

Δ=
−

+ −
Δ−

T
x t x t t( )

1
( ( ) ( )) d , (8)

T
2

0

2

in which Δ is the so-called lag time, representing the width of the window slid along the
particle position time series x(t), which runs in the interval = …t T0 . We call T the
measurement time of the time series x(t). The time averaged MSD is the natural observable
when we want to analyse individual trajectories from single particle tracking experiments or
from large-scale simulations. In the following we also consider the average

∑δ Δ δ Δ=
=N

( )
1

( ) (9)
i

N

i
2

1

2

over N individual trajectories indexed by i. HDPs with diffusivity (5) give rise to time series
x t( ), for which the time averaged MSD becomes

⎜ ⎟
⎛
⎝⎜

⎞
⎠⎟

⎛
⎝

⎞
⎠δ Δ Γ

π
Δ Δ Δ∼ + =
−

−p

p
D

T T
x( )

( 1 2) 2
( ) , (10)

p
p

p

p
2

1 2

2

0 1

1
2

where in the second equality we showed the connection to the MSD (6). The fact that the time
averaged MSD scales linearly and thus exhibits the distinct disparity from the MSD (6) is
referred to as weak ergodicity breaking [35–37]. Measuring the time averaged MSD of the
HDP in experiments could thus erroneously be interpreted as a normal diffusion process,
despite the clear underlying anomalous diffusion nature exemplified in the MSD (6). One way
to find out that the law (10) is indeed incompatible with normal diffusion could be to probe
the dependence of δ Δ( )2 on the measurement time T. According to equation (10) the time
averaged MSD decays or grows with T depending on the value of the scaling exponent p.
Physically, this corresponds to locking of the particle in regions of progressively smaller
diffusivity for the subdiffusive case ( < <p0 1), or to the exploration of ever higher
diffusivity regions for superdiffusion ( >p 1).

3. Aged HDPs

In this section we study the effects of ageing, the dependence of a physical measurement
starting at a time >t 0a —the ageing time—after the initial preparation of the system at t = 0.
Remarkably, we will see a similarity with CTRW processes with diverging characteristic
waiting time.

3.1. Mean squared displacement

Consider the following situation. We initialize our system at t = 0 and let it evolve until time
>t 0a , that is, we let the system age. At ta we then start to record the dynamics of the system.

The ageing effect for the MSD is found easily as (compare [32])
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where by definition here t counts the time of the measurement, that is, the time t starts at the
end of the ageing period. In analogy to the subdiffusive CTRW case [32] we thus find a
crossover from the ageing dominated scaling 〈 〉 ≃ −x t t t t( , ) p

a
2

a a
1 —in which the t

dependence deceivingly suggests normal Brownian scaling with the time t—to the long
time behaviour 〈 〉 ≃x t t t( , ) p

a
2

a . Of course, when the ageing time is vanishingly small, the
MSD exhibits just the regular scaling (6).

Figure 1 shows the behaviour of the aged MSD revealing good agreement with the
analytical form (11). In particular, for progressively longer ageing times ta the crossover from
the ageing controlled scaling 〈 〉 ≃x t t( )2 to the anomalous scaling 〈 〉 ≃x t t( ) p2 is nicely
visible. For subdiffusive HDP ( < <p0 1) this crossover corresponds to a decrease in the
slope, while for superdiffusive HDPs ( >p 1) the slope increases at the crossover time when t
and ta are of the same order.

What is the behaviour of the aged time averaged MSD? Following the above physical
measurement scenario, we define this observable as [32]

Figure 1. MSD and time averaged MSD of the aged HDPs for sub- and superdiffusive
values of the scaling exponent α, as indicated in the plots. The data points with the
corresponding colour correspond to different ageing times ta. The dashed curves in the
same colours represent the asymptotes (11) and (15). For the time averaged MSD 10
points per decade are shown, while for the MSD every point is shown in the plots.
Parameters: N = 500 traces of =T 105 length were simulated.
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as well as the mean over N individual trajectories,

∑δ Δ δ Δ=
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a

According to our previous notation, T denotes the length of the measurement, as measured
from ta. Using the representation of the particle displacement in terms of the Wiener process

∫ ζ= ′ ′y t t t( ) ( )d
t

0
in the form ∼x t D y t( ) 2 | ( )| p

0 such that in the appropriate limit
Δ ≪T 1 we find

⎛
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⎠⎟δ Δ Γ

π
Δ∼ + + −( )( ) ( )t

p

p
D t T t

T
;

( 1 2) 2
. (14)

p
p p p2

a 1 2

2

0 a a

In comparison to the non-aged result (8), the effect of the ageing enters exclusively via the
expression in the parenthesis in front of the linear ratio Δ T of lag and measurement times.
For the ratio of the aged versus the non-aged time averaged MSDs

Λ
δ Δ

δ Δ
=

=
∼ + −( )

( )

( )
( ) ( )t T

t

t
t T t T

;

; 0
1 , (15)p

p p
a

2
a

2
a

a a

we thus find the simple algebraic result in full analogy with the result for the subdiffusive
CTRW [32]. The ageing factor Λ x( )p for < <p0 1 has a sigmoidal crossover from

Λ =→ xlim ( ) 1x p0 in the non-aged limit to Λ =→∞ xlim ( ) 0x p in the limit of very strong
ageing. Physically, this effect emerges when during the ageing period the particles
increasingly venture into areas of extremely low diffusivity and thus effectively become more
and more trapped. In contrast, for superdiffusive HDPs with >p 1 the factor Λ x( )p crosses

over from Λ =→ xlim ( ) 1x p0 to the scaling Λ ≃→∞
−x pxlim ( )x p

p 1. Here the particles find
regions of ever higher diffusivity during the ageing period and with the ageing time ta the
measured time averaged MSD strongly increases.

In figure 2(a) we present the results of simulations for the ratio (15) of the aged and non-
aged time averaged MSDs for HDPs. We observe that the agreement of the simulations with
the predicted form (14) is particularly good for moderate values of the scaling exponent α,
when the excursions of particles from the origin are not extremely fast and distant. We also
observe in figure 2(a) that for a given value of t Ta the results obtained from the time
averaging over a longer trace length T are closer to the theoretical result (15), refer to the blue
symbols in figure 2(a). This is statistically expected. For non-ageing Brownian motion with
α = 0 we consistently find Λ = 1.p

We stress that it is a remarkable property of HDPs with power-law diffusivity (5) that
they exhibit an identical ageing behaviour of the time averaged MSD as CTRW processes
with scale-free waiting time distributions. Physically both processes are fundamentally dif-
ferent. HDPs are Markovian processes with a quenched distribution of diffusivities and
therefore local variations of the typical times for particle jumps. In the CTRW picture the
waiting times are annealed, that is, successive waiting times are fully independent, however,
their mean diverges. From the results presented here we conclude that in both non-aged and
aged situations measurements of the ensemble and time averaged MSDs will not allow one to
distinguish between HDPs and CTRW processes. In principle, one could distinguish the two
processes by inspection of the bare trajectories x(t). However, these are not always available
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at sufficient precision and resolution to allow reliable conclusions. Moreover, additional
environmental noise may further blur the local details of recorded trajectories [38].

3.2. Ergodicity breaking parameter

We now address how reproducible individual trajectories of the aged HDP process are. From
subdiffusive CTRW processes, we know that, due to the divergence of the characteristic
waiting time, individual time averages of physical observables remain random quantities, no
matter how long the measurement time is [39]. For HDPs with power-law diffusivity the
amplitude variations of the time averaged MSD also converge to a constant value, indicating
the asymptotic randomness of δ2 [16]. We analyse the exact behaviour of aged HDPs in terms
of the ergodicity breaking parameter and the distribution of the amplitudes of individual time
averaged MSDs.

The amplitude variation of the time averaged MSD of individual trajectories can be
quantified by the PDF ϕ ξ( ) as function of the dimensionless variable [37]

ξ
δ Δ

δ Δ
=

( )
( )

t

t

;

;
. (16)

2
a

2
a

The variance of this distribution constitutes the ergodicity breaking parameter [37, 40]

ξ= −
Δ→∞

( )EB lim 1 , (17)
T

2

noting that ξ〈 〉 = 1. =EB 0 is a sufficient condition for the ergodicity of a process. We also
consider the alternative ergodicity parameter [41]

Figure 2. (a) Ratio of the aged time averaged MSD for an HDP with power-law
diffusivity (5) versus the non-aged result, in the limit Δ ≪T 1, plotted for different
values of the scaling exponent α. (b) Ergodicity breaking parameters EB for
subdiffusive HDPs and (c) ergodic parameter  plotted versus the ageing time. Note
that superdiffusive HDPs do not feature the EB ∼ −t T( ) p

a
1 scaling behaviour. The

asymptotes of equation (15), (20), and (21) are shown as the dashed curves in panels
(a), (b), and (c), respectively, for the corresponding α= −p 2 (2 ) values. For clarity,
not all α values are represented in each panel. Parameters: individual traces are in total
105 steps long, the trace lengths T are listed in panel (a) and correspond to different
colours of the symbols. For each α value averaging over N = 600 trajectories was
performed. The symbols for different α values have the same meaning in all three
panels.
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δ Δ

Δ
=( )

( )

( )
t

t

x t
,

,

;
, (18)a

2
a

2
a

which is to be equal unity to represent a necessary condition for ergodicity. Without ageing,
the ergodicity breaking parameter EB for HDPs decreases with growing anomalous diffusion
exponent p and then increases again for superdiffusive values [16].

For subdiffusive CTRWs with β< <0 1, Γ β Γ β= + + −EB 2 (1 ) (1 2 ) 12 mono-
tonically decreases from unity to zero when β is varied from zero to unity for long mea-
surement times [37]. For Brownian motion the decay of the ergodicity breaking parameter
follows [42]

Δ Δ∼
T

EB( )
4

3
(19)

in the limit Δ →T 0. Brownian motion has stationary increments and therefore the process is
independent of ageing. Therefore, the scaling (19) is preserved for any ta. For CTRW
processes it was found that the ergodicity breaking parameter for any finite but sufficiently
long T scales like β β∼ +β−t t TEB( ) 2( ) [ (1 )]a a

1 in the limit of strong ageing, ≫t Ta [32].
As shown in figure 2(b), we observe from numerical analysis that for subdiffusive HDPs with

< <p0 1 (or α < 0) the EB parameter follows the same asymptotic behaviour as
subdiffusive CTRWs. In particular for moderate α, for long ageing times we find

⎜ ⎟
⎛
⎝

⎞
⎠≃

−
t

t

T
EB( ) . (20)

p

a
a

1

In analogy to the CTRW process [32], the divergence of the ergodicity breaking parameter in
the subdiffusive regime of HDPs with t Ta is stronger for smaller values of the anomalous
diffusion exponent p, that is, when the exponent α in equation (5) assumes more negative
values.

For completeness, we also present numerical results for the alternative ergodicity para-
meter  as function of t Ta in figure 2(c). We find that  reveals much larger variations for
different time averages corresponding to the same t Ta values (not shown for clarity in
figure 2(c)), as compared to the parameter EB. The ergodicity breaking parameter EB for
subdiffusive HDPs is rather insensitive to the variations of ta and T provided =t Ta const. In
contrast to Λp and EB, the alternative ergodicity parameter  does not collapse onto a
universal curve for the same ratio t Ta but different ta and T values computed along the trace
(results not shown). We observe that at long ageing times the scaling law

⎜ ⎟
⎛
⎝

⎞
⎠ ≃

−t

T
(21)

p
a

1

is valid. Asymptotes (20) and (21) are shown as the dashed lines in figures 2(b) and (c),
respectively.

We complement the study of the parameter EB with the analysis of the distribution of

individual δ Δ t( ; )2
a traces of aged HDPs. For the lag time Δ = 1 this distribution is illustrated

in figure 3. We observe that for longer ageing times ta subdiffusive particles with α < 0
become increasingly localized and therefore the amplitude of the δ2 traces are shifted towards
smaller values. When α > 0, corresponding to superdiffusion, the spread of δ2 grows and
distant particle excursions produce large amplitudes of the time averaged MSD. For both sub-
and superdiffusive aged HDPs the distributions of the time averaged MSD δ2 approach zero
at small δ2 values. In other words, no trajectory exists, in which the particle is fully immobile.
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This finding is in contrast to subdiffusive CTRWs, in which a finite fraction of immobile
walkers always exists [32].

A useful parameter to classify stochastic processes is the non-Gaussianity parameter. In
one dimension it is defined in terms of time averaged quantities through [7, 43]

Δ
δ Δ

δ Δ
= −( )

( )

( )
G t

t

t
;

,

3 ,
1, (22)a

4
a

2
a

2

where the fourth time averaged moment is given by

∫δ Δ
Δ

Δ=
−

+ −
Δ+ −

( )t
T

x t x t t;
1

( ( ) ( )) d . (23)
t

t T
4

a
4

a

a

The non-Gaussianity parameter for aged subdiffusive HDPs shows a similar scaling with t Ta

as the EB parameter, as we demonstrate in figure A.1. Overall, the magnitude of the parameter
G is small for moderate values of α| | and progressively increases for more pronounced sub- or
superdiffusive HDPs, in line with the results for αG ( ) for non-aged HDPs [18]. The trends of
increasing G for stronger superdiffusive HDPs is similar to our observations for the EB
parameter (results not shown).

4. Confined HDPs

We now turn to the effects of spatial confinement by hard reflective walls on HDPs with
power-law diffusivity (5). In particular, we address their ergodic behaviour under these
boundary conditions. In this section, no ageing is considered.

Figure 3.Amplitude scatter of the time averaged MSD of individual trajectories, shown
at lag time Δ = 1. The shown results are computed for the trace length =T 104 and the
indicated ageing times ta. The other parameters are the same as in figure 2. Note that the
curves reach zero for vanishing values of the time averaged MSD. Also note the
different scales for the magnitudes of time averaged MSDs. The somewhat bumpy
structure in the scatter PDF of the time averaged MSD traces is mainly because of a
finite number of traces (N = 900 for this figure). This becomes particularly visible for
the longest ageing time ta when the statistics of the distribution is insufficient, due to
computational limitations.
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4.1. Mean squared displacement

In our simulations we implement reflecting boundary conditions on the particles to study the
confined dynamics in the domain − < <L x L. We observe in the resulting figure 4 that for
large values of the scaling exponent α of the diffusivity (5) the reflecting boundary is reached
after a smaller number of steps and thus the MSD and time averaged MSD start to saturate
earlier. In the long-time limit → ∞t we find the relaxation δ Δ≃2 0 to a plateau. Due to
definition (8) the time averaged MSD amounts to twice the value for the MSD. The latter
saturates at the α-dependent stationary plateau

δ= ≈ ν−x p
L1

2 3
(24)2

st
2

st

2

with ν ≈ 0.6, as extracted from fitting the values 〈 〉x2
st of the plateaus in figure A.2 . This

result includes the correct limiting value for confined Brownian motion when α = 0 and p = 1
corresponding to the uniform distribution =p x L( ) 1 (2 ) for Brownian motion. For confined
HDPs the PDFs are not uniform in the confined domain, see below, and therefore the
stationary value 〈 〉x2

st explicitly depends on the value of the anomalous diffusion exponent p.
At the end of the time trace at Δ → T the definition (8) features a pole, effecting that the time
averaged MSD converges to the MSD, δ〈 〉 → 〈 〉x T T( ) ( )2 2 . This drop in the traces
δ〈 → 〉t T( )2 is more pronounced for shorter traces and smaller α| | values. To see this, for the
green portions of the curves in figure 4(a) fine linear grid is used, rather than the log-sampling
with ten points per decade as for the remainder of the shown curves, see figures 4 and A.3 .

These features of the MSD and the time averaged MSD are similar to those of confined
Brownian and fractional Brownian motion [4, 8, 44, 45]. However, for fractional Brownian
motion confined in an harmonic potential the dependence of the stationary value of the MSD
is Γ α〈 〉 ≃ +x (1 )2

st [46]. Note that when an harmonic potential confines the particle rather
than hard walls, the onset of the saturation in the MSD will appear earlier. We also note that,
as shown in figure 4, initially the time averaged MSD grows linearly in the lag time Δ, before

reaching the saturation. Having started right next to the origin, the particle first performs free

HDP motion given by equation (10). This linear behaviour for δ〈 〉2 is indicated by the dot-
dashed lines in figure 4. The magnitude of δ〈 〉2 for confined HDPs shown here varies only
slightly with α, in contrast to asymptotically free HDPs (see figure 2 in [18]).

We note that in contrast to the convergence to the α-dependent plateau (24) for HDPs, the
MSD of confined subdiffusive CTRW processes converges to the thermal value 〈 〉 =x L 32

st
2

[47]. The time averaged MSD of CTRWs does not exhibit a convergence to a plateau at all
but continues to grow in confinement, with the shallower power-law δ Δ Δ∼ β−T( ) ( )2 1 at
longer lag times [39, 48]. The pre-factor of this scaling law is given by the first two moments
of the associated Boltzmann equilibrium distribution [4, 39].

Due to the confinement imposed onto the motion, the amplitude variations of individual
time averaged MSD δ2 is much smaller than for free HDPs with the same α. This effect is
particularly dramatic for strongly superdiffusive HDPs, compare figure 4 with the corre-
sponding panels in figure 2 of [18]. This strong change of the width of the amplitude scatter
ϕ δ δ〈 〉( )2 2 is in stark contrast to the scatter of confined CTRWs [4, 8, 39]. In the latter
process the amplitude variations solely stems from the statistics of the number of jumps
performed by the particle [32]. The scatter we get for confined HDPs is comparable to that of
ordinary Brownian motion with the same length T of the time traces. For progressively
weaker confinement, that is, larger L values, the amplitude scatter of the δ2 traces grows and
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the magnitude of δ〈 〉2 starts to approach that for the corresponding free HDPs, as shown in
figure A.3. The reduction of the amplitude scatter under confinement is also observed near the
critical point α → 2, for which unconfined HDPs reveal an extreme spread of δ2 [18]. For
decreasing length of the trajectories T, consistently the amplitude scatter δ2 becomes sub-
stantially larger, see figure A.3.

Under confinement we observe that in the subdiffusive case with α < 0 the value of the
PDF increases when we approach the confining walls, as the particles are ‘pushed’ towards
regions of ever smaller diffusivity, i.e., away from the origin x = 0, see figure 5(a). That is, the
space-dependence of the diffusivity D(x) acts like an effective potential on the particle. At
small x values for more pronounced subdiffusive HDPs an interesting tradeoff between the

Figure 4. Time evolution of the MSD (thick blue curves) and the time averaged MSD
represented by individual time traces (thin red curves) as well as the average over many
trajectories (thick blue curves) for confined HDPs with varying scaling exponent α of
the diffusivity (5). We observe a distinct convergence to plateaus, whose value given
by equation (24) for the corresponding α values are represented by the dashed lines.
The linear asymptote of the unconfined motion is shown by the dot–dashed line to
indicated the relative shift of the time averaged MSD of confined HDPs. Parameters:
for each α we show N = 300 traces of =T 105 steps confined to the interval

∈ −x { 2, 2} and x0 = 0.1. Log-sampling of data-points along the Δa-axis is

performed for the red and blue traces. To resolve the drop of δ2 at →t T , a finer

δΔ = 100 grid is used for the final portions of the δ2 traces (green curves). For each α
the computation for the T and N values used here consume about 2.5 days on a standard
workstation.

Figure 5. Probability density function of diffusing particles obtained from simulations
of confined HDPs (a) and the analytical solution of non-confined HDPs [16] (b).
Parameters are the same as in figure 4: L = 2, =T 105, N = 300, and the exponents α
are indicated in the panels.
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depletion at the origin and the effect of the effective potential of the diffusivity are observed,
leading to the relatively sharp changes of the slope, in particular, for the lowest red curve in
figure 5(a) for α = −4. In the Brownian limit the PDF is completely uniform, =p x L( ) 1 (2 ),
see the green curve in figure 5(a). We find that the numerical integration of simulated PDF
profiles yields a good agreement with the model prediction (24) for the MSD plateau heights,
see figure A.2. For comparison, in figure 5(b) we present the PDFs of unconfined HDPs with
the same α values. For the latter the bimodal character of the PDF near the origin and the
complete depletion at x = 0 for subdiffusive HDPs the PDF is distinct, while for super-
diffusive non-confined HDPs we find a cusp at x = 0 [16].

4.2. Ergodicity breaking parameter

We complete our study of confinement effects in HDPs with the analysis of the ergodicity
breaking parameter. As shown in figure 6(a), we naturally observe that for confined HDPs the
ergodicity breaking parameter EB significantly deviates from the asymptote (19) for Brow-
nian motion. In contrast, for confined Brownian motion (α = 0) before the walkers start to
feel the reflecting walls, equation (19) is valid, see the open green symbols in figure 6(a). At
moderate diffusion times, the ergodicity breaking parameter of confined Brownian motion
assumes values similar to those of confined HDPs, the latter depending only weakly on α. The
general form of EB for HDPs is qualitatively similar to that of confined fractional Brownian
motion, see figure 9 in [44]. The discrepancy of EB of confined HDPs from the Brownian

Figure 6. Ergodicity breaking parameter EB as function of the lag time Δ (a) for fixed
measurement time T, (b) as function of the length T of individual trajectories for Δ = 1,
(c) as function of the length L of the confining interval for Δ = 1, and (d) as function of
the length T of individual trajectories for Δ = 1 at varying extent of confinement. The
symbols are the same as in figure 2, and the colour scheme is the same as in figure 5.
Moreover, the colour scheme in panels (a), (b), and (c) is the same. Empty circles
denote the limiting case of Brownian motion in all the panels. In panel (c) the
asymptotes for → ∞L with the corresponding colour denote EB for unconfined
motion [18]. At least N = 300 traces were used for averaging in each panel, except for
the longest = ×T 3 105 traces with only N = 30 trajectories generated.
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behaviour underlines that the quenched nature of the HDP process continues to influence the
(anomalous) particle motion even when the MSD reaches its plateau.

The dependence of the ergodicity breaking parameter EB in the limit Δ →T 0 on the
measurement time T is shown in figure 6(b). Remarkably, EB at Δ = 1 for confined HDPs
exhibits the very systematic scaling

∼
→∞

Tlim EB 1 (25)
T

for all α values studied in simulations. This scaling is identical to the approach to ergodicity
of unconfined Brownian motion, equation (19). The T1 scaling obtained here for confined
HDPs is reminiscent of that demonstrated for confined fractional Brownian motion, see
figure 4 in [44]. Some deviations of EB from the asymptote (25) for shorter traces are due to a
limited number of particle reflections from the confining walls.

We checked that the scaling ∼Δ → Tlim EB 1T 0 remains valid for other sizes of the
confining box L. Clearly, for more distant positions of the reflecting boundaries
equation (25) starts to be obeyed for longer traces T, see figure 6(d). The amplitude
variations of the time averaged MSD traces grow for shorter T, thereby effecting a stronger
non-ergodic behaviour reflected by larger values of EB as T decreases, see figure 6(b).
Also, corroborating the results for non-confined HDPs, the value of EB at Δ = 1 grows
from the asymptote (19) for Brownian motion as α| | increases and the trajectory-to-tra-
jectory fluctuations become more pronounced. We checked that the alternative ergodic
parameter reaches the value  → 2 in the long time limit, as it should according to
equations (18) and (24).

From simulations of HDPs confined to intervals of increasing size L we find that the
ergodicity breaking parameter EB approaches the unconfined values for the respective α,
as computed in [18], see figure 6(c). For larger confining boxes the value of EB at Δ = 1
starts to saturate at the α-dependent crossover length ⋆L to the values of the corre-
sponding free HDP, as shown in figure 6(c). The EB values at → ∞L vary strongly with
the scaling exponent α, see figures 3, 4 of [18] for details. For strongly subdiffusive
exponents, such as α = −2 in figure 6(c), EB saturates to the unconfined value already
after relatively short simulations intervals. In contrast, for strongly super-diffusive values
such as α = 3 2, when EB reaches large values, the unconfined behaviour is reached only
for ∼⋆ …L 104 5 due to contributions of extremely distant particle excursions. Note that for
larger confining boxes, a greater number of traces is to be simulated to obtain the correct
convergence of the ergodicity breaking parameter to the corresponding values in absence
of confinement.

We also detect that the non-Gaussianity ΔG ( ) grows with α for relatively short lag times,
while for larger Δ it attains some stationary scaling-exponent dependent values, as demon-
strated in figure A.4 (a). The evolution of the auxiliary ergodic parameter for confined HDPs
is presented in figure A.4(b).

5. Conclusions

We studied theoretically and by numerical integration of the stochastic Langevin equation
the behaviour of HDPs in the presence of ageing and confinement, revealing a number of
novel effects. Specifically we showed that for aged HDPs the properties of both the
ensemble and time averaged MSDs as well as their weakly non-ergodic behaviour are
strikingly similar to that of aged CTRWs when their anomalous diffusion exponent is the
same. Thus, the amplitude of the aged time averaged MSD follows relation (15), while the
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ergodicity breaking parameter follows the scaling (20). Based on these quantities, it is
practically impossible to distinguish both processes from each other in the analysis of a
given set of sample trajectories x(t). However, we showed that the distribution of the
amplitude scatter of the time averaged MSD between individual trajectories is fundamen-
tally different for both processes: for HDPs it decays to zero for vanishing amplitude of the
time averaged MSD, while for CTRW processes the scatter distribution remains finite at
this point [49].

Our study of aged HDPs is inspired by CTRW ageing theory [32]. During the ageing
period of an HDP more and more particles become localized in regions of low diffusivity.
This localization is more efficient for larger values of the scaling exponent α. For CTRWs
the increase of the immobilization of particles during the ageing period is due to the
emergence of longer and longer waiting times, leading to a population splitting between a
mobile and immobile fraction of particles [32]. Despite the quite different physical details
between the annealed CTRW process and the quenched HDP, the fact that the power-law
distribution of diffusivities can be translated into a power-law distribution of local jump
times effectively leads to the similar behaviour of the two processes. As said, however, this
similarity breaks when we consider the statistics of the amplitude distribution of individual
time averaged MSD traces.

Confined HDPs show a drastically different behaviour in comparison to confined
CTRWs. While the time averaged MSD for the latter continues to grow as power-law of the
lag time, the same quantity for HDPs converge to a plateau. This convergence is similar to the
behaviour of fractional Brownian motion. The dependence of the plateau values on the
anomalous diffusion exponent of both processes is different. Purely from the analysis of the
ensemble and time averaged MSDs for a given system with fixed anomalous diffusion
exponent, however, it will again be practically impossible to distinguish the two processes.
Other, complementary quantities, need to be evaluated, compare the studies in [50]. Con-
currently to the convergence of the MSD to a plateau, for confined HDPs the impediment of
distant particle excursions gives rise to a dramatically reduced spread of the amplitude of the
time averaged MSD.

As modern experimental techniques provide an increasing number of long single particle
trajectories at unprecedented resolution, and anomalous diffusion becomes recognized as a
widely spread phenomenon [8], the need for more detailed stochastic models and their
understanding arises. We believe that this study contributes to an emerging, more complete
picture of anomalous diffusion processes.
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Appendix. Additional figures

Here we present some additional figures for reference in the main text.
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Figure A2. Plateau MSD stationary values, as predicted by equation (24) (the dashed
curve), obtained from numerical integration of the PDF profiles in figure 5(a) (red
symbols) and by direct fit of the later fragments of the averaged time averaged MSD
curves in figure 4 (blue symbols). Parameters: = =T L10 , 25 .

Figure A1. Non-Gaussianity parameter (22) for subdiffusive HDPs as function of the
ageing time ta computed for =T 102. The parameters used, the notations for the
symbols, and the scaling asymptotes shown are the same as in figure 2(b).
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