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We examine renewal processes with power-law waiting time distributions (WTDs) and non-zero drift via
computing analytically and by computer simulations their ensemble and time averaged spreading
characteristics. All possible values of the scaling exponent « are considered for the WTD y(t) ~ 1/8+,
We treat continuous-time random walks (CTRWSs) with 0 < « < 1 for which the mean waiting time
diverges, and investigate the behaviour of the process for both ordinary and equilibrium CTRWs for 1 <
o < 2 and a« > 2. We demonstrate that in the presence of a drift CTRWs with « < 1 are ageing and
non-ergodic in the sense of the non-equivalence of their ensemble and time averaged displacement
characteristics in the limit of lag times much shorter than the trajectory length. In the sense of the
equivalence of ensemble and time averages, CTRW processes with 1 < o« < 2 are ergodic for the
equilibrium and non-ergodic for the ordinary situation. Lastly, CTRW renewal processes with o > 2—both
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Accepted 6th July 2018 variance of the diffusion process, however, depends on the initial ensemble. For biased CTRWs with o > 1
we also investigate the behaviour of the ergodicity breaking parameter. In addition, we demonstrate that
for biased CTRWs the Einstein relation is valid on the level of the ensemble and time averaged

displacements, in the entire range of the WTD exponent «.
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positively correlated for anti-persistent subdiffusion and persistent
superdiffusion, respectively. Sub- and superdiffusive continuous-
time random walks (CTRWs) are locally Markovian and thus do not

|. Introduction

A. Anomalous diffusion

12,14

Anomalous diffusion processes feature a nonlinear scaling
of the particle mean squared displacement (MSD) with the
diffusion time,"™*

MSD(t) = 2Kt (1)

where K and f are the generalised diffusion coefficient and the
MSD-based anomalous scaling exponent (in one dimension).
Depending on the value of this exponent, one can distinguish
subdiffusion (0 < f < 1), Brownian motion (f = 1), super-
diffusion (1 < f < 2), ballistic motion (ff = 2), and superballistic
diffusion ( > 2), see ref. 3, 8 and 12. For modified processes of a
Brownian-motion type—such as fractional Brownian motion and
fractional Langevin equation motion®">—the directions of particle
displacements at consecutive time steps appear negatively and
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contain correlations of increments of this type.
Subdiffusive stochastic processes (for dispersive transport)
are often used for the mathematical description of diffusion in
crowded® ™' and viscoelastic'* environments of living biological
cells. They have been applied, e.g., to rationalise the properties
of spreading of various macromolecules—such as proteins and
nucleic acids—in the cell cytoplasm,'®?* motions of DNA
chromosomal loci,”>>" diffusion of various ion channels along/in
cell membranes,*®>° heterogeneous subdiffusion® of short trans-
membrane proteins on the plasma membranes of T-cells,’”
diffusion of water molecules along®® and of lipids within***
lipid membranes, thermally-driven motion of lipids and insulin
granules in cells,"*** diffusion of proteins involved in membrane
crowding,*>**™’ diffusion of polymeric mRNA molecules in visco-
elastic cell cytoplasm,” and motion of colloidal tracers in entangled
networks of actin filaments.*® Some subdiffusive models with
binding-unbinding kinetics also need to be mentioned.***°
Superdiffusive processes (for enhanced or subballistic transport)
are adapted to describe faster than Brownian or active motions.
From the biological perspective, superdiffusive motions are detected
for migrating bacteria, protozoa, and other microorganisms,”"*>
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motor-driven*°*

transport of virus particles along microtubuli
inside living cells,® intracellular motor-driven motions of nano-
and micro-particles,”®>° persistent walks performed by motile cells
and some microswimmers,**™®” transient superdiffusion and age-
ing observed for amoeboid cells®**** and nematode worms,”®
active dynamics of neuronal messenger ribonucleoproteins,”* as
well as superdiffusion of self-propelled Brownian particles.®*”*”*
Generally, diffusion with accelerating diffusivity occurs in tilted/
washboard potentials’*~”” and superdiffusion takes place in models
of driven lattice Lorentz gas.”® Other examples include geometry-
induced superdiffusion,” tracer diffusion in plasma turbulence,*
and field-induced superdiffusion®" in actively-driven colloidal
systems. 5%

Superballistic (or hyperdiffusive®!) stochastic processes may
occur at non-equilibrium conditions, e.g., upon heat influx into
the system, or for particle motion upon growing temperature.®*
Diffusion is accelerating also in tilted periodic potentials®*® and
under non-equilibrium starting conditions. The classical
Richardson-Batchelor relative spreading of particles in turbulent
flows®”®® should also be mentioned, as one of the first examples of
superballistic diffusion, where MSD(t) ~ ¢’ (see also ref. 1, 2, 67, 89
and 90 on superballistic diffusion, turbulence, and Lévy walks).

B. Continuous-time random walks

The paradigmatic CTRWs—recently completing a 50-year history”'—
is a class of renewal processes”®” featuring, i.a., a well-studied case
of power-law waiting time distributions (WTDs), /(t) ~ t~ '~ These
processes with power-law WTDs are broadly and successfully used to
describe the dynamics of transiently trapped particles,>*”*7%* for
instance, in random energy landscapes, comb-like structures® and
quenched trap models,'” anomalous transport in disordered
environments,>*® diffusion of tracers in ground water in porous
and heterogeneous media,'®*™"*° transport properties in granular,
fractal,>"" and glassy"">'"® media as well as in supercooled
liquids."™ For particle diffusion in random energy landscapes,
e.g., the powerlaw WIDs correspond to exponentially distributed
energy barriers between neighbouring sites.>'"> On a biological
macroscale, CTRW-type processes with fat-tailed trapping times
and of Lévy-type with broad jump-length distributions were dis-
cussed, e.g., as possible mechanisms governing human mobility
patters.’*®"*! Applications of CTRWs for analysing the properties
of financial time series is another important domain of research.'**

Subdiffusive Montroll-Weiss CTRWs—with particle displace-
ments MSD(t) ~ ¢, with 0 < o < 1 and divergent mean waiting
times"*®12981237139__form a widely used class of anomalous
non-ergodic and ageing processes. Mathematically, subdiffusive
CTRWs were shown to be non-ergodic in terms of non-
equivalence of the ensemble and time averaged displacements
even at long times”'>"™” and to reveal strong deviations
from predictions of the Boltzmann-Gibbs theory."*® Ultraslow
Sinai diffusion,>®® persistent Sinai-like diffusion in correlated
Gaussian landscapes,'*! random walks with chaotically-driven
bias,'** as well as logarithmic diffusion in ageing jump processes'*?
were also studied.

Ageing effects for the standard subdiffusive
and ultraslow'*® CTRWs were considered recently and identified,

12,137,139,144,145
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i.a., in protein dynamics."*” CTRWs with correlated trapping
times were also investigated,"''*®'*° including effects of
external constant and time-dependent force fields,'***%*> see
also ref. 152-154. Noisy'*>® and heterogeneous'>® walks, as well
as CTRWs with coupled jump-lengths and waiting-time distribu-
tions,>'*>'>”71% walks in space- and time-dependent force fields,"®
CTRWs with periodicity and irreversible detachments™®' were
studied too. On the level of ensemble averages, some scaling
properties of CTRWs in the presence of bias and velocity fields
were considered in ref. 130 and 162 (see also ref. 163 for the
dynamics of Lévy walks in external fields, and the recent study
of non-ergodicity for d-dimensional generalised Lévy walks®).
Physically, the bias at each diffusion site can reflect inclined
potential surfaces, existence of pressure gradients, etc.”® For
general analytical and numerical results for the time averaged
MSD and ergodicity breaking of CTRWs we refer the reader
to the studies.”®'>13413%:1647173 gceypation times and weak
ergodicity breaking (WEB) phenomena for biased CTRWs were
considered also in ref. 174. As an important historical note, we
mention that the superdiffusive behaviour of biased subdiffusive
CTRW processes for 1/2 < « < 1 was already pointed out in the
seminal studies of Shlesinger'>> and Scher and Montroll,'* see
also eqn (91) below.

C. Structure of the paper

The paper is organised as follows. In Section II we present the
main equations of the model and their detailed derivations. We
start in Section IIA with the Laplace transform expansions of
the WTD, shortly list the details of simulations in Section IIB,
and continue in Section IIC with presenting the general expres-
sions for the ensemble and time averaged particle displace-
ment characteristics. The general properties of renewal
processes are used in Section IID to evaluate the two-point
correlation functions for the walker positions in terms of the
number of jumps taken. The main analytical results for the
ensemble and time averaged particle displacements of biased
CTRWs (see Fig. 1) are described in Section III, including a
comparison to the findings from computer simulations. In
Sections IIID, IIIB, and IIIA we derive the power-law scaling
relations for particle spreading for biased CTRWs with « < 1,
1 < o < 2, and o > 2, correspondingly, both in leading
and subleading orders in the (lag) time. For the limiting cases
of o = 1, 2 particle displacements acquire logarithmic correc-
tions (not considered here). For all possible realisations of the
WTD exponent o we check in Section IIIE the validity of the
Einstein relation for the ensemble and time averaged displace-
ments. We compute the degree of non-ergodicity for these

g5t TR drift
’,’ S ‘\* - P

O O @ O O =0
\TJ\TJ

Fig. 1 Schematic representation of asymmetric particle jumps for biased
CTRWs, with some parameters indicated.
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biased walks, both in terms of the non-equivalence of the
ensemble and time averaged observables as well as via assessing
the ergodicity breaking parameter, EB, for the case o > 1,
Section IIIC. The results for the EB parameter are in agreement
with simulations as well. In Section IV the main results and
conclusions of the current study are summarised.

D. Summary of main results

Here, we overview the main results, see the phase diagram of
Fig. 2 and Table 1. Case 0 < « < 1: for subdiffusive biased
CTRWs we obtain, as expected, a non-ergodic and ageing
diffusion stemming from the non-equivalence of the
variance-based ensemble and time averaged displacements.
These are denoted below as Var[x(4)] = (x*(4)) — (x(4))* and

862%(4), respectively, and defined by eqn (13) and (15) below. In
this case, Var[x(4)] contains in the long-time limit the
standard'*>"'*® subdiffusive term oc 4” and a field-induced con-

tribution oc 4>*. The time averaged displacement §62(4) con-
tains linear and superdiffusive terms, oc 4* and oc 4™, which
both decrease in magnitude with the length of the trajectory T as
oc1/T*"*. We mention here that the WTID exponent o differs
from the anomalous diffusion exponents realised for the ensem-
ble and time averaged particle-displacement characteristics.
Case 1 < o < 2: for superdiffusive exponents of WIDs we
observe some marked differences for ordinary versus equilibrium
processes. Namely, for ordinary processes (initiated simultaneously
with the start of the measurement) Var[x(4)] contains linear and
subdiffusive terms, oc4* and oc 4*7% as well as a field-induced

Subdiffusion, Brownian, and Superdiffusion
3 F
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Fig. 2 Phase diagram of scaling regimes of particle spreading for equili-
brium processes, shown on the example of ensemble averaged variance-
based displacements. The leading scaling terms in (xeq2(4)) — (Xeq())?
are shown in the plane of the WTD exponent « and asymmetry parameter
¢ = p — q. Dark and light colours in each region of the phase space
correspond to, respectively, at least 99% and 90% of particle displacements
dominated by a given scaling term in respective (xeg2(4)) — (Xeq(d))?
expressions. The graph is based on the analytical results of eqn (54), (74)
and (91) obtained in the main text, evaluated for p = 0.7 (as in other plots
below) and for the lag time of 4 = 10° (long-time limit). Note that sharp
variations close to the boundary values « = 1 and « = 2 may get smoothened
when respective logarithmic corrections are computed (not shown).
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superdiffusive term oc 4°~* The time averaged displacement

362(A) for ordinary processes is demonstrated to contain terms
linear and superdiffusive in the lag time, namely oc4’,
oc AT, and oc 4°7% The last term is induced by the bias
present in the system. For equilibrium CTRWs with WTD
exponents in the range 1 < o < 2 we find that Var[x(4)]
contains linear and superdiffusive terms, oc4' and ocA*™*
Also, ensemble averaged displacements for equilibrium pro-

cesses are identical to time averaged displacements, 55%(4),

indicating ergodicity (86%(4) contains no dependence on the
trace length T in this case). Biased CTRWs with superdiffusive
exponents o approach ergodicity anomalously slow, so that
the variance-based ergodicity breaking parameter, see for
definition eqn (77) below, decays with the trace length as
OEB ~ 1/T" .

Case o > 2: for biased CTRWs with superballistic exponents
both ensemble and time averaged displacements of the particles
contain terms linear in time and lag time (bias-free and field-
induced terms, respectively). In this case, ensemble and time
averaged displacements are identical, indicating ergodicity. The
ergodicity breaking parameter decays as JEB ~ 1/T with the
trace length T, similarly as for a number of other anomalous
diffusion processes."?

Table 1 also contains some scaling relations for the Scher-
Montroll transport parameter—the ratio of dispersion to mean
defined as #5(4) in eqn (100), for an ensemble of particles
spreading in external fields—for all realisations of WTD
scaling exponents « as outlined above. Biased CTRWs for
subdiffusive WTD exponents « feature a constant value of this
coefficient.'*>'?® For superdiffusive exponents 1 < o < 2 the
scaling is shown below to be oc 4~*~Y2, Finally, the relation
n(4) ~ A~ is found in the long-time limit for biased CTRWs
with WTD exponents o > 2.

Il. Main equations and their derivations
A. Waiting time distributions

Here, we consider a non-equilibrium CTRW stochastic process
with a bias, e.g., due to the presence of an external field. In such
a system the probability for a Brownian particle to jump to
the left,

‘]:1*[9, (2)

and to the right, p, are not equal, see the schematics in Fig. 1.
We are interested below primarily in the effects of a bias on the
ensemble and time averaged particle displacements. We con-
sider the displacement by one lattice unit a at each particle
jump, that is the step-size distribution is A(x) = 1/28(|x| — a),
where 3(x) is the Dirac delta-function. On each site random
trapping times are drawn independently (renewal property) and
distributed in the long-time limit identically on all sites accord-
ing to the standard power-law (or Pareto-like) WTD,”®"'>'73

o
ot

v =L, ()
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with a microscopic time-scale t, (scaling factor) and WTD
exponent o. For the normalised WTD given by eqn (3) with
o > 1, the mean waiting time (T, exists,

e o
iy = JW““T)‘” = @)
This is in contrast to the case o < 1 with divergent mean
waiting time, when the process is scale-free and the long-time
dynamics is governed by rare but long trapping events, as, for
instance, measured in ref. 32. For o > 2 the variance of waiting
times g, with the WTD (3) also attains a finite value, namely

0,2 = J (t — ) (r)de = 5 i 2102 — 2. (5)

To

The Laplace transform of the WTD (3) is given by

bs) = L} = | e ©
0

This can be written to leading order for st, « 1—that is, in the

limit of long diffusion times, t/ty - oo—for different choices of

the exponent o as follows

1 — kys*, O<a<l

U(s) ~ 1 — pt,s + kys*, l<a<2 )

1 — u,s +%(0a2 + ,uf)sz, o>2

In this expansion, the constant k, assumes the values
k0 < o0 < 1) =T(1 — a5,
k(1 <o <2)=|I'1 - o). (8)

We mention here, for the sake of completeness, that the
expansions for « < 1 and 1 < « < 2 are obtained using,
correspondingly, eqn (3.14) and (3.16) from ref. 175, see also
ref. 178. The expansion for « > 2 follows from the Taylor
expansion of the exponent in eqn (6), see also eqn (1.7) and
(1.8) in ref. 97. Without a bias, broad and fat-tailed distribu-
tions with o < 1 give rise to a power-law subdiffusion.®'?

B. Details of numerical simulations

In Fig. 3 we exemplify typical trajectories generated in compu-
ter simulations of different biased CTRWs. To generate an
ensemble of waiting times distributed according to the power
law (3), first a random variable X with the uniform distribution
on the interval [0,1] is seeded, from which a random variable Y
is constructed in simulations as

Y(x) =x " ©)
Therefore, the required WTD is given by y(t) =at ' *fort > 1
and it is 0 otherwise (we set 7, = 1 in all the simulations).
C. Ensemble and time averaged displacements of continuous-
time random walks with a drift: general expressions

For CTRWs with a bias, we define the analogues of the ensemble
and time averaged MSDs of the particles via the respective variances.

This journal is © the Owner Societies 2018
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Fig. 3 Typical particle trajectories x(t) obtained from computer simulations
for different biased CTRWs. The values of the exponent o and analytical
mean particle displacements (10) are given in the plot. Other parameters for
this and other figures are: the lattice constant is unity (@ = 1) and 7o = 1. The
long stalling events for the subdiffusive case are to be noted, in contrast to
rapid position changes of the walker for superdiffusive situations.

This procedure ‘“removes” non-zero means from the observables
and enables us to derive the scaling relations for the particle
spreading properties with respect to the mean in the long-time
limit. For the first moment of particle displacements after time
A—with the initial condition x(0) = 0—one gets

(x(4)) = alp — q) (N(4)) # 0.

Here N(4) is the number of jumps of the walker up to time 4,
see Fig. 1 and 3. Note that relation (10) follows from the fact
that the total particle displacement after N jumps (or renewals)
is the sum of identically distributed independent random
variables. The mean displacement after one jump is

<6x> = a(p - q)r

(10)

(11)

so one has

(12)

N
<Z 6x_,-> = (N(4))(5%).
=

Here and below, the angular brackets stand for ensemble averaging,
while the overline denotes time averaging, consistent with our
previous notations.>'> The variance-based displacement—or the
second centred moment—is given by (using Wald’s formula®)

Var[x(4)] = Dispersion’[x(4)] = (x*(4)) — (x(4))>
= (p — @P@((N*(4)) — (N(4))*) + 4pga*(N(4)). (13)

Here, we used the relation (see ref. 95 and 96, and also eqn (9)
in ref. 162)

<<i1 S'Yj)2> - <_il5xf>2= (N(4)) ((8x2) — (8x)?)

+ (3x)* ((N*(4)) — (N(4))?)

(14)

and the fact that for displacements after one step (5x*) = a*.

This journal is © the Owner Societies 2018
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The ensemble averaged time averaged variance-based dis-
placements can similarly be defined with respect to the mean of
the increments as

(50 :ﬁj ([l 2) = (1) — (x(t+-4) — () e,
(15)

where 4 is the lag time along the trajectory of length 7. Here,

the new notation 662(4) symbolises the respective deviations
from the mean increments of particle positions in the inte-
grand of (15), as compared to the standard definition of the
time averaged MSD for drift-free processes,*"

= 1 T—4 5
52(4) J [x(r 4+ 4) — x(1)]dr.

=74, (16)

The latter is routinely used to analyse and interpret, e.g., single-
particle tracking data.®'*>>%'7*'8 we consider the time averaged
properties in the limit 4 « T, the standard limit used for other
anomalous diffusion processes.®'> The integrand of (15) equals
the variance of particle increments with respect to the mean, that
can be written as

((x(t + 4) = x(9)) — (x(t + 4) — x(8))* = Var[dx(t,t + 4)]
= (x(t + 4)) — (x(e + 2)) + (x(2)?) — (x(6))* — 2{(x(t + A)x(8))
— (e + ) (x(@)}- (17)

Using the fact that the particle position correlator has the form
(see also ref. 96)

(x(t + Mx(e)) = a*(N() + a*(p — g (N(ON( + 4) - 1)),
(18)

we get

((x(e + 4) = x(6)*) — (x(t + 4) — x(t))* = 4pqa’[(N(¢ + 4))
— (N®)] = @*(p — q)’[IN(e + 4)) — (N@)]”

+@(p — qP[(N(t + 4)) = (N(©)") — 2NNt + 4) = N(©)]-
(19)

In what follows we use the definition of ergodicity of a
stochastic process in the Boltzmann-Khinchin sense'®® in the
limit of 4/T « 1 as the equivalence of the ensemble and time
averaged MSDs,”%12181

lim §2(4),

MSD(4) = ([x(4) - x(O)F) = lim

(20)
(and not any stricter definition such as mixing properties).
Analogously, we call processes with non-zero mean displace-
ments ergodic”®'>'®! if for short lag times and long trajec-
tories the condition

(¥(4)) = (x(4)*) =

lim 662(4
T/i\liloo ( )

(21)

is satisfied.>'> We refer the reader to ref. 182 for the discussion
of the effects of initial ensemble onto the ensemble and time
averaged properties of some renewal processes. Note also here
that comparison of higher-order time and ensemble averaged

Phys. Chem. Chem. Phys., 2018, 20, 20827-20848 | 20831



Paper

moments of particle displacements as a check of ergodicity
breaking can also be employed, see ref. 144 and 152.

As we quantify below, for some choices of o we reach fully
ergodic behaviour for long times, whereas, for instance, for
« < 1 the process is inherently non-ergodic and ageing'>*?”*3°
even in the long-time limit. Although some results for the
ensemble averaged displacements of field-induced CTRWs are
available,”®130:139:150:162,177 the main focus of the current study
is on the time averaged properties of particle spreading with
respect to the mean, and also on quantifying the non-ergodicity
of the process. This per se presents a considerable mathema-
tical challenge.

D. Renewal properties and two-point correlation functions:
ordinary and equilibrium processes

The diffusive properties of CTRWs can be understood from the
theoretical concepts of renewal processes, see, e.g., ref. 92-97,
177 and 178. Below, we use the renewal theory to compute the
first and second moments of the number of particle jumps, as
well as the correlator (N(¢)(N(t + 4) — N(¢))) which enter
eqn (10), (13), (19), and (15) for the ensemble and time averaged
displacements. We start with defining S, as the sum of waiting
times after r steps,

(22)

’
Sy = Z ‘L',
Jj=1

Then, using K, for the cumulative distribution of S,, for the
probability of exactly r jumps occurred during the time interval
[0, ] one gets

PHN (1) = 1] = K, (£) — Kyir (£) > O 23)

Then, the probability generating function—we here follow the
derivations of Section 3.2 of Cox’s classical book®’—becomes

GO =3 UPING == 143 0 - DKL), (24)
r=0 r=I

In Laplace space, using the relation between the cumulative
probability distribution and the associated probability density &.(t)

Ko(s) = krls) s, (25)
one obtains the general expression
A 1 1S «
Gls,0) =+ EZ ENE = D(s). (26)
r=1

In what follows, we split the consideration for the two typical
renewal processes, namely for the ordinary (subscript “or”
below) and equilibrium (subscript “eq’”) processes.”>'”® The
fundamental difference between them is the fact that “an
equilibrium renewal process can be regarded as an ordinary
renewal process in which the system has been running a long-
time before it is first observed”.’*> Therefore, for the ordinary
renewal process—which is physically initiated at the start of the
observation, at ¢ = 0—the probability density functions for the

distribution of all waiting times are identical. This yields®>**

Kror(s) = Kr—1,00(8) % ¥(s) = [Y(s)T, (27)
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while for the equilibrium renewal process the first waiting time
follows a different distribution, namely®*

Freqs) = =¥ _M'IS/(S), (28)
that gives rise to (see also Section 2.5 in ref. 92)
- e (= de) )]
Freals) = kreq(s) x [(s)] = o . (29)

Clearly, equilibrium renewal processes can only be considered
if the mean waiting time p exists. In the subdiffusive case
ageing renewal theory has to be applied.””**%*3°

Inserting relations (27) and (29) into (26) we get the prob-
ability generating function for the ordinary and equilibrium
renewal processes as, respectively,

. 1 =y(s)
Gorl5,0) = B (30)
and
Geqls,0) = % + éV;SIGZ,r(s, 0. (31)

The first and second moments of the number of jumps of the
walker can be obtained from the probability generating

function®>°%'7% as
e
<N(t)> - £5 aC -
» (32)
2 _ -1 826(57 ()
() = 800y + 675

Here L,! denotes the inverse Laplace transform over the
respective variable. Using the generating functions (30) and
(31), for the ordinary and equilibrium renewal processes we
arrive at, respectively, (see ref. 92 for a detailed derivation; see
also the supplement of ref. 118)

(Nt (1)) = £, lﬁ({) 7
s[l — 1//(5)]

.12 (33)

(Nor (1)) = (Nor (1)) + £ W(ﬂ :
V[l - l//(?)}
and

<Neq(l)> = E[l{%}

20 (s) (34)

Inserting these expressions into eqn (13) we compute the
variance-based ensemble averaged displacements.
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To evaluate the time averaged variance-based displacements (19),
we obtain the relation for (N(#)(N(t + 4) — N(2))) in terms of the
double Laplace transform with respect to #; and s; performing the
calculations according to the scheme developed in ref. 177 and 183.
The variables u; and s, are related to the diffusion time ¢ and lag
time 4, correspondingly, and the indices are used for the Laplace
operator in order not to mix with the analysis above, where the
Laplace variable s was related to ¢. Specifically, using eqn (18) and
(19) of ref. 177 and eqn (5) and (6) in ref. 183, we get the joint two-
point probability function for the walker to make N(¢) jumps during
time [0, ¢] and Nt + 4) — N(t) jumps during time interval [¢, ¢ + 4],

Py N(r+a)-N(r) (11, 51)

]N(HA)—N(I)—I

)] i

s1(u1 — 1)

(1= 0] [dts0) = ).

(35)

Also, based on the renewal property of CTRWS, one can write the
probability for the walker to perform N(¢) jumps up to time ¢ and no
jumps from time ¢ to time ¢ + 4 as

. [l@(ul)} "
Pyolur, 1) = B
: (36)
y 1- lﬁ(ul) l/A/(Sl) - l/A/(ul)
up uy — 81

This expression is used to normalise the overall probability
distribution, namely

oo o0 ~
Py w(ea)-n(o) (1, 51)
N@O=0 N(t+4)-N(1)=1
(37)
o . 1
Z P ul,sl —
N(1)=0 51”1

The correlator of particle jump numbers can then be expressed in
terms of the joint probabilities (35) and (36) as the standard mean
over independent random variables N(¢) and N(t + 4) — N(t), namely

VW)
- >

N(1)=0 N(1+4)—N()=0

(N(O)(N(z+ 4)

N(t)[N(t+ 4) — N(1)] (38)

X Lo 'Ly, {PN(I)AN(HrA)fN(/)(ul731)}-

For the ordinary and equilibrium renewal processes we then
obtain, respectively,

(Nor (1) (Nor (1 + 4) = Nox(1)))

D) [(s1) = ()|

_ ﬁul—1551—1 .
s —s0)[1 = b )] [t = b))
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and

<N6q([)(Neq([+ a4) - Neq(t))>

= ey, ! .
Fu b paasi (ur — s1) [1 {P( )H I/A/(Sl)]

(40)

Note that to derive eqn (40) we took into account the different
distribution of the waiting time for the first jump, eqn (28). The
derivations of eqn (39) are given in eqn (7) of ref. 183; see
also eqn (8.6) of ref. 97 (for the case o < 1). Performing the
long-time expansions of eqn (33) and (39) for the ordinary and
of eqn (34) and (40) for the equilibrium renewal processes we
have all the ingredients to evaluate the long-time variance-
based ensemble and time averaged particle displacements for
each choice of the WTD exponent o.

Note that for ensemble averaged quantities long diffusion
times are assumed, which are compared in eqn (48) and similar
equations below with the lag time A for the time averaged
quantities. For the latter, in the displacement increments 4 is
assumed to be much shorter than the running time ¢ along the
trajectory, see eqn (45) below. Therefore, the comparison of the
variance-based expressions (13) and (15), as we perform below
for each choice of o, is a mathematically valid procedure when
the condition

7o < 4 < {t,T} (41)

is satisfied (for which 7, should be the shortest time scale in the
problem).

Below, we use the long-time y(s) expansions (7) for different
o values. To take the inverse Laplace transform, we use the
(strong) Tauberian theorem (see, e.g., Ch. XIIL5 in ref. 94, Ch.
5.1.5 in ref. 93, Ch. 2.2 in ref. 95, and ref. 184) to approximate
the Laplace transform of the form ¢(s) ~ L(1/s)s™* ats — 0 via
the long-time scaling

¢(6) ~ L)/ (p),

where L(?) is a slowly varying function at ¢t —
Gamma function.

(42)

o0, and I'(x) is the

[ll. Main results: particle spreading
characteristics and non-ergodicity

We now connect the results of the renewal theory from Section
II to the physically measurable quantities for the relevant
ranges of exponent o.

A. Displacements for « > 2: ordinary and equilibrium
processes

For WTDs of the form (3) with & > 2 both u, and ¢,” attain
finite values and the consideration is fairly simple, so we start
with this scenario. Below, the results are presented separately
for the ordinary and equilibrium case. For the ordinary process,
the leading order terms in the long-time limit (¢ — <o) for the
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average number of steps and the second moment follow from
eqn (33) using (42),

(o) {1+s<a£—u?>/<zu>}
Nor ¢ — or/ Ls o o
Wl =) 2
(43)
i o2 — 2
My 2057
and
2 2 2
2 t_ 26‘7 — My i
{Nor'(9) 1’ [ (44)

Similarly, the expressions for the variance and the correlator of
the number of steps (39) in the limit

U < 8§ (45)
can be obtained as, respectively,
2 ) 04t
<N0r (t)> - <Nor(z)> ~ E;g (46)
and
14 (0—062 — :uxz)A
(Not()(Nor(t + A4) — Noe(2))) ~N =t (47)

Ky 2p,

Then, the temporal evolution of the ensemble averaged particle
displacements (13) and the trajectory-local displacement incre-
ments (19) in the long-time limit are

A
(xor™(4)) = (xor(4))* ~ 4pqa2u—
205> 4

+a(p—q) 5~
o

~ ((Xor (t 4+ 4) = xor(1))*) = (Xor(t + 4) — Xor (1))

(48)

Therefore, the spreading of particles with respect to the mean
values is always linear in time 4, indicative of Brownian
transport properties. For symmetric walks with p = g the second
term in expression (48) disappears. Importantly, the particle
displacements do not contain any ¢-dependence, indicating the
stationarity of displacement increments. This gives rise to the
equivalence of the time and ensemble averaged variance-based
displacements,

(08 ) ) = (xor’(4)) = (xar( )2,

rendering the underlying o > 2 diffusion process ergodic.

For equilibrium® CTRW processes with power-law WTDs
with exponent values o > 2, performing analogously the inverse
Laplace transform of eqn (34), we get

t

(49)

<Neq([)> ~ ;v (50)
2 0.0(2
(N2 (1)) ~ ﬁ m% (51)
o 2
(NegX(0)) = (Neg (1) ~ 251 (52)

12 1y
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and

(N )Nealt + ) = M) ~ 5 (69)
o

We refer the reader to Sections 4.1, 4.2, and 4.5 in ref. 92 for the
derivation of the mean and variance of the number of renewals for
a general ordinary and equilibrium process (when the variance
exists). In the equilibrium situation, the mean and the variance of
the number of particle jumps—see also Section 3.3 of ref. 92 for a
derivation—are the same as for the bias-free CTRW process, see,
e.g., ref. 41. The scaling results for (N(¢)) and (N*(£)) — (N(£))> were
outlined for such o values in ref. 162, see also ref. 107.

Thus, eqn (50), (51) and (53) yield for the ensemble and time
averaged variance-based displacements for the equilibrium
process

<xeq2[A)> - <xeq(A)>2 = <x0r2(A)> - <xor(A)>2 (54)

and

(00°(A)y) = (35 (A)r ), (55)
i.e., the results which are identical to those for the ordinary
process, see eqn (48) and (49). Namely, we find a linear-in-time
spreading of the particles with respect to the mean in terms of
the ensemble and time averaged characteristics, see also Fig. 2
and Table 1. We mention that for (x(¢)) and (x*()) — (x(¢))>
some scaling results were derived previously.'®* Also, the reader
can compare eqn (54) to the ensemble averaged displacements
for stored energy-driven Lévy flights.'”®'7®

From eqn (48) a critical exponent ¢ can be obtained: below
this value the particle spreading properties get facilitated or
enhanced by the bias, as compared to symmetric diffusive
CTRWSs with o > 2 and p = g = 1/2. Namely, using the relation
4pq =1 — (p — q)°, the condition for bias-enhanced spreading,

(*(4)) = (@()))pg > (*(4)) = (D)) p=g1725

reduces to

(56)

2

0. > 1 (57)

This, using eqn (4) and (5), yields the condition for the WTD
exponent

2<a< g =14+ V2. (58)

The presence of drift for the WID exponents outside of this
range thus diminishes particle spreading.

The results of our computer simulations, performed as
outlined in Section IIB, together with the long-time analytical
scalings for the ensemble averaged variance, are presented in
Fig. 4a and b. We observe that for o = 3 the variance at a given
time ¢ gets reduced for more asymmetric walks, i.e., for larger
jump asymmetry parameters

e=p—q. (59)

In virtue of normalisation condition (2), a given value for ¢
unequivocally defines the probabilities p and q. The linear scale
is chosen in Fig. 4 to demonstrate the linear growth of the

This journal is © the Owner Societies 2018



PCCP
O —
e=02 +
e=04 < o
600 F €=0.6 i
e=0.8 2
= e=l
g soof ¢
+ eSS
- 400 | HERE 1
= o :
1) 300 R B
5 e
200 | s 1
> P
100 5 B
0 : ‘ ‘ . ‘ ‘ . ‘ ‘
0 100 200 300 400 500 600 700 800 900 1000
A
(b) 1800 U T T T T T T T T
e=0.2
| e=04
1600 £=0.6
e=0.8
o~ 1400 | e=1 g
~~
< 1200 =t
+ 0
+ 1000
+ §
p— & :
< 800 | - l
(%=) <
E 600 - i
> 400 B
200 | i |
0 > L L L Il 1 1 1 1 1

1000 1200 1400 1600 1800 2000

A

Fig. 4 Ensemble averaged variance for CTRWs (17) with exponents o = 3
and « = 2.2 (panels (a) and (b), respectively) versus lag time 4 for varying
asymmetry parameter (59), as indicated in the plots. The results of
computer simulations (symbols) follow the long-time asymptotes (48)
(solid curves). In this and later plots of the particle displacements, ensem-
ble averaging is performed over M = 10 trajectories.
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ensemble averaged particle displacements. In contrast, for
o = 2.2 < o the variance-based displacement increases for
more asymmetric CTRWs, in agreement with relation (58).

B. Displacements for 1 < a < 2: ordinary and equilibrium
processes

For CTRW processes with WTID exponent in the range 1 < o < 2,
the Tauberian inversion (42) of the Laplace transforms (33)
yields for the first two moments and variance of the number
of particle jumps for the ordinary renewal processes that

t ko 12
(Nor (1)) N;aera (60)
2 4ko< 3—0o
(No (1)) ~ H’— + WQ—) (61)
and
(No(0) = (Nor())? ~ 2=V s ()

:um3r(4 - O()
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We mention the two different powers in the long-time scaling
for the first two moments, similar to the solutions of the
bi-fractional diffusion equation.’*® The reader is also referred
to eqn (3.9) and (3.10) of ref. 97 for the mean and variance of the
number of renewal events in this o range. We note the existence
of two distinct power exponents describing the fluctuations of
N(t), see eqn (60) and (61).
For the correlator of the number of steps we find

(Nor (1) (Nor (1 + 4) = Nox(1)))

tA 2k, 2% A

AT N (63)
ke A3 eyt = A2
,ua3F(4 - Ot) zluoc3r(2 - (X)7

which is obtained via inverting the long-time expansion (39) in
the double-Laplace domain for u; « s;, namely

Ly Luyg { (Nox (1) (Nor (1 + 4) = Not (1))}

1 n 2k,

pluits? | plu s (64)
ky ks,

/113141514*“ 'ua3u12focS13'

We emphasise that the asymptotic behaviours of the moments
and correlators of the jump numbers given above only contain
the “correction terms” that are linear in k,, as expected.
Inserting the long-time expansions (60)-(63) into eqn (13)
and (19) we find that the ordinary CTRW process with WTD
exponent in the range 1 < « < 2 is non-ergodic as the
ensemble averaged displacement after time 4 given by

A kaz A271
(o))~ st 0 (7 + )
(65)
5 2ky(o— 1)

:ua3r(4 - O‘)

+d(p—q) o

for finite trace lengths T is, strictly speaking, not equal to the
time averaged variance-based displacement,

- A ke A
2 ~ N (T
<55 (A)°r> Wraa (ua WG —a) T“*‘>

, 2k, A
H13F(4 - OC).

(66)
+d(p—-q)

The latter is obtained via integrating

(Cron(t +4) = or(1))?) = or(t 4 4) = xor(1)’

4 a2 A+k°‘74‘
P\ 1A — e

, 2k, A3
/1&3['(4 - OC).

(67)

+a(p—q)
We find that both the ensemble and time averaged displace-

ments (65) and (66) contain both linear and anomalous con-
tributions in diffusion time 4. We also mention in eqn (67) the
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explicit dependence on time ¢ along the trajectory, that gives
rise to a transient ageing effect. Using expressions (4) and (8)
for p, and k,, a more physical representation of (66) in terms of
dimensionless time (4/7,) is

)2 6

(68)
22(p — gP(z— 17 (4)*
G-9C -2 (I) |

+

For the equilibrium renewal processes with 1 < o < 2 from
eqn (34) we get

<NeQ(t)> = a(p — q) ~ PTO(? (69)
3o
(N2 (0) ~ s+ (70)
and
3—a
(N (0) = (Vo) ~ == 1)

The corresponding double Laplace space {u4,s;}-expansion of
eqn (40) has the form

Ly Lo {<Neq(t)(Neq(t +4) — Neq(t))>}

1 ky
~ T 02 3,3 0.2
My U1=81 My Uy S1
ks ks (72)
— _ b)
,ug(3ulsl4 o 'u13u12 sz13

which differs from eqn (64) for the ordinary processes by the
factor of 2 in one of the terms. This fact gets reflected in the
particle displacement characteristics, namely, we find that

A kaIZ—ocA
(Neg(t)(Neg(t + 4) = Neg(£))) ~ w2 TG =)
ey 43 ot~ A7 (73)
w (4 —o)  2u30(2—a)

Therefore, the equilibrium process with WTD exponents in this
range, contrary to the ordinary process, remains ergodic in the
leading order in the sense of eqn (21). Namely, we get that the
ensemble averaged variance-based displacement,

(xeq*(4)) = (xeq(4))?
4 2, 43 (74)
~ dpadr Py — g2l
Paa Hey Ta (p q) :uzx3r(4 - “)7
is equal to its time averaged partner,

<(xeq(l +4) - xeq(t))2> — (Xeq(1+4) — xeq(’)>2

I
P
=%
=7
o
—~
o
—
o
2
-

Thus, the final results for the ensemble and time averaged
transport properties are given by eqn (65), (66) and (74), (75) for
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the ordinary and equilibrium CTRW processes with 1 < o < 2,
respectively. For the equilibrium situation, both averages contain
terms linear in the lag time oc 4" and superdiffusive contributions
oc A*~* that emerge due to the drift present in the system, see
also Fig. 2 and Table 1. Also, the spreading of the particles with
respect to the mean governed by the biased CTRW is linear-to-
superdiffusive and it is always enhanced due to the bias, as
compared to symmetric walks with p = g = 1/2, see also details in
ref. 185. The reader is referred here to the detailed classification of
dispersive and enhanced ensemble averaged properties of CTRWs
with a constant velocity field."*

In this range of « exponents the factor (« — 1) < 1 and the
term oc 4~ in eqn (65) is the difference of the ensemble averaged
displacement for the ordinary versus the equilibrium processes that
obey eqn (74). The time averaged particle displacements for these
two situations—see eqn (66) and (75)—differ by the term depend-
ing on the trace length T for the ordinary case. Therefore, for biased
equilibrium renewal processes in this o range the ensemble
averaged time averaged displacements do not depend on the trace
length T and such a process is ergodic (see Section IIIC for more
details), in contrast to the ordinary process in this range of o
exponent. More generally than the long-time equivalence of the
ensemble and time averages in (21), ergodicity can be defined
through the corresponding equilibrium ensemble average:'®'
biased CTRWs with 1 < o < 2 appear ergodic in this sense.

In Fig. 5a we demonstrate the agreement of the analytical
results and findings from computer simulations for the particle
displacements, for both ordinary and equilibrium superdiffu-
sive CTRW processes. For the chosen value of the WTID scaling
exponent, o = 3/2, the equilibrium processes have larger var-
iance of particle displacements, as compared to the ordinary
ones. Fig. 5a also supports the analytical trend that the variance
of the number of particle jumps for the ordinary diffusion
processes with 1 < o < 2 is (¢« — 1) times smaller than their
equilibrium counterpart, compare eqn (62) and (71). This result
is reminiscent to the observation for superdiffusive Lévy walks,
see ref. 6 and 186-188.

In Fig. 5b we show the variation of the ensemble averaged
variance-based displacements for systematically varying ageing time,
setting ¢ = ¢, in eqn (67) for (Yot + 4) — Xol))?) — (Xorlt + 4) —
Xo:(8)), see ref. 12 for more details on ageing. Here, the ageing time
is defined as the delay time between the initiation of the diffusion
process with the trapping time distribution (3) and the start of
displacement measurements, see ref. 8, 12 and 136. We find that
for longer ageing times the magnitude of the variance-based
particle displacements after a given diffusion time (denoted 4 in
Fig. 5b) grows. This is in agreement with the theoretical predic-
tion (67), compare the symbols and the asymptotes in Fig. 5b.
Note that subdiffusive CTRWs considered in Section IIID reveal
opposite ageing trends, as expected.

C. Ergodicity breaking parameter for « > 1

The issue of irreproducibility or relative amplitude fluctuations
of individual time averaged realisations can be quantified in
terms of the relative standard deviation (RSD), which is the
square root of the EB parameter. The reader is referred to, e.g.,
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Fig. 5 (a) Ensemble averaged variance of particle displacements for

CTRWs, (x3(4)) — (x(4))?, with o = 3/2 and asymmetry parameter ¢ = 0.4,
plotted for both the ordinary and equilibrium processes in log—log scale.
The results of computer simulations are the symbols and the asymptotic
relations for the ordinary and equilibrium cases (egn (65) and (74) in the
text) are the solid curves. (b) Variance of particle displacements along the
trajectory for the ordinary process, ((Xor(t + 4) — Xor()?) — (Xorlt + 4) —
xor(t))z, for different ageing times as indicated in the plot. We set t = t, for
ageing times in egn (67) and compute the results for o = 3/2.

ref. 172 and 189 for the RSD consideration for both equilibrium
and ordinary renewal processes. The EB parameter itself is
typically defined via the time averaged fourth and second

moments of particle displacements vig”%'%10%190:191

eb() = (7)) /(@) 1.

For stochastic processes with non-zero mean displacements of
the walker, such as our biased renewal processes, the natural
generalisation of the EB parameter (76) is

SEB(4) — <<552(A)>2>/<552(A)>2 Y

The phenomenon of weak ergodicity breaking is the absence of
convergence of individual time averaged MSDs to their corres-
ponding ensemble averages at a given lag time 4. Instead, the
“distributional ergodicity””*'”>'”® or the convergence to a
final distribution of time averaged trajectories is often realised.

(76)

(77)
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For some bias-free anomalous diffusion processes, such as
drift-free subdiffusive CTRWs”® and subdiffusive heterogeneous
diffusion processes,'*>** the EB parameter quantifies the intrinsic
irreproducibility of time averaged MSD magnitudes. In other
words, the generalised diffusion coefficient for each time averaged
MSD realisation is itself a random quantity, following a given
distribution.”**'%>***'73 Note here that the properties of particle
diffusion in time-dependent and fluctuating diffusivity landscapes
were also studied in ref. 167, 195 and 196.

Moreover, assessing the EB parameter can help quantifying
extrinsic effects on particle diffusion, even if the underlying
idealised mathematical process is perfectly reproducible. These
effects may include, e.g., medium heterogeneities (viscosity,
friction, etc.),”*°” size or mass polydispersity of the tracers, and
possible population splitting based on mobility ranges of the
walkers, 237198

Thus, in addition to the comparison of the second moments
of the ensemble and time averaged variance-based particle
displacements, for o« > 1 we evaluate the EB parameter
as/12144,164,190,192,194 the ghort lag time limit of eqn (77). Being
based on the fourth moment of the time averaged displace-
ment, compared to the second moment it is generally con-
siderably harder to compute analytically for a number of
processes. 1641907192 However, for CTRWs with « > 1 the
particle increments along the trajectory, needed to compute the
time averaged displacements (19), do not depend on time ¢
along the trace.

For situations when the mean waiting time p, exists (that
corresponds to o > 1), to assess the change in fluctuations of

062(A) with overall trace length T we use the following approxi-
mation

TN (e + A) = x(1))2de 8)
T—-4 '

This works rather well when the mean number of trapping and
jumping events grows linearly with the diffusion time. Note
that for o > 1 the integrand of the second term in eqn (78) does
not depend on ¢ for large ¢ values. After ensemble averaging
(15), one arrives at the identity

S T A\?
(@)~ M+ (L) @o-a2 09
where for o > 2 the function #,(4) is given by
0,2 — 1,2 A2
(@)= (147 S - g ) a - -aP. (0
s s
while for 1 < o < 2 one has
2(p — q)*ky 5 A >
hy(A) = 2L U 2 g3y Agpad — —(p — q)2. 81
1,(4) TG o) T #a(p q) (81)

Inserting expression (78) into eqn (77) enables us to assess the
dependencies of the JEB parameter in terms of the variance of
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the number of particle jumps as

(N(T))
2
OEB(T, A) ~ <§;Z§@quy : (82)
2 ()N (D)

We now use the general expression (82) to derive the leading
scaling of the ergodicity breaking parameter separately for o > 2
and 1 < o < 2, both for ordinary and equilibrium situations. In
the limit 4/T « 1, using the corresponding expression for JEB,
(N(T)) and (N*(T)) — (N(T))?, the final results for SEB (4,T) can be
presented in the form

PCCP

in Fig. 6. The quantitative agreement we observe for 1 < o < 2,
supports the validity of eqn (83) and the underlying approxi-
mation (78). We refer the reader to Fig. 7 where relations (80)
and (81) are checked for the cases o = 3 and « = 3/2, respectively
in panels (a) and (b). Excellent agreement is observed for o = 3/2,
while some evident discrepancies between theory and simula-
tions are found for o = 3. This gets reflected later in somewhat
inaccurate JEB values for biased CTRWs in the range o > 2, as
illustrated in Fig. 6b. Numerical computer simulations results
agree well with the scaling (83) and support the power-law decay
OEB(T) with T for biased CTRWs with 1 < o < 2, particularly for
large 4 values. We should mention that the RSD evaluation is
the most computationally demanding part of the current study.

o’/ (1, T)
m’\/l/]ﬂl7 2<(X7 (Or.7 eq)
:uahﬁ(A)
2,/ T
1) o ~ o—1
SEB ~ (x—1) 1+2A2(p—q)2 o ' l<a<?2, (or.). (83)
wh() )P
o—1
kT ~ 1T, | <o<2, (eq.)
(1_‘_M)ﬂ (4 —a)
Hyho(4) ’

Thus, markedly different scaling relations for the ergodicity
breaking parameter (77) versus the trace length are predicted
by this approach. Namely, for « > 2 eqn (83) yields a rather
standard decay law

SEB(T) ~ 1/T". (84)

In contrast, a slower approach to ergodicity for WTD exponents
in the range 1 < o < 2 is found, namely anomalously slow decay

SEB(T) ~ 1/T* . (85)

The JEB parameter for o > 2 in this approach attains the same
limiting behaviour for the ordinary and equilibrium processes. For
1 < o < 2 the JEB parameter for the ordinary situation is (« — 1)
times smaller than that for the equilibrium case, see eqn (83).
Note that the evaluation of 6EB for biased CTRWs with 0 <
o < 1is a more involved mathematical problem, that deserves a
separate study (see ref. 7, 8, 41 and 168 for EB parameter
evaluations for bias-free CTRWs). Also, note that in the limit
A/T — 0 for unbiased subdiffusive walks the standard EB

parameter approaches the limiting value”®'?
2[r(1 + a))?
EB N |—=—=-1). 86
CTRW ( r(1+2a) (86)

Finally, the higher-order moments of the scatter distribution of
time averaged particle displacements for biased CTRWs can
also be interesting to analyse (albeit harder). For drift-free
subdiffusive CTRWs the skewness and kurtosis were examined
recently in ref. 144.

The results of numerical computer simulations together
with analytical predictions for the JEB parameter are presented

20838 | Phys. Chem. Chem. Phys., 2018, 20, 20827-20848

As an example, it takes about 6 hours on a standard workstation
to compute the RSD for Fig. 6 for M = 10* trajectories (for 4 = 107,
T=10°% and o = 3). For shorter lag times the relations of eqn (83)
appears less applicable.

For comparatively large o values, as in Fig. 6b for « = 3,
relation (83) describes the scaling of 0EB(T) correctly for different
lag times. However, for the JEB magnitude at small 4 values the
theory deviates from the results of computer simulations.
Finally, further in-depth theoretical analysis via evaluation of
the fourth time averaged moment of particle displacements for
biased CTRWs with « > 2 is needed. This, however, is beyond
the scope of the present study (to be considered elsewhere).

D. Displacements for 0 < a < 1: non-equilibrium process

Bias-free subdiffusive CTRWs with diverging mean waiting
times are known to be non-ergodic and ageing.”%'**341%8 por
biased CTRWs with 0 < o < 1 the derivations of ensemble and
time averaged variance-based drift-corrected particle displace-
ment characteristics are also somewhat more involved than for
the ergodic and non-ageing case of o > 1. Here, analogously,
we perform the inverse Laplace transforms of o < 1 expansion
of lﬁ(s) in eqn (7). We find for the heavy-tailed WTDs in the
leading order that (see also eqn (3.6) of ref. 97 and eqn (5.150)
of ref. 93)

__(x(0) r
(V) “Talp—q) Nkul"(l +oa) (87)
2o
WO~ gy )
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Fig. 6 Relative standard-deviation parameter for biased CTRWs,

RSD(T) = /0EB(T) as defined in eqn (77), with o = 3/2 (panel (a)) plotted
versus the trace length T for lag time 4 = 10° both for ordinary and
equilibrium processes. The values of the asymmetry parameter ¢ are
indicated in the plots. Straight lines represent the theoretical scaling (83).
Averaging over M = 10% traces was performed. When p value is not
explicitly mentioned, we set ¢ = 0.4 and p = 0.7, coupled via (2). In panel
(b), the RSD results versus the trace length T are presented, computed for
o = 3, for two asymmetry parameter values, and for lag times 4 = 10 and
10%. Simulation results are shown together with theoretical asymptotes
(83). As the measurement time is larger than the lag time 4 by definition,
for T = 10® the points for A4 = 10° are missing in panel (b).

and

2(r(1 +o))? >

N3 (1)) — (N(0))* ~ -1 . (89
(N(0) = V) ( it Rrarap
We find for the correlator of the number of jumps (39) that

(N()(N(1+4) = N(1)))

~ cﬂ*‘zuﬂ{

1 1
kuzslzu%“ B ka2sl2+acu01t} (90)

th—l A ta—lAlJroc

T k2T(20)  kAT(2+ o)l (o)
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computer simulations of N = 102 trajectories, computed for o = 3 (panel
(a)) and o = 3/2 (panel (b)). Other parameters: ¢ = 0.4, 4 = 10%, T = 10* and
10°. Note the extremely small range on the abscissa of panel (a).

while the variance-based particle displacements are
4pga® A*
2 —_—
(x(4)) (15 2)

2r(+o)]* & (p—q)4™
+ ( M2 1)ka2[F(1 ey

(@) -
(01)

The first moment and the variance expressions (87) and (91) are
to be compared to eqn (41) of ref. 130 obtained from the
generalised Galilei-invariant advection-diffusion equation
approach to CTRWs in the presence of a velocity field (see also
App. B of ref. 107). Also, for the increments of particle displace-
ments along the trajectory we find

((x(r+4) = x(1))?) = (x(r+ 4) = x(1))?

202(177 q)lexflAIJra
kAC(2 + o) (o)

4pqa2 lacfl A (92)

kyI'(a)

Here, the explicit dependence on time ¢ along the trajectory—
that can also be considered in eqn (92) as ageing time, t = t,—
emphasises ageing in the system. In eqn (91) and (92) we also
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kept the terms of subleading order in the lag time 4, to ensure
the correct limit for bias-free subdiffusive CTRWSs, with
MSD(4) ~ A* at p = g = 1/2. For biased subdiffusive CTRWs,
in eqn (91) additionally a second contribution ~ 4** appears,
see also Fig. 2 and Table 1. It gives rise to a subdiffusive trend
for particle spreading for 0 < « < 1/2 and to a superdiffusive
spreading for the WTID exponent in the range 1/2 < o < 1, as
already pointed out by Scher and Montroll'*® and Shlesinger."*

As we see from eqn (92)—see also eqn (59) in ref. 139 and
eqn (12) in ref. 125 for the dispersion of subdiffusive biased
CTRWs—the variance of particle displacement increments does
exhibit an explicit t-dependence. Therefore, the ensemble aver-
aged time averaged displacement <(352(A)> defined by eqn (15)

8,12,136

reveals ageing effects. Namely, its magnitude

_— 4pqa2A
<552(A, T)> Yl LT
2a2(p _ q)2A1+o<
kAT (2 +o)I(1 4+ o) Tl

(93)

decreases as a power law with the trajectory length T,
<552(A,T)> ~ 1/T'"*, similarly to the ageing properties of
symmetric drift-free subdiffusive CTRWs.®**'*” Eqn (93) thus
demonstrates that biased subdiffusive CTRWs are non-ergodic
and ageing. Namely, the growth of the ensemble averaged
variance-based displacements (91) with the lag time differs
from that of time averaged ensemble averaged variance-based
displacement (93), that is

(P (A)) = (x(4))? # (35°(A) ). (94)
In the limit of symmetric subdiffusive CTRWs (with p = q)
the net displacement of the particles (10) vanishes. Then, the
variance-based expressions (91) and (93) for the particle spread-
ing turn into the results for the ensemble and time averaged
MSDs of subdiffusive CTRWS. For the latter, in the limit 4/T «
1, one gets the standard ageing and non-ergodic scaling”®"?

((4)) ~ @ (W) (f—o)xw <62(A)> (;) o (95)

We note here that some non-ergodic and ageing properties of drift-
free subdiffusive CTRWs are similar to those observed for hetero-
geneous diffusion processes with power-law space-dependent dif-
fusivities, D(x), see ref. 192-194 (and also ref. 199 and 200).

The results for the ensemble averaged variance-based parti-
cle spreading of biased CTRWs with o < 1 are illustrated in
Fig. 8. We find that, in contrast to the findings for biased
CTRWs with 1 < o < 2 shown in Fig. 5, for subdiffusive biased
CTRWs the magnitude of particle displacements decreases for
longer ageing times ¢,. This is intuitively expected, as for a
progressive ageing the probability to draw long trapping events
from the distribution (3) increases, that in turn reduces the first
and second moments of displacements. We find that for
smaller values of the WTD exponent a—compare panels (b)
and (c) in Fig. 8—the magnitude of variance-based particle
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Fig. 8 (a) Variance-based ensemble averaged particle displacements for

CTRWSs, (x3(4)) — (x(4))?, with & = 0.8 and varying asymmetry parameter,
plotted in log—log scale. Theoretical asymptotes of egn (91) and (92) are
the solid curves in both panels. The results for the variance of particle
position increments along the trajectory, ((x(t + 4) — x(t)?) — (x(t + 4) —
x(t))?, according to eqn (92) plotted for varying ageing times t = t, are
presented for o = 0.8 (panel b) and « = 0.4 (panel c).

displacements acquires stronger effects of growing ageing
times ¢,, in agreement with analytical predictions, eqn (92)
and (93). Note that for shorter traces in panels (b) and (c) of
Fig. 8 some discrepancy between the theoretical results and
simulations findings appears for long lag times. In this limit,
the lag time becomes comparable to the time along the
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trajectory, see Fig. 8b, c and eqn (41). Also, additional subleading
terms, neglected in our analytical relations, can contribute.
The reader is referred here to ref. 12, 137 and 139 for the
analytical results for ageing subdiffusive bias-free CTRWs. In
this case, the MSD of the particles scales as MSD,(t) = ([x(t, + ) —
x(t)) ~ t/t," in the limit of short times ¢ « ¢, and as
MSD,(#) ~ t* in the limit of long diffusion times, ¢ > t,. The
time averaged MSD of such CTRWs grows, in contrast to the
ensemble average, always linearly with the lag time,">"*’

tatT—4 ,
<§@l>=<“ hU+A%ﬂvwm>~Aﬁ (96)

T—-4

Thus, the scalings of the ensemble and time averaged MSDs are
both linear only for long diffusion times and strong ageing
conditions,"®” when a quasi-stationarity is achieved. On the
other hand, for large A values the time averaged variance for
biased subdiffusive CTRWs grows as ocA" and oc 4™, see
eqn (93) and also Table 1.

E. Einstein relation: ensemble and time averaged observables

Here, for biased CTRWs, we check the (second) generalised
Einstein relation®*®7:%6:57:131,139,182,188,201-207 th at connects the
first ensemble averaged moment of particle displacements in
the presence of a (weak) constant force F, to the ensemble
averaged MSD in the absence of force. Mathematically, the
fluctuations of the force-free MSD are then connected to the
MSD via the standard linear response relation

F{x*(t
(=" O 7
where kgT denotes the thermal energy and the applied forces are
weak enough so that aF/(kgT) « 1. Here and below, the subscript
after the ensemble average brackets denotes a positive force
applied, so that p > g in Fig. 1. At equilibrium the jump
probabilities between sites satisfy the detailed balance equation,

F
q_ exp{—a—} < 1.

» kaT (98)

We thus find that the Einstein or the fluctuation-dissipation
relation (100) holds for biased CTRWs with arbitrary positive
exponents, « > 0. Note that for the ordinary processes with
1 < o < 2 the term oc4*>* in the force-free second moment
(65) compensates the second term in eqn (60).

The generalised Einstein relation for the time averaged
moments can be constructed similarly, see also ref. 7 for
subdiffusive CTRWS,

(5 -

We refer the reader to ref. 188 and 203 on violation of (99) and
the effects of equilibrated starting conditions for superdiffusive
Lévy walks.®” Also note that for bias-free subdiffusive CTRWs
ergodicity is violated, but the time averaged Einstein relation in
form (99) holds.”**® For biased CTRWs we obtain that—similar
to the ensemble averaged Einstein relation (97)—the time

(),

2k T (%9)
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averaged relation (99) holds to leading order in the entire range
of WTD exponents o.

IV. Discussion and conclusions

The main results of the current study, summarised in Table 1, reveal
important differences in the particle-spreading dynamics of ordinary
and equilibrium processes of biased CTRWs. We demonstrated, in
particular, that for power-law WIDs with o > 2 ensemble and time
averaged variance-based particle displacements—denoted as

(x*(4)) — (x(4))*> and <552(A)>—are linear in time and lag time,

respectively, and the diffusion is fully ergodic.

In the range 1 < o < 2, for equilibrium processes the spreading
of the particles with respect to the mean contains both linear and
superdiffusive contributions, but the diffusion remains ergodic.
Depending on the time scale at which diffusion is monitored,
these additional terms—proportional to the field strength (or, the
asymmetry parameter ¢}—can dramatically affect the magnitude and
spreading characteristics of the particles. These features might
become imperative for interpreting the experimental single-particle
tracking data and proposing some CTRW-based physical mechan-
isms to rationalise them. For the ordinary situation in the same
range of « exponents, the ensemble and time averaged spreading
characteristics are not identical and the system exhibits ergodicity
breaking and ageing.

Finally, for the mathematically richest case 0 < o < 1, the
ensemble averaged displacement contains, in addition to the
standard ~A” time scaling, the term ~ 4", The latter can
result in a superdiffusive spreading of the particles governed
by biased CTRWs with the exponent 1/2 < « < 1, as known
from previous ensemble modelling.">>'*® Biased CTRWs with
the exponents in the range 0 < o < 1 are non-ergodic and
ageing, similar to the drift-free CTRW processes.”%'*13¢

We also examined the behaviour of the ergodicity breaking
parameter for superdiffusive and superballistic realisations of
WTD exponents, «. We found the scaling behaviour JEB(7) ~
1/T for o > 2, while for 1 < o < 2 the approach to ergodicity is
anomalously slow, namely SEB(T) ~ 1/T*'. The calculation of
OEB(4,T) for subdiffusive CTRWs 0 < o < 1 requires a special
investigation (not presented here). Lastly, the ensemble and
time averaged Einstein relations appear to hold for biased
CTRW processes in the entire range of exponents o, see Table 1.

Our results can be of importance for quantifying various trans-
port properties dictated by anomalous and biased diffusion pro-
cesses, mathematically governed by the power-law distribution of
trapping times at individual sites. The classical example is
the Scher-Montroll transport'®® in disordered media based
on the CTRW diffusion mechanism, recently also studied in
the presence of ageing.*”?°® In Table 1—in addition to the
scaling behaviour for the ensemble and time averaged quan-
tities derived in Section III—we present the particle spreading
parameter defined as (dimensionless) dispersion-to-mean ratio

VR AR

(x(4))

Dispersion(4)
A) =
n(4) Mean(4)
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This is the key parameter in the Scher-Montroll theory'*®
describing the universal transport properties of hopping
carriers in external fields biasing the motion. Considering a
moving packet of particles spreading via a subdiffusive CTRW
mechanism, #7(4) is known to become independent on time,
approaching the value 7(4) — /EBcrrw for 0 < o < 1.">>'2°
Evaluating expression (100) for superdiffusive and superballistic
exponents, we find that for the biased CTRW processes with
1 < o < 2 the spreading parameter scales as n(4) ~ 4~ 12
while for « > 2 the scaling is (4) ~ 472

Here we also mention the non-equilibrium transport
in multi-particle systems (as flux or current) described via
the paradigmatic asymmetric simple exclusion process. This
includes exact results obtained via Bethe’s Ansatz for open-
boundary systems for flux and its variance (as first and second
ensemble-averaged moments).>'>>'* Note, however, that the
WTD in this situation is often exponential®’® and the system
contains multiple particles on a finite interval which are
exchanging with a reservoir. Our CTRW approach is based on
power-law WTDs and delivers the results for infinite systems in
the long-time limit both on the level of ensemble and time
averaged MSD, as well as for the ergodicity breaking parameter.
Combinations of scale-free waiting times and exclusion pro-
cesses may become quite complex, but are definitely worth a
deeper consideration.

Extending the current approach to CTRWs with tempered or
truncated®® power-law WTDs

() ~ SR

T, (101)

as well as implications of memory*°®*'® can be interesting to
unveil. The problems of front propagation and first-passage
time statistics®’' can be posed for this biased system too.
Moreover, in the spirit of anomalous non-ergodic processes
with space-dependent diffusivity,'*>***

21
D)~ x| 7, (102)
which feature an MSD growth of the form (1), a dependence
of the WTD exponent and short time scale on the particle
position—namely, « — «(x) and 1, — 7t¢(x)—may also be
considered. This generalisation mimics local random®®
or systematic heterogeneities'®® of the underlying physical
medium (diffusion substrate). Note here that effects of equili-
brium and ordinary ensembles on the displacement character-
istics for biased deterministic superdiffusion were considered
in ref. 182.

Abbreviations

WTD  Waiting time distribution
CTRW Continuous-time random walk
MSD Mean squared displacement
RSD Relative standard deviation
WEB  Weak ergodicity breaking

20842 | Phys. Chem. Chem. Phys., 2018, 20, 20827-20848

PCCP

Conflicts of interest

There are no conflicts to declare.

Acknowledgements

T. A. was partially supported by the Grant-in-Aid for Scientific
Research (B) of the JSPS (Grant No. 16KT0021). R. M. acknowledges
financial support by the Deutsche Forschungsgemeinschaft (DFG
Grant ME 1535/6-1) as well as the Foundation for Polish Science
within an Alexander von Humboldt Polish Research Scholarship.
R. H. acknowledges financial support of China Scholarship Council
(Grant No. 201706180081). A. G. C. thanks V. Popkov for scientific
correspondence and S. K. Ghosh for help with accessing unavail-
able and rare publications.

References

1 ]J. Klafter, A. Blumen and M. F. Shlesinger, Stochastic
pathway to anomalous diffusion, Phys. Rev. A: At., Mol,
Opt. Phys., 1987, 35, 3081.

2 J.-P. Bouchaud and A. Georges, Anomalous diffusion in
disordered media: Statistical mechanisms, models and
physical applications, Phys. Rep., 1990, 195, 127.

3 R. Metzler and J. Klafter, The random walk’s guide to
anomalous diffusion: a fractional dynamics approach,
Phys. Rep., 2000, 339, 1.

4 1. M. Sokolov, J. Klafter and A. Blumen, Fractional kinetics,
Phys. Today, 2002, 55(11), 48.

5 S. Havlin and D. Ben-Avraham, Diffusion in disordered
media, Adv. Phys., 2002, 51, 187.

6 R. Metzler and J. Klafter, The restaurant at the end of the
random walk: recent developments in the description of
anomalous transport by fractional dynamics, J. Phys. A:
Math. Gen., 2004, 37, R161.

7 Y. He, S. Burov, R. Metzler and E. Barkai, Random time-
scale invariant diffusion and transport coefficients, Phys.
Rev. Lett., 2008, 101, 058101.

8 S. Burov, J.-H. Jeon, R. Metzler and E. Barkai, Single
particle tracking in systems showing anomalous diffusion:
the role of weak ergodicity breaking, Phys. Chem. Chem.
Phys., 2011, 13, 1800.

9 I. M. Sokolov, Models of anomalous diffusion in crowded
environments, Soft Matter, 2012, 8, 9043.

10 E. Barkai, Y. Garini and R. Metzler, Strange kinetics of
single molecules in living cells, Phys. Today, 2012,
65(8), 29.

11 F. Hofling and T. Franosch, Anomalous transport in the
crowded world of biological cells, Rep. Prog. Phys., 2013,

76, 046602.
12 R. Metzler, J.-H. Jeon, A. G. Cherstvy and E. Barkai, Anom-
alous diffusion models and their properties: non-

stationarity, non-ergodicity, and ageing at the centenary
of single particle tracking, Phys. Chem. Chem. Phys., 2014,
16, 24128.

This journal is © the Owner Societies 2018



PCCP

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

Y. Meroz and I. M. Sokolov, A toolbox for determining
subdiffusive mechanisms, Phys. Rep., 2015, 573, 1.

I. Goychuk, Viscoelastic subdiffusion: generalized Lange-
vin equation approach, Adv. Chem. Phys., 2012, 150, 187.
T. Kihn, T. O. IThalainen, J. Hyvdluoma, N. Dross, S. F.
Willman, J. Langowski, M. Vihinen-Ranta and J. Timonen,
Protein diffusion in mammalian cell cytoplasm, PLoS One,
2011, 6, €22962.

L. M. Toli¢-Nerrelykke, E.-L. Munteanu, G. Thon, L. Oddershede
and K. Berg-Serensen, Anomalous diffusion in living yeast cells,
Phys. Rev. Lett., 2004, 93, 078102.

D. Banks and C. Fradin, Anomalous diffusion of proteins
due to molecular crowding, Biophys. J., 2005, 89, 2960.

K. Ngrregaard, R. Metzler, C. Ritter, K. Berg-Sgrensen and
L. Oddershede, Manipulation and motion of organelles and
single molecules in living cells, Chem. Rev., 2017, 117, 4342.
J. Szymanski and M. Weiss, Elucidating the origin of
anomalous diffusion in crowded fluids, Phys. Rev. Lett.,
2009, 103, 038102.

I. Golding and E. C. Cox, Physical nature of bacterial
cytoplasm, Phys. Rev. Lett., 2006, 96, 098102.

N. Gal, D. Lechtman-Goldstein and D. Weihs, Particle tracking
in living cells: a review of the mean square displacement
method and beyond, Rheol. Acta, 2013, 52, 425.

D. S. Banks, C. Tressler, R. D. Peters, F. Hofling and
C. Fradin, Characterizing anomalous diffusion in crowded
polymer solutions and gels over five decades in time with
variable-lengthscale fluorescence correlation spectroscopy,
Soft Matter, 2016, 12, 4190.

P. Poschke, I. M. Sokolov, A. A. Nepomnyashchy and M. A.
Zaks, Anomalous transport in cellular flows: The role of
initial conditions and aging, Phys. Rev. E, 2016, 94, 032128.
S. K. Ghosh, A. G. Cherstvy, D. S. Grebenkov and R. Metzler,
Anomalous, non-Gaussian tracer diffusion in crowded two-
dimensional environments, New J. Phys., 2016, 18, 013027.
S. C. Weber, A. ]J. Spakowitz and J. A. Theriot, Bacterial
chromosomal loci move subdiffusively through a visco-
elastic cytoplasm, Phys. Rev. Lett., 2010, 104, 238102.

I. Bronstein, Y. Israel, E. Kepten, S. Mai, Y. Shav-Tal,
E. Barkai and Y. Garini, Transient anomalous diffusion
of telomeres in the nucleus of mammalian cells, Phys. Rev.
Lett., 2009, 103, 018102.

I. Bronshtein, E. Kepten, 1. Kanter, S. Berezin and
M. Lindner, A. B. Redwood, S Mai, S. Gonzalo, R. Foisner,
Y. Shav-Tal, and Y. Garini, Loss of lamin A function
increases chromatin dynamics in the nuclear interior,
Nat. Commun., 2015, 6, 8044.

S. C. Weber, A. J. Spakowitz and J. A. Theriot, Bacterial
chromosomal loci move subdiffusively through a viscoelastic
cytoplasm, Phys. Rev. Lett., 2010, 104, 238102.

K. Burnecki, E. Kepten, J. Janczura, I. Bronshtein, Y. Garini
and A. Weron, Universal algorithm for identification of
fractional Brownian motion. a case of telomere subdiffu-
sion, Biophys. J., 2012, 103, 1839.

A. Javer, N. J. Kuwada, Z. Long, V. G. Benza, K. D. Dorfman,
P. A. Wiggins, P. Cicuta and M. C. Lagomarsino, Persistent

This journal is © the Owner Societies 2018

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

Paper

super-diffusive motion of Escherichia coli chromosomal
loci, Nat. Commun., 2014, 5, 3854.

L. Stadler and M. Weiss, Non-equilibrium forces drive
the anomalous diffusion of telomeres in the nucleus of
mammalian cells, New J. Phys., 2017, 19, 113048.

A. V. Weigel, B. Simon, M. M. Tamkun and D. Krapf,
Ergodic and nonergodic processes coexist in the plasma
membrane as observed by single-molecule tracking, Proc.
Natl. Acad. Sci. U. S. A., 2011, 108, 6438.

D. Krapf, Mechanisms underlying anomalous diffusion in
the plasma membrane, Curr. Top. Membr., 2015, 75, 167.

C. Manzo, J. A. Torreno-Pina, P. Massignan, G. J. Lapeyre,
Jr., M. Lewenstein and M. F. Garcia-Parajo, Weak ergodicity
breaking of receptor motion in living cells stemming from
random diffusivity, Phys. Rev. X, 2015, 5, 011021.

A. Weron, K. Burnecki, E. J. Akin, L. Solé, M. Balcerek,
M. M. Tamkun and D. Krapf, Ergodicity breaking on the
neuronal surface emerges from random switching between
diffusive states, Sci. Rep., 2017, 7, 5404.

A. L. Duncan, T. Reddy, H. Koldso, ]J. Helie, P. W. Fowler,
M. Chavent and M. S. P. Sansom, Protein crowding and
lipid complexity infuence the nanoscale dynamic organization
of ion channels in cell membranes, Sci. Rep., 2017, 7, 16647.
Y. Golan and E. Sherman, Resolving mixed mechanisms of
protein subdiffusion at the T cell plasma membrane, Nat.
Commun., 2017, 8, 15851.

E. Yamamoto, T. Akimoto, M. Yasui and K. Yasuoka, Origin
of subdiffusion of water molecules on cell membrane
surfaces, Sci. Rep., 2014, 4, 4720.

G. R. Kneller, K. Baczynski and M. Pasenkiewicz-Gierula,
Communication: consistent picture of lateral subdiffusion
in lipid bilayers: molecular dynamics simulation and exact
results, J. Chem. Phys., 2011, 135, 141105.

J.-H. Jeon, H. M. S. Monne, M. Javanainen and R. Metzler,
Anomalous diffusion of phospholipids and cholesterols in a
lipid bilayer and its origins, Phys. Rev. Lett., 2012, 109, 188103.
T. Akimoto, E. Yamamoto, K. Yasuoka, Y. Hirano and M. Yasui,
Non-Gaussian fluctuations resulting from power-law trapping
in a lipid bilayer, Phys. Rev. Lett., 2011, 107, 178103.

R. Metzler, J.-H. Jeon and A. G. Cherstvy, Non-Brownian
diffusion in lipid membranes: experiments and simula-
tions, Biochim. Biophys. Acta, Biomembr., 2016, 1858, 2451.
J.-H. Jeon, V. Tejedor, S. Burov, E. Barkai, C. Selhuber-
Unke, K. Berg-Serensen, L. Oddershede and R. Metzler,
In vivo anomalous diffusion and weak ergodicity breaking
of lipid granules, Phys. Rev. Lett., 2011, 106, 048103.

S. M. A. Tabei, S. Burov, H. Y. Kim, A. Kuznetsov, T. Huynh,
J. Jureller, L. H. Philipson, A. R. Dinner and N. F. Scherer,
Intracellular transport of insulin granules is a subordi-
nated random walk, Proc. Natl. Acad. Sci. U. S. A., 2013,
110, 4911.

E. Yamamoto, A. C. Kalli, T. Akimoto, K. Yasuoka and M. S. P.
Sansom, Anomalous dynamics of a lipid recognition protein
on a membrane surface, Sci. Rep., 2015, 5, 18245.

M. Javanainen, H. Hammaren, L. Monticelli, J.-H. Jeon, M. S.
Miettinen, H. Martinez-Seara, R. Metzler and 1. Vattulainen,

Phys. Chem. Chem. Phys., 2018, 20, 20827-20848 | 20843



Paper

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

Anomalous and normal diffusion of proteins and lipids in
crowded lipid membranes, Faraday Discuss., 2013, 161, 397.
J.-H. Jeon, M. Javanainen, H. Martinez-Seara, R. Metzler
and I. Vattulainen, Protein crowding in lipid bilayers gives
rise to non-Gaussian anomalous lateral diffusion of phos-
pholipids and proteins, Phys. Rev. X, 2016, 6, 021006.

I. Y. Wong, M. L. Gardel, D. R. Reichman, E. R. Weeks,
M. T. Valentine, A. R. Bausch and D. A. Weitz, Anomalous
diffusion probes microstructure dynamics of entangled
F-actin networks, Phys. Rev. Lett., 2004, 92, 178101.

M. A. Lombholt, I. M. Zaid and R. Metzler, Subdiffusion and
weak ergodicity breaking in the presence of a reactive
boundary, Phys. Rev. Lett., 2007, 98, 200603.

S. K. Ghosh, A. G. Cherstvy and R. Metzler, Non-universal
tracer diffusion in crowded media of non-inert obstacles,
Phys. Chem. Chem. Phys., 2015, 17, 1847.

M. J. Potel and S. A. Mackay, Preaggregative cell motion in
Dictyostelium, J. Cell Sci., 1979, 36, 281.

L. G. A. Alves, D. B. Scariot, R. R. Guimaraes, C. V.
Nakamura, R. S. Mendes and H. V. Ribeiro, Transient
superdiffusion and long-range correlations in the motility
patterns of trypanosomatid flagellate protozoa, PLoS One,
2016, 11, €0152092.

P. Reimann, Brownian motors: noisy transport far from
equilibrium, Phys. Rep., 2002, 361, 57.

P. Hinggi and F. Marchesoni, Artificial Brownian motors:
controlling transport on the nanoscale, Rev. Mod. Phys.,
2009, 81, 387

G. Seisenberger, M. U. Ried, T. Endress, H. Briining,
M. Hallek and C. Briduchle, Real-time single-molecule
imaging of the infection pathway of an adeno-associated
virus, Science, 2001, 294, 1929.

A. Caspi, R. Granek and M. Elbaum, Enhanced diffusion in
active intracellular transport, Phys. Rev. Lett.,, 2000,
85, 5655.

A. Caspi, R. Granek and M. Elbaum, Diffusion and directed
motion in cellular transport, Phys. Rev. E: Stat., Nonlinear,
Soft Matter Phys., 2002, 66, 011916.

D. Arcizet, B. Meier, E. Sackmann, J. O. Ridler and
D. Heinrich, Temporal analysis of active and passive
transport in living cells, Phys. Rev. Lett., 2008, 101, 248103.
J. F. Reverey, J.-H. Jeon, H. Bao, M. Leippe, R. Metzler and
C. Selhuber-Unkel, Superdiffusion dominates intracellular
particle motion in the supercrowded cytoplasm of patho-
genic Acanthamoeba castellanii, Sci. Rep., 2015, 5, 11690.
K. Doubrovinski and K. Kruse, Cell motility resulting from
spontaneous polymerisation waves, Phys. Rev. Lett., 2011,
107, 258103.

L. Li, S. F. Norrelykke and E. C. Cox, Persistent cell motion
in the absence of external signals: a search strategy for
eukaryotic cells, PLoS One, 2008, 3, €2093.

A. D. Shenderov and M. P. Sheetz, Inversely correlated
cycles in speed and turning in an ameba: an oscillatory
model of cell locomotion, Biophys. J., 1997, 72, 2382.

D. Selmeczi, L. Li, L. I. 1. Pedersen, S. F. Norrelykke,
P. H. Hagedorn, S. Mosler, N. B. Larsen, E. C. Cox and

20844 | Phys. Chem. Chem. Phys., 2018, 20, 20827-20848

64

65

66

67

68

69

70

71

72

73

74

75

76

77

78

79

80

PCCP

H. Flyvbjerg, Cell motility as random motion: a review, Eur.
Phys. J.: Spec. Top., 2008, 157, 1.

P. Romanczuk and L. Schimansky-Geier, Brownian motion
with active fluctuations, Phys. Rev. Lett., 2011, 106, 230601.
J. Elgeti, R. G. Winkler and G. Gompper, Physics of micro-
swimmers—single particle motion and collective behavior:
a review, Rep. Prog. Phys., 2015, 78, 056601.

G. Ariel, A. Rabani, S. Benisty, J. D. Partridge, R. M. Harshey
and A. Be’er, Swarming bacteria migrate by Lévy walk, Nat.
Commun., 2015, 6, 8396.

V. Zaburdaev, S. Denisov and ]. Klafter, Lévy walks, Rev.
Mod. Phys., 2015, 87, 483

L. Gole, C. Riviere, Y. Hayakawa and J.-P. Rieu, A quorum-
sensing factor in vegetative Dictyostelium discoideum cells
revealed by quantitative migration analysis, PLoS Ore,
2011, 6, €26901.

M. Levandowsky, B. White and F. L. Schuster, Random
movements of soil amebas, Acta Protozool., 1997, 36, 237.
L. G. A. Alves, P. B. Winter, L. N. Ferreira, R. M. Brielmann,
R. I. Morimoto and L. A. N. Amaral, Long-range correla-
tions and fractal dynamics in C. elegans: changes with
aging and stress, Phys. Rev. E, 2017, 96, 022417.

M. S. Song, H. C. Moon, J.-H. Jeon and H. Y. Park, Neuronal
messenger ribonucleoprotein transport follows an aging
Lévy walk, Nat. Commun., 2018, 9, 344.

P. Romanczuk, M. Bidr, W. Ebeling, B. Lindner and
L. Schimansky-Geier, Active Brownian particles, Eur. Phys.
J.: Spec. Top., 2012, 202, 1.

F. Peruani and L. G. Morelli, Self-propelled particles with
fluctuating speed and direction of motion in two dimen-
sions, Phys. Rev. Lett., 2007, 99, 010602.

K. Lindenberg, J. M. Sancho, A. M. Lacasta and 1. M.
Sokolov, Dispersionless transport in a washboard potential,
Phys. Rev. Lett., 2007, 98, 020602.

P. Reimann, C. Van den Broeck, H. Linke, P. Hinggi,
J. M. Rubi and A. Perez-Madrid, Diffusion in tilted periodic
potentials: Enhancement, universality, and scaling, Phys.
Rev. E: Stat., Nonlinear, Soft Matter Phys., 2002, 65, 031104.
I. M. Sokolov, E. Heinsalu, P. Hinggi and I. Goychuk,
Universal fluctuations in subdiffusive transport, Europhys.
Lett., 2009, 86, 30009.

M. Evstigneev, O. Zvyagolskaya, S. Bleil, R. Eichhorn,
C. Bechinger and P. Reimann, Diffusion of colloidal particles
in a tilted periodic potential: Theory versus experi-
ment, Phys. Rev. E: Stat., Nonlinear, Soft Matter Phys.,
2008, 77, 041107.

S. Leitmann and T. Franosch, Time-dependent fluctua-
tions and superdiffusivity in the driven lattice Lorentz
gas, Phys. Rev. Lett., 2017, 118, 018001.

O. Bénichou, A. Bodrova, D. Chakraborty, P. Illien, A. Law,
C. Mejia-Monasterio, G. Oshanin and R. Voituriez,
Geometry-induced superdiffusion in driven crowded sys-
tems, Phys. Rev. Lett., 2013, 111, 260601.

D. del-Castillo-Negrete, B. A. Carreras and V. E. Lynch,
Nondiffusive transport in plasma turbulence: a fractional
diffusion approach, Phys. Rev. Lett., 2005, 94, 065003.

This journal is © the Owner Societies 2018



PCCP

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

G. Gradenigo, E. Bertin and G. Biroli, Field-induced super-
diffusion and dynamical heterogeneity, Phys. Rev. E, 2016,
93, 060105(R).

M. Gruber, G. C. Abade, A. M. Puertas and M. Fuchs, Active
microrheology in a colloidal glass, Phys. Rev. E, 2016,
94, 042602.

A. Zo6ttl and H. Stark, Emergent behavior in active colloids,
J. Phys.: Condens. Matter, 2016, 28, 253001.

P. Siegle, I. Goychuk and P. Hidnggi, Origin of hyperdiffu-
sion in generalized Brownian motion, Phys. Rev. Lett.,
2010, 105, 100602.

A. Bodrova, A. V. Chechkin, A. G. Cherstvy, H. Safdari,
I. M. Sokolov and R. Metzler, Underdamped scaled Brow-
nian motion: (non-)existence of the overdamped limit in
anomalous diffusion, Sci. Rep., 2016, 6, 30520.

P. Reimann, C. Van den Broeck, H. Linke, P. Hinggi,
J. M. Rubi and A. Perez-Madrid, Giant acceleration of free
diffusion by use of tilted periodic potentials, Phys. Rev.
Lett., 2001, 87, 010602.

L. F. Richardson, Atmospheric diffusion shown on a distance-
neighbour graph, Proc. R. Soc. London, Ser. A, 1926, 110, 709.
G. K. Batchelor, Diffusion in a field of homogeneous
turbulence: II. The relative motion of particles, Math. Proc.
Cambridge Philos. Soc., 1952, 48, 345.

M. F. Shlesinger, B. ]J. West and ]J. Klafter, Lévy dynamics of
enhanced diffusion: application to turbulence, Phys. Rev.
Lett., 1987, 58, 1100.

T. Albers and G. Radons, Exact results for the nonergodicity
of d-dimensional generalized Lévy walks, Phys. Rev. Lett.,
2018, 120, 104501.

R. Kutner and J. Masoliver, The continuous time random walk,
still trendy: fifty-year history, state of art and outlook, Eur. Phys.
J. B, 2017, 90, 50, and other papers in this special issue.

D. R. Cox, Renewal Theory, Methuen, London, 1962.

B. D. Hughes, Random Walks and Random Environments:
Random Walks, Clarendon Press, Oxford, 1995, vol. 1.

W. Feller, An Introduction to Probability Theory and its
Applications, Wiley, 1971, vol. II.

J. Klafter and I. M. Sokolov, First Steps in Random Walks:
From Tools to Applications, Oxford University Press, 2011.
S. M. Ross, Stochastic Processes, John Wiley, New York, 2nd
edn, 1996.

C. Godréche and ]J. M. Luck, Statistics of the occupation
time of renewal processes, J. Stat. Phys., 2001, 104, 489.

J. W. Haus and K. W. Kehr, Diffusion in regular and
disordered lattices, Phys. Rep., 1987, 150, 263.

C. Monthus and J.-P. Bouchaud, Models of traps and glass
phenomenology, J. Phys. A: Math. Gen., 1996, 29, 3847.

E. Bertin and J.-P. Bouchaud, Subdiffusion and localization
in the one-dimensional trap model, Phys. Rev. E: Stat.,
Nonlinear, Soft Matter Phys., 2003, 67, 026128.

S. Burov and E. Barkai, Occupation time statistics in the
quenched trap model, Phys. Rev. Lett., 2007, 98, 250601.
T. Akimoto, E. Barkai and K. Saito, Universal fluctuations
of single-particle diffusivity in a quenched environment,
Phys. Rev. Lett., 2016, 117, 180602.

This journal is © the Owner Societies 2018

103

104

105

106

107

108

109

110

111

112

113

114

115

116

117

118

119
120

121

Paper

T. Akimoto, E. Barkai and K. Saito, Non-self-averaging
behaviors and ergodicity in quenched trap models with
finite system sizes, Phys. Rev. E, 2018, 97, 052143.

B. Berkowitz, H. Scher and S. E. Silliman, Anomalous
transport in laboratory-scale, heterogeneous porous
media, Water Resour. Res., 2000, 36, 149.

G. Margolin and B. Berkowitz, Application of continuous
time random walks to transport in porous media, J. Phys.
Chem. B, 2000, 104, 3942.

B. Berkowitz, ]J. Klafter, R. Metzler and H. Scher, Physical
pictures of transport in heterogeneous media: advection-
dispersion, random-walk, and fractional derivative formu-
lations, Water Resour. Res., 2002, 38, 1191.

G. Margolin and B. Berkowitz, Spatial behavior of anom-
alous transport, Phys. Rev. E: Stat., Nonlinear, Soft Matter
Phys., 2002, 65, 031101.

B. Berkowitz, A. Cortis, M. Dentz and H. Scher, Modeling
non-Fickian transport in geological formations as a con-

tinuous time random walk, Rev. Geophys., 2006,
44, RG2003.
R. Schumer, D. A. Benson, M. M. Meerschaert and

B. Baeumer, Fractal mobile/immobile solute transport,
Water Resour. Res., 2003, 39, 1296.

P. de Anna, T. Le Borgne, M. Dentz, A. M. Tartakovsky,
D. Bolster and P. Davy, Flow intermittency, dispersion, and
correlated continuous time random walks in porous
media, Phys. Rev. Lett., 2013, 110, 184502.

A. Blumen, ]. Klafter, B. S. White and G. Zumofen,
Continuous-time random walks on fractals, Phys. Rev. Lett.,
1984, 53, 1301.

Anomalous Transport: Foundations and Applications, ed.
R. Klages, G. Radons, and I. M. Sokolov, Wiley-VCH Verlag
GmbH & Co., 2008.

Chapter 11 in ref. 113.

J. Helfferich, F. Ziebert, S. Frey, H. Meyer, ]J. Farago,
A. Blumen and ]. Baschnagel, Continuous-time random-
walk approach to supercooled liquids. I. Different defini-
tions of particle jumps and their consequences, Phys. Rev.
E: Stat., Nonlinear, Soft Matter Phys., 2014, 89, 042603.

D. Sornette, Critical phenomena in natural sciences: chaos,
fractals, selforganization and disorder: concepts and tools,
Springer, 2006.

D. Brockmann, L. Hufnagel and T. Geisel, The scaling laws
of human travel, Nature, 2006, 439, 462.

M. C. Gonzalez, C. A. Hidalgo and A.-L. Barabasi, Under-
standing individual human mobility patterns, Nature,
2008, 453, 779.

C. Song, T. Koren, P. Wang and A.-L. Barabasi, Modelling
the scaling properties of human mobility, Nat. Phys., 2010,
6, 818.

Chapter 16 in ref. 113.

V. V. Palyulin, A. V. Chechkin and R. Metzler, Lévy flights
do not always optimize random blind search for sparse
targets, Proc. Natl. Acad. Sci. U. S. A., 2014, 111, 2931.

H. Barbosa, M. Barthelemy, G. Ghoshal, C. R. James,
M. Lenormande, T. Louail, R. Menezes, ]J. J. Ramasco,

Phys. Chem. Chem. Phys., 2018, 20, 20827-20848 | 20845



Paper

122

123

124

125

126

127

128

129

130

131

132

133
134

135

136

137

138

139

140

141

F. Simini and M. Tomasinih, Human mobility: Models and
applications, Phys. Rep., 2018, 734, 1.

E. Scalas, R. Gorenflo and F. Mainardi, Fractional calculus
and continuous-time finance, Physica A, 2000, 284, 376.
E. W. Montroll and G. H. Weiss, Random walks on lattices.
11, J. Math. Phys., 1965, 6, 167.

E. W. Montroll and G. H. Weiss, Random walks on lattices.
III. Calculation of first-passage times with application to
exciton trapping on photosynthetic units, /. Math. Phys.,
1969, 10, 753.

M. F. Shlesinger, Asymptotic solutions of continuous-time
random walks, J. Stat. Phys., 1974, 10, 421.

H. Scher and E. W. Montroll, Anomalous transit-time
dispersion in amorphous solids, Phys. Rev. B: Condens.
Matter Mater. Phys., 1975, 12, 2455.

E. W. Montroll and H. Scher, Random walks on lattices. IV.
Continuous-time walks and influence of absorbing bound-
aries, J. Stat. Phys., 1973, 9, 101.

T. Geisel and S. Thomae, Anomalous diffusion in inter-
mittent chaotic systems, Phys. Rev. Lett., 1984, 52, 1936.
E. Barkai, R. Metzler and J. Klafter, From continuous time
random walks to the fractional Fokker-Planck equation,
Phys. Rev. E, 2000, 61, 132

R. Metzler, J. Klafter and I. M. Sokolov, Anomalous trans-
port in external fields: Continuous time random walks and
fractional diffusion equations extended, Phys. Rev. E: Stat.
Phys., Plasmas, Fluids, Relat. Interdiscip. Top., 1998, 58, 1621.
R. Metzler, E. Barkai and J. Klafter, Anomalous diffusion
and relaxation close to thermal equilibrium: a fractional
Fokker-Planck equation approach, Phys. Rev. Lett., 1999,
82, 3563.

G. H. Weiss, Aspects and Applications of the Random Walk,
North-Holland, Amsterdam, New York, Oxford, 1994.
Chapters 3, 5, 6, 7, and 9 in ref. 113.

T. Neusius, I. M. Sokolov and J. C. Smith, Subdiffusion in
time-averaged, confined random walks, Phys. Rev. E: Stat.,
Nonlinear, Soft Matter Phys., 2009, 80, 011109.

E. Barkai, Aging in subdiffusion generated by a determi-
nistic dynamical system, Phys. Rev. Lett., 2003, 90, 104101.
J. H. P. Schulz, E. Barkai and R. Metzler, Aging effects and
population splitting in single-particle trajectory averages,
Phys. Rev. Lett., 2013, 110, 020602.

J. H. P. Schulz, E. Barkai and R. Metzler, Aging renewal
theory and application to random walks, Phys. Rev. X, 2014,
4, 011028.

T. Sandev, R. Metzler and A. V. Chechkin, From contin-
uous time random walks to the generalized diffusion
equation, Fract. Calc. Appl. Anal, 2018, 21, 10.

E. Barkai and Y.-C. Cheng, Aging continuous-time random
walks, J. Chem. Phys., 2003, 118, 6167.

G. Bel and E. Barkai, Weak ergodicity breaking in the
continuous-time random walk, Phys. Rev. Lett., 2005, 94, 240602.
I. Goychuk, V. I. Kharchenko and R. Metzler, Persistent
Sinai type diffusion in Gaussian random potentials with
decaying spatial correlations, Phys. Rev. E, 2017,
96, 052134.

20846 | Phys. Chem. Chem. Phys., 2018, 20, 20827-20848

142

143

144

145

146

147

148

149

150

151

152

153

154

155

156

157

158

159

160

PCCP

S.J. Kim, M. Naruse, M. Aono, H. Hori and T. Akimoto, Random
walk with chaotically driven bias, Sci. Rep., 2016, 6, 38634.
M. A. Lombholt, L. Lizana, R. Metzler and T. Ambjoérnsson,
Microscopic origin of the logarithmic time evolution of
aging processes in complex systems, Phys. Rev. Lett., 2013,
110, 208301.

M. Schwarzl, A. Godec and R. Metzler, Quantifying non-
ergodicity of anomalous diffusion with higher order
moments, Sci. Rep., 2017, 7, 3878.

P. Allegrini, G. Aquino, P. Grigolini, L. Palatella and A. Rosa,
Generalized master equation via aging continuous-time
random walks, Phys. Rev. E: Stat., Nonlinear, Soft Matter
Phys., 2003, 68, 056123,

A. V. Chechkin, H. Kantz and R. Metzler, Ageing effects in
ultraslow continuous time random walks, Eur. Phys. J. B,
2017, 90, 205.

X. Hu, L. Hong, M. D. Smith, T. Neusius, X. Cheng and
J. C. Smith, The dynamics of single protein molecules is
non-equilibrium and self-similar over thirteen decades in
time, Nat. Phys., 2016, 12, 171.

A. V. Chechkin, M. Hofmann and I. M. Sokolov, Continuous-
time random walk with correlated waiting times, Phys. Rev. E:
Stat., Nonlinear, Soft Matter Phys., 2009, 80, 031112.

V. Tejedor and R. Metzler, Anomalous diffusion in corre-
lated continuous time random walks, J. Phys. A: Math. Gen.,
2010, 43, 082002.

M. Magdziarz, R. Metzler, W. Szczotka and P. Zebrowski,
Correlated continuous-time random walks in external
force fields, Phys. Rev. E: Stat., Nonlinear, Soft Matter Phys.,
2012, 85, 051103.

I. M. Sokolov and J. Klafter, Field-induced dispersion in
subdiffusion, Phys. Rev. Lett., 2006, 97, 140602.

A. A. Budini, Inhomogeneous diffusion and ergodicity breaking
induced by global memory effects, Phys. Rev. E, 2016, 94, 052142.
A. A. Budini, Memory-induced diffusive-superdiffusive
transition: Ensemble and time-averaged observables, Phys.
Rev. E, 2017, 95, 052110

A. M. Berezhkovskii and G. H. Weiss, Propagators and
related descriptors for non-Markovian asymmetric random
walks with and without boundaries, J. Chem. Phys., 2008,
128, 044914.

J.-H. Jeon, E. Barkai and R. Metzler, Noisy continuous time
random walks, J. Chem. Phys., 2013, 139, 121916.

D. S. Grebenkov and L. Tupikina, Heterogeneous contin-
uous time random walks, Phys. Rev. E, 2018, 97, 012148.
E. Barkai, CTRW pathways to the fractional diffusion
equation, Chem. Phys., 2002, 284, 13.

J. Liu and J.-D. Bao, Continuous time random walk with
jump length correlated with waiting time, Physica 4, 2013,
392, 612

J. Liu, B. Li and X. Chen, Nonergodic property of the space-
time coupled CTRW: Dependence on the long-tailed prop-
erty and correlation, Physica A, 2017, 491, 995.

B. I. Henry, T. A. M. Langlands and P. Straka, Fractional
Fokker-Planck equations for subdiffusion with space- and
time-dependent forces, Phys. Rev. Lett., 2010, 105, 170602.

This journal is © the Owner Societies 2018



PCCP

161

162

163

164

165

166

167

168

169

170

171

172

173

174

175

176

177

178

A. B. Kolomeisky, Continuous-time random walks at all
times, J. Chem. Phys., 2009, 131, 234114.

R. Burioni, G. Gradenigo, A. Sarracino, A. Vezzani and
A. Vulpiani, Scaling properties of field-induced superdiffu-
sion in continuous time random walks, Commun. Theor.
Phys., 2014, 62, 514

R. Burioni, G. Gradenigo, A. Sarracino, A. Vezzani and
A. Vulpiani, Rare events and scaling properties in field-
induced anomalous dynamics, J. Stat. Mech.: Theory Exp.,
2013, P09022, 1-11.

F. Thiel and I. M. Sokolov, Scaled Brownian motion as a
mean-field model for continuous-time random walks,
Phys. Rev. E: Stat., Nonlinear, Soft Matter Phys., 2014,
89, 012115.

A. Rebenshtok and E. Barkai, Distribution of time-
averaged observables for weak ergodicity breaking, Phys.
Rev. Lett., 2007, 99, 210601.

A. Rebenshtok and E. Barkai, Weakly non-ergodic statis-
tical physics, J. Stat. Phys., 2008, 133, 565.

T. Albers and G. Radons, Subdiffusive continuous time
random walks and weak ergodicity breaking analyzed with
the distribution of generalized diffusivities, Europhys. Lett.,
2013, 102, 40006.

S. Burov, R. Metzler and E. Barkai, Aging and nonergodi-
city beyond the Khinchin theorem, Proc. Natl. Acad. Sci.
U. S. A., 2010, 107, 13228

T. Miyaguchi and T. Akimoto, Intrinsic randomness of
transport coefficient in subdiffusion with static disorder,
Phys. Rev. E: Stat., Nonlinear, Soft Matter Phys., 2011,
83, 031926

T. Miyaguchi and T. Akimoto, Ultraslow convergence to
ergodicity in transient subdiffusion, Phys. Rev. E: Stat.,
Nonlinear, Soft Matter Phys., 2011, 83, 062101.

T. Miyaguchi and T. Akimoto, Ergodic properties of
continuous-time random walks: Finite-size effects and
ensemble dependences, Phys. Rev. E: Stat., Nonlinear, Soft
Matter Phys., 2013, 87, 032130.

T. Akimoto and E. Yamamoto, Distributional behavior of
diffusion coefficients obtained by single trajectories in
annealed transit time model, J. Stat. Mech.: Theory Exp.,
2016, 123201, 1-15.

F. Thiel and I. M. Sokolov, Time averages in continuous-
time random walks, Phys. Rev. E, 2017, 95, 022108.

G. Bel and E. Barkai, Occupation times and ergodicity
breaking in biased continuous time random walks,
J. Phys.: Condens. Matter, 2005, 17, S4287.

M. M. Meerschaert and A. Sikorskii, Stochastic Models for
Fractional Calculus, De Gruyter, 2012.

T. Akimoto and T. Miyaguchi, Distributional ergodicity in
stored-energy-driven Lévy flights, Phys. Rev. E: Stat., Non-
linear, Soft Matter Phys., 2013, 87, 062134.

E. Barkai and I. M. Sokolov, Multi-point distribution func-
tion for the continuous time random walk, J. Stat. Mech.:
Theory Exp., 2007, P08001, 1-11.

T. Akimoto and T. Miyaguchi, Phase diagram in stored-
energy-driven Lévy flight, J. Stat. Phys., 2014, 157, 515.

This journal is © the Owner Societies 2018

179

180

181

182

183

184

185

186

187

188

189

190

191

192

193

194

195

196

197

Paper

Y. M. Wang, R. H. Austin and E. C. Cox, Single molecule
measurements of repressor protein 1D diffusion on DNA,
Phys. Rev. Lett., 2006, 97, 048302.

N. Chenouard, et al.,, Objective comparison of particle
tracking methods, Nat. Meth., 2014, 11, 281.

J. L. Lebowitz and O. Penrose, Modern ergodic theory,
Phys. Today, 1973, 26(2), 23.

T. Akimoto, Distributional response to biases in determi-
nistic superdiffusion, Phys. Rev. Lett., 2012, 108, 164101.
E. Barkai, Strong correlations between fluctuations and
response in aging transport, Phys. Rev. E: Stat., Nonlinear,
Soft Matter Phys., 2007, 75, 060104(R).

A. Postnikov, Tauberian Theory and Its Applications, Amer-
ican Mathematical Society, 1980.

T. Akimoto, A. G. Cherstvy and R. Metzler, Enhancement,
slow relaxation, ergodicity and rejuvenation of diffusivity in
continuous-time random walks with bias, Phys. Rev. E, 2018,
arxiv: 1803.07232.

G. Zumofen and J. Klafter, Power spectra and random walks
in intermittent chaotic systems, Phys. D, 1993, 69, 436.

A. Godec and R. Metzler, Finite-time effects and ultraweak
ergodicity breaking in superdiffusive dynamics, Phys. Rev.
Lett., 2013, 110, 020603.

A. Godec and R. Metzler, Linear response, fluctuation-
dissipation, and finite-system-size effects in superdiffu-
sion, Phys. Rev. E: Stat., Nonlinear, Soft Matter Phys.,
2013, 88, 012116.

T. Miyaguchi, T. Akimoto and E. Yamamoto, Langevin
equation with fluctuating diffusivity: A two-state model,
Phys. Rev. E, 2016, 94, 012109.

W. Deng and E. Barkai, Ergodic properties of fractional
Brownian-Langevin motion, Phys. Rev. E: Stat., Nonlinear,
Soft Matter Phys., 2009, 79, 011112.

H. Safdari, A. G. Cherstvy, A. V. Chechkin, F. Thiel,
I. M. Sokolov and R. Metzler, Quantifying the non-
ergodicity of scaled Brownian motion, J. Phys. A: Math.
Gen., 2015, 48, 375002.

A. G. Cherstvy, A. V. Chechkin and R. Metzler, Anomalous
diffusion and ergodicity breaking in heterogeneous diffu-
sion processes, New J. Phys., 2013, 15, 083039.

A. G. Cherstvy, A. V. Chechkin and R. Metzler, Ageing and
confinement in non-ergodic heterogeneous diffusion pro-
cesses, J. Phys. A: Math. Gen., 2014, 47, 485002.

A. G. Cherstvy and R. Metzler, Nonergodicity, fluctuations,
and criticality in heterogeneous diffusion processes, Phys.
Rev. E: Stat., Nonlinear, Soft Matter Phys., 2014, 90, 012134.
A. G. Cherstvy and R. Metzler, Anomalous diffusion in
time-fluctuating non-stationary diffusivity landscapes,
Phys. Chem. Chem. Phys., 2016, 18, 23840.

T. Uneyama, T. Miyaguchi and T. Akimoto, Fluctuation
analysis of time-averaged mean-square displacement for
the Langevin equation with time-dependent and fluctuat-
ing diffusivity, Phys. Rev. E: Stat., Nonlinear, Soft Matter
Phys., 2015, 92, 032140

C. E. Wagner, B. S. Turner, M. Rubinstein, G. H. McKinley
and K. Ribbeck, A rheological study of the association and

Phys. Chem. Chem. Phys., 2018, 20, 20827-20848 | 20847



Paper

198

199

200

201

202

203

204

205

206

dynamics of MUCS5AC gels, Biomacromolecules, 2017,
18, 3654.

A. G. Cherstvy and R. Metzler, Population splitting, trap-
ping, and non-ergodicity in heterogeneous diffusion pro-
cesses, Phys. Chem. Chem. Phys., 2013, 15, 20220.

A. Fulinski, Communication: How to generate and mea-
sure anomalous diffusion in simple systems, J. Chem.
Phys., 2013, 138, 021101.

M. Wolfson, C. Liepold, B. Lin and S. A. Rice, A comment
on the position dependent diffusion coefficient represen-
tation of structural heterogeneity, J. Chem. Phys., 2018,
148, 194901.

E. Frey and K. Kroy, Brownian motion: a paradigm of soft
matter and biological physics, Ann. Phys., 2005, 14, 20.

U. M. B. Marconi, A. Puglisi, L. Rondoni and A. Vulpiani,
Fluctuation-dissipation: response theory in statistical phy-
sics, Phys. Rep., 2008, 461, 111.

D. Froemberg and E. Barkai, No-go theorem for ergodicity
and an Einstein relation, Phys. Rev. E: Stat., Nonlinear, Soft
Matter Phys., 2013, 88, 024101.

V. Blickle, T. Speck, C. Lutz, U. Seifert and C. Bechinger,
Einstein relation generalized to nonequilibrium, Phys. Rev.
Lett., 2007, 98, 210601.

U. Seifert, Stochastic thermodynamics, fluctuation theo-
rems and molecular machines, Rep. Prog. Phys., 2012,
75, 126001.

I. M. Sokolov, Lévy flights from a continuous-time process,
Phys. Rev. E: Stat. Phys., Plasmas, Fluids, Relat. Interdiscip.
Top., 2000, 63, 011104.

20848 | Phys. Chem. Chem. Phys., 2018, 20, 20827-20848

207

208

209

210

211

212

213

214

215

PCCP

G. Gradenigo, A. Sarracino, D. Villamaina and A. Vulpiani,
Einstein relation in superdiffusive systems, J. Stat. Mech.:
Theory Exp., 2012, L06001, 1-9.

H. Kriisemann, R. Schwarzl and R. Metzler, Ageing Scher-
Montroll transport, Transp. Porous Media, 2016, 115, 327.
G. M. Schiitz and S. Trimper, Elephants can always remem-
ber: exact long-range memory effects in a non-Markovian
random walk, Phys. Rev. E: Stat., Nonlinear, Soft Matter
Phys., 2004, 70, 045101(R).

M. J. Kearney and R. J. Martin, Random walks exhibiting
anomalous diffusion: elephants, urns and the limits of
normality, J. Stat. Mech.: Theory Exp., 2018, 013209, 1-22.
P. Argyrakis, A. Milchev, V. Pereyra and K. W. Kehr, Depen-
dence of the diffusion coefficient on the energy distribu-
tion of random barriers, Phys. Rev. E: Stat. Phys., Plasmas,
Fluids, Relat. Interdiscip. Top., 1995, 52, 3623.

S. Prolhac and K. Mallick, Cumulants of the current in a
weakly asymmetric exclusion process, J. Phys. A: Math.
Gen., 2009, 42, 175001.

J. de Gier and F. H. L. Essler, Bethe Ansatz solution of the
asymmetric exclusion process with open boundaries, Phys.
Rev. Lett., 2005, 95, 240601.

M. Gorissen, A. Lazarescu, K. Mallick and C. Vanderzande,
Exact current statistics of the asymmetric simple exclusion
process with open boundaries, Phys. Rev. Lett., 2012,
109, 170601.

V. Popkov, G. M. Schiitz and D. Simon, ASEP on a ring
conditioned on enhanced flux, J. Stat. Mech.: Theory Exp.,
2010, P10007, 1-22.

This journal is © the Owner Societies 2018





