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Abstract: An example of non-Markovian quantum dynamics is considered in the framework of
a geometrical (topological) subordination approach. The specific property of the model is that it
coincides exactly with the fractional diffusion equation, which describes the geometric Brownian
motion on combs. Both classical diffusion and quantum dynamics are described using the dilatation

operator x%.

Two examples of geometrical subordinators are considered. The first one is the
Gaussian function, which is due to the comb geometry. For the quantum consideration with a specific
choice of the initial conditions, it corresponds to the integral representation of the Mittag—Leffler
function by means of the subordination integral. The second subordinator is the Dirac delta function,
which results from the memory kernels that define the fractional time derivatives in the fractional

diffusion equation.

Keywords: subordination; comb model; anomalous diffusion; non-Markovian quantum dynamics;
dilatation operator

1. Introduction

In this paper, we consider both classical anomalous diffusion and quantum non-
Markovian dynamics in the two dimensional comb geometry, both of which are controlled
by the operator xd%. Its Hermitian counterpart is the dilatation (contraction) operator,
which has the Hamiltonian form #, = —ixh% —ih/2 = %Py — ih/2. The system attracts
much attention in quantum mechanics and number theory in connection with the Riemann
Hypothesis [1-3], where H is known as a Berry—Keating-Connes Hamiltonian [4]. This
Hamiltonian has been considered in various general contexts, including space—time con-
formal transformations [5-7], the quantum Mellin transform [8], and a random walk [9].
In the Hamiltonian dynamics, it describes inverted potentials [10] with the dynamics near
hyperbolic points [11], including a singular behaviour [12] and exponential spreading of
the phase space [13], and the relaxation dynamics in the comb geometry [14].

We have analysed plausible quantum non-Markovian, non-unitary dynamics derived
from the Markovian-unitary quantum dynamics [15]. This is achieved via a corresponding
subordinator, which is due to the comb geometry. As is known [16], according to a
subordination approach, one can derive a variety of (non-Markovian) processes from
Markovian ones, such as the Brownian motion with stationary transition probabilities
Go(x, t), by introducing a so-called operational time. In this case, a new process is described
using a subordination integral as follows

G(x,t) = /Ooo Go(x, u)h(u, t) du, (1)
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where u is the operational time and h(u, t) is a subordination function (or subordinator)
that depends on both physical time t and operational time u, respectively.

Subordination has been introduced by Bochner [17] as a notion of a subordinated
semi-group, and its interpretation and systematic presentation in terms of the operational
time has been suggested for the fractional calculus [18]. Our interest in the subordination
approach in the comb geometry relates to the fact that the latter is responsible for anomalous
or fractional diffusion, which is described by a linear fractional Fokker-Planck equation
(FFPE). A comb model was originally introduced to understand the anomalous diffusion
in percolating clusters [19-22]. Various settings of the comb geometry structures lead
to various FFPEs, whose effects include both subdiffusion [23,24], including ultra-slow
diffusion [25], and superdiffusion [26-28]. The nontrivial nature of transport along combs is
discernible from the fact that the motion along the branches results in a long-range memory
for the motion along the backbone, where the corresponding anomalous behaviour of
the transport takes place [29]. The implementation of comb models in various natural
phenomena is reflected in recent reviews [29-34]. In contemporary studies, the comb
model is employed in a variety of applications including explanations of experimental
realizations in percolation clusters, energy transfer in dendritic polymers [35], diffusion
of drugs in the circulatory system [36], anomalous diffusion in neurons [37,38], random
walks of active species in porous media [39] utilized in microelectronics [40], electron
transport in disordered nanostructured semiconductors [41], and so on. Another important
issue discussed in the framework of the comb model [42] is related to understanding the
geometry impact on diffusion with stochastic resetting [43] and first-passage properties in
nonequilibrium systems [44].

An elegant way for a heuristic formulation of the comb model in the framework of a
Fokker-Planck equation has been suggested in [22], and its description in the framework
of the fractional calculus is presented in Appendices A and B. In particular in Appendix B,
we introduce the details of how the transport in the comb geometry leads to the fractional
transport described by the FFPE. In this sense, the relation between the comb geometry and
the subordination approach is straightforward and is established in Section 2.

A general form of this equation for the description of slow and ultra-slow diffusion
has been suggested by means of memory kernels 7(t) and #(t), and the corresponding
integro-differential comb equation reads [25]

0 ' 0?
/r}/(t - t/) @P(x/y, t/) dtl = §(y) / ﬂ(t - t,) LFPP(xryr t/) dt/ + Dy @P(%% t)' (2)

Here —oco < x,y < 0o, and the initial condition is

P(x,y,t =0) = 5 8(1x] ~ x0)3(y), ©

where an arbitrary xy € R is specified later in the text. The boundary conditions are set
to zero at infinity for both the probability density function (PDF) P(x,y,t) and its first
derivatives with respect to x and y. The memory kernels y(t) and #(t) are integrable non-
negative functions of time, which approach zero in the long time limit. The PDF P(x, y, t)
defines the test particle at position (x,y) at time ¢. Here, x measures the direction along
the backbone of the comb, which is controlled by the Fokker-Planck operator §(y) Lrp
at y = 0, while y is the distance along the side branches (also fingers or teeth). The
latter are continuously distributed along the backbone. The analytical form of the model,
suggested by heuristic arguments with Lrp = Dy 92 in [22], supposes an inhomogeneous
two-dimensional diffusion, where the non-zero diagonal components of a diffusion tensor,
D, 4(y) and D, are the diffusion coefficients in the x and y directions, correspondingly.
This special case is considered in Appendix B.

According to this formulation, the problem at hand is to develop a subordinated
quantum dynamics, which is a quantum counterpart of classical turbulent diffusion in
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the comb geometry. To this end in Section 2, the FFPE related to the comb model (2) is
constructed together with the solution in the subordination form. Its quantum counterpart
is analysed in Section 3. A subordination approach for some generalisation of both fractional
diffusion and fractional quantum dynamics is suggested in Section 4. In Section 5 we
present the conclusion of the obtained results. Additional material necessary for the
analysis is considered in the Appendices.

2. Subordinated Comb Diffusion

In the present analysis, we consider Lrp = —v %x, which leads to a turbulent-like
diffusion analogous to the geometrical Brownian motion, when the mean squared dis-
placement (MSD) grows exponentially in time [14,26,45]. By means of commutation, the
quantum counterpart of Lrp relates to the Hamiltonian Ao as well.

In what follows, we use dimensionless variables and parameters without loss of
generality. In particular, the velocity v and the diffusion coefficient Dy = D form the
parameters D/v and D/ v2, which are used for dimensionless space and time variables,
respectively.

It is interesting to admit that for the drift term, the corresponding diffusion equation
can be obtained from a Langevin equation. Correspondingly, a possible realisation of the
turbulent transport can be discussed in the framework of a Langevin equation in a so-called
Matheron-de Marsily form [46]

X=0d(Y)X, Y=g(t), @)

where ¢(t) is a random Gaussian delta correlated process (¢(¢)¢(t')) = 25(t — t') , where
D = D, is a diffusion coefficient. That is, white noise affects the velocity of the drift along
the x axis. Following a standard procedure, one obtains a Fokker—Planck equation for
the PDE.

P(x,y,t) = (6(X(t) = x)é(Y(t) —y))

as follows )

0 5] 0
EP(x,y,t) =—0vd(y) axP(x,y, £)+D Wp(x,y, £). (5)

We use the same boundary and symmetrical initial conditions as in Equation (2). The
solution to the equation is a convolution integral. That is, the PDF P(x,y, t) reads

t
P(x,y,t) = P(x,y = 0,t) « Py(y,t) = /0 P(x,y =0,t—t')Py(y,t') dt,

where P(x,y = 0,t) is a non-conserving PDF on the backbone and P, (y, t) is the Lévy-
Smirnov density L[P,(y,t)](s) = exp(—|y|v/s/D), see Appendix B. In the Laplace space,
B(x,y,s) = L[P(x,y,t)], we have

P(x,y,s) = P(x,y =0,s) exp(—\yWs/D). (6)
Our main interest here is related with finding the marginal PDEF,
Py(x,t) = /_ P(x,y,t)dy. )

To find the corresponding equation, we integrate Equation (5) with respect to y, which
after the Laplace transform reads as

sPy(x,s) —5(x) = —v %xp(x,y =0,9). (8)

Then, the integration of Equation (6) with respect to y yields P(x,y = 0,s) =
%\/s/ D Py(x,s), and substituting the result in Equation (8), we obtain



Fractal Fract. 2023, 7, 431

40f 15

S—1/2

Pi(x,5) =
! 1/2 . 1,1—1/2 @
S / +§UD / ax

Pl(x/t = 0)/ (9)

where Pj(x,t = 0) = §(x) is the initial condition. The Laplace inversion of Equation (9)
yields the FFPE for the marginal PDF of the backbone anomalous transport, as follows

DI2Py(x,t) = — 20D/ 9 Pi(x ), (10)
2 ox
where Dy is the Caputo fractional derivative of order «, see Equation (A4). This equation
has an exact solution in the form of the log-normal distribution [26,45].
We are, however, interested in presenting the solution in the form of the subordination
integral defined in Equation (1). To this end, the denominator in Equation (9) is rewritten
in the exponential operator form,

Pi(x,s) = /0 §71/2 gmus!”2 exp(—u;vD_l/2 aix)Pl(x,t—O)du
= / h(s,u) Go(x,u) Pi(x,u =0)du, (11)
0
where Pj(x,t = 0) = Pi(x,u = 0) and h(s,u) = s~1/2=u""? are the subordinator

that subordinates the FFPE (10) to a standard drift equation for the evolution operator
Go(x,u) = exp(—u%vD’l/2 %x), in the form

0

Ju

A _]_ —-1/2 8 A

The formal solution to Equation (12) is

A 1 450
Go(x,u) = exp(—usz 1/2 8xx> Py(x,u=0).

Note that since all parameters and variables are dimensionless, the diffusion coefficient
vD~Y2in Equation (12) can be taken to be the same as in Equation (10).

3. Subordinated Quantum Mechanics

It is worth stressing that (remarkably) the FFPE (10) and the drift Equation (12) are
quantum Schrédinger equations as well. Indeed, let us multiply both equations by i1, where
for our dimensionless variables’ consideration, # is a dimensionless Planck constant and
we can use the same power of the Planck constant for both equations. Then, Equations (10)
and (12) become the fractional Schrodinger equation (FSE) and the conventional (standard)
Schrodinger equation, respectively,

ihcDY2(x,t) = w pry(x, t) (13)
and 3

ih @lpO(xr M) = wﬁfw(](xr M) (14)
where w = %UD’U 2and p = —ih % and £ = x are the quantum momentum operator
and the quantum coordinate, respectively with the commutation rule [x, p] = ifi. For

convenience of notation and without restriction of generality, we set w = 1.

An essential difference from the classical diffusion case is that the quantum initial
condition is the wave function ¢(x,t = 0) = yp(x,u = 0). Correspondingly, the PDF is
|(x,t = 0)|%. These functions can be square integrable functions, such that

/ p(x,t = 0)[2dx = / Ipo(x, 1 = 0)[2dx = 1.
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However, it is not mandatory and the normalisation condition to the Dirac J function
is also possible and considered in the present analysis, see Appendix C.

It is reasonable to choose the quantum initial conditions in the form of the eigen-
functions of the Hermitian Hamiltonian Hp. In this case of the continuous spectrum,
the normalisation condition needs to be calculated with some care, see the discussion in
Appendix C. The dilatation operator

Ho=h {—ixaax - i/Z] = px+ih/2
determines the complete set of eigenfunctions x.(x) with the eigenvalues e according to
the eigenvalue problem H,(x) = fe x.(x), where ¢ is the continuous spectrum and the
eigenfunctions are [1,4]

exp(ieln |x|), (15)

1
xe) = N

which satisfies the boundary conditions x,(x = +o0) = 0 and N = 47. Therefore,

P(x,t=0) = po(x,u = 0) = xe(x). (16)

In this case, both Equations (13) and (14) describe relaxation processes from the initial
energy level e according to the non-Hermitian Hamiltonian

A

A =wpx =wH—ihw/2 =Hy—ih/2, (17a)
Fixe(x) = (e —ih/2)xe(x) = ei xe(x), (17b)

where we set w = 1. The solution to the FSE (13) subordinated to Equation (14) is de-
fined by the subordination integral in Equation (11). Taking into account the eigenvalue
problem (17), the solution in the Laplace space reads as follows,

IIJ(X,S) — /0 S—1/2 e—usl/2 e—iu(e—ih/Z)/hXe(x) du. (18)

This leads to the integral representation of the Mittag—Leffler function, namely [47]

S—1/2

=iy | e

¥(x,t) :El/z(—i(e - ih/z)fl/z/h))(e(x) =L Ll/z -

—2 iue—in/2)/h

e Xe(x)du, (19)

_ / ¥ 1,
Jo Vant
where E,(zt") is the one parameter Mittag-Leffler function, see Equation (A8) for v — 1/2,
B—landz — —i(e —ih/2)/h.

It should be pointed that from the analysis of Sections 2 and 3, it follows that the one
dimensional quantum dynamics is the same as the classical one, and since the latter is
well defined on the backbone, the former is well defined in the same area as well. This
coincidence results from the fact that these two phenomena are described just by the same
Equation (10), which is the FFPE for the marginal PDF of the backbone anomalous transport
and at the same time, it is the FSE for the wave function of the quantum dynamics on the
same backbone.

Discussion of the Preliminary Results

From this consideration of the toy model, we obtain two important results for the
classical and quantum dynamics on the comb. The first one is that the inhomogeneous
advection on the comb, which is described by means of the FFPE (10), describes also the
fractional dynamics of a quantum particle with the non-Hermitian Hamiltonian H =
px = xp —ih/2 in the framework of the FSE (13). In the latter case, the time evolution
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of the system follows the Mittag—Leffler function U(t) = E,(—e; t*), where ¢; = e — ili/2
is the continuous spectrum with the decay term. To some extent, this result follows
immediately from the separation of variables and the fact that the Mittag—Leffler function
is the eigenfunction of the Caputo fractional derivative. In this case, the last two lines
of Equation (19) are both the integral representation of the Mittag—Leffler function and
the subordination integral. In this connection, this is a particularly simple case, when the
evolution can be easily expressed by the Mittag-Leffler function.

The second result is that in the general case, say of the memory kernel (), as in
Equation (2), the subordination integral is a convenient form of the solution for the evolution
operator U(t), which is subordinated to the Schrodinger Equation (14). This situation is
considered in the next section. In contemporary studies, the model is employed in a variety
of applications including explanations of experimental realisations in percolation clusters,
energy transfer in dendritic polymers [35], diffusion of drugs in the circulatory system [36],
anomalous diffusion in neurons [37,38], and the random walk of active species in porous
media [39] utilized in microelectronics [40].

4. Generalised Comb Model

Let us now consider the generalised comb Equation (2). Performing the Laplace
transform, we obtain

2

Y(s)[sP(x,y,5) — Po(x,y)] = 6(y) 71(s) LepP(x,y,5) + D ;}/Zﬁ(x,y,s) (20)

In this case, the ansatz (6) reads

B(x,y,5) = Plx,y = 0,5) eXp(—I}/I\/S“?(S)/D), @)

which yields the relation to the marginal PDF P, (x, s)
D(x,y =0,s) = 1/s¥(s) /4D Py (x,s). (22)
Integrating Equation (20) with respect to y, then accounting for expression (22) and

performing a quantisation in complete analogy of Section 3, we arrive at the FSE for the
wave function in the Laplace space,

i §(5)[s9(x,5) = yo(x)] = Ay, (23)
where
: 1 [2(s)
G(s) = — =1/ —= (24)
=V
The quantum solution presented in the form of the subordination integral is

é(s)

Poot) = [W]%m = [T e a| e, )

where the subordinator h(t, 1) is determined by the inverse Laplace transform, as follows

c+ico N
h(t,u) = ﬁ /CiioO E(s) e ) gt s, (26)

Note that for y(t) = n(t) = §(t) we immediately arrive at the result of Equation (19).
In more sophisticated cases of the memory kernels, like kernels of distributed order of the
form

1 toc—l
v(t) :/0 Ta=1) da, 27)



Fractal Fract. 2023, 7, 431

7 of 15

it is not possible to obtain solutions in an analytical form, see also the discussion in [25].
We are finishing this section with one more example with ¢(s) = 1.

4.1. Memory Kernels with £(s) =

A variety of realisations of the memory kernel have been considered in [25]. Let us
consider the memory kernels () and 7 (t), such that ¢(s) = 1 when the memory kernels
compensate the comb geometry. In this case, the subordinator is h(t,u) = 6(u — t) and the
quantum dynamics is governed by the standard Schrodinger Equation (14).

1/2 1/4
(1/2) and 77(t) = t(3/4

the power law forms for the memory kernels y(t) = W and 7 (t) =

For example, for y(t) = then &(s) = 1. In the general case of

F( )Wlth0< uv<l,

we have (s) = 1 for v+ 1 = 2u. In the case when 2y < v + 1, the quantum dynamics
follows the Mittag-Leffler function E, (iHt% /1), where a = L (v +1) — p.

4.1.1. Comb Wave Equation

The second example relates to the wave equation in the comb geometry. Let us
consider y(t) = —%(5(:%) and 77(t) = 6(t), then & = 1. In this case, Equation (2) reads

82 aZ
(atz—A>F(xf%f) =0, Azé(y)LppﬂLDW, (28)

where the Laplace operator A has the comb structure, which eventually leads to a diffusion-

wave-like process on the comb with an additional initial condition 3 tF (x,y,t=0) = 0
Indeed, let us integrate Equation (28) with respect to y with f(x,t) = [ F(x,y,t)dy.

Then, performing the Laplace transform and substitution analogous to Equatlon (22),

Fr9,5) = Py = 0,5) exp(~Iyly57(:)/ ), (299)
F(x,y =0,5) = \/s7(s)/4D f(x,5), (29b)

we arrive at its “fractional” counterpart that reads

&(s)[sf(x,8) = fo(x)] = Lepf, (30)

which is just a diffusion equation for ¢(s) = 1.
Again, multiplying Equation (30) by i1, we arrive at the conventional Schrodinger
equation

ih %l[)(x, t) = Hup(x, t) (31)

with the Hamiltonian # defined in Equation (17a). An important feature here is the
zero boundary conditions at infinity as the necessary conditions for the considerations of
Equations (28), (30) and (31).

5. Conclusions

We have derived both the fractional geometric Brownian motion on combs and the
corresponding quantum particle dynamics based on the dilatation operator x%, based
on the same dynamic equation. However, there is an essential difference between these
descriptions. Namely, the classical case is described by the probability density function,
which is integrable. In contrast, the quantum case is described by the wave function, which
is square integrable. Both cases are considered in the framework of the subordination
approach, when both the fractional Fokker-Planck equation and the fractional Schrodinger
equation are subordinated to the their conventional counterparts. We considered two
cases of geometrical subordinators. The first one is the Gaussian function, which is due
to the comb geometry. For the quantum consideration with a specific choice of the initial



Fractal Fract. 2023, 7, 431

8 of 15

conditions, it corresponds to the kernel of the integral representation of the Mittag—Leffler
function. The second subordinator is the Dirac delta function that results from memory
kernels that compensate the geometry effect in the generalised comb model.

In the latter case, there is an interesting effect of reduction of the wave equation to
the diffusion equation in the comb geometry. In particular, let us consider the comb wave
equation as follows

& d \* &
SaF ) =) (555 ) Flow )+ 5F(x0 @

with the initial conditions P(x,y,t = 0) = Py(x,y), when the first derivative with respect
to time is zero at t = 0. The boundary conditions are set to zero at infinity. The diffusion

2
operator (aa—xx) results from the multiplicative noise in the corresponding Langevin

equation (in the Matheron—de Marsily form (4)) [45]. Performing the standard procedure of
Sections 2 and 4.1.1 (see also Appendix B), we arrive at the Fokker—Planck equation for the
marginal function f(x,t) = [ F(x,y,t)dy, thatis

d a3 \°
/00 = 5 (5% Flx9), (33)

where f(x, t) becomes the marginal PDF that describes the geometrical Brownian motion.

It must be noted that in the quantum analysis, we considered specific initial conditions
in the form of the eigenfunctions of the dilatation operator 7, where we only touched
some specific aspects of the evolution of the initial wave packet due to the non-Hermitian
dilatation operator. This approach eventually corresponds to the variable separation,
concentrating our attention to the form of the corresponding subordinators for the evolution
functions. However, in a general choice of the initial condition, the latter can be presented
in the form of the spectral decomposition over the eigenfunctions, for example the initial
wave function can be yy(x) = [ A(e x) de. As shown above, this fractional Cauchy
problem can be C0n51dered by either approach in the framework of both FFPE (10) and
FSE (13), which are equivalent to the relation P;(x,t = 0) = |(x)|?. In this case, the
evolution of the MSD is well defined, and grows exponentially with time in both cases
of fractional diffusion [45] and fractional quantum mechanics [13,48]. Note that a general
subordination approach for time-fractional evolution equations is studied as well [49].

It should be pointed out that the fractional property of the transport (and corre-
spondingly the marginal PDF) is described by the subordinator in the form of the normal
distribution in Equations (11), (18) and (19), which is the topological subordinator. It re-
flects the classical comb geometry and normal diffusion along the fingers. Remarkably,
the obtained Equation (10) describes also the one dimensional fractional time quantum
dynamics. It follows from the simple multiplication by if;, which is the identity operation.

The comb geometry can be more sophisticated [29,34]. For example, by considering
a three dimensional (3D) comb or a comb with the power law distribution of the fingers
length. In this case, the topological subordinator 4 (1, t) is described by the Fox H-functions,
and in the Laplace space, it has a simple form /1(u,s) = s'"1e™"", where the fractional
indexis 0 < v < 1, and for the 3D comb we have v = 1/4.

There is another interesting result that follows from the analysis and its generalisation.
Namely, let us define the fractional time quantum evolution according to the subordinator
h(u,t) in the standard way, ¥ = h (x,u)du, where i(u,s) = s'"1e™"" in the
Laplace space. In this case, if the conventlonal quantum mechanics with a Hamiltonian
is due to the wave function ¥ (x,u) = e—iHt/ "po(x), then the corresponding FTSE reads

ihcD'Y = AY.



Fractal Fract. 2023, 7, 431

9of 15

In conclusion, in this developing field, which is similar to the concept of quantum
walks, the full physical meaning of the model is not yet established. For the topology of
the comb, we could say that it started from pure curiosity and then the obtained effects
turned out to be very interesting. So, while a clear physical interpretation is missing, the
study could be of interest in the development of stochastic features in quantum physics.
Moreover, we can view the fingers/teeth of the comb as an environment with some kinds
of trapping quasi-states (or confining potentials).
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Abbreviations

The following abbreviations are used in this manuscript:

PDF  Probability density function

MSD  Mean squared displacement

FFPE Fractional Fokker-Planck equation
FSE  Fractional Schrodinger equation

Appendix A. A Brief Survey on Fractional Integration

Extended reviews of fractional calculus can be found, e.g., in [50-54]. Fractional
integration of the order of « is defined by the Riemann-Liouville operator

10 = 5 [ S0 -0y (A1)

where & > 0, x > g and I'(z) are the Gamma function. Fractional derivation was developed
as a generalisation of integer order derivatives and is defined as the inverse operation to
the fractional integral. Therefore, the fractional derivative is defined as the inverse operator
to I§, namely I¢Df(x) = I, f(x) and I¢ = D *. Its explicit form is

D) = g [ F W=7y (A2)

This integral diverges for arbitrary « > 0, and a regularisation procedure is introduced
with two alternative definitions of D*. For an integer n defined asn — 1 < a < n, we obtain
the Riemann-Liouville fractional derivative,

d'rl

RLD'f(x) = DEf(x) = 4 L I (x), (A3
and the Caputo fractional derivative,
d?’l
cDif(x) = L = f (%) (A4)

dx"
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There is no constraint on the lower limit a. For example, when a = 0, one has

e fp_  LB+1) 54
RLDxx‘B_ r(ﬁ%l*[x) xﬁ .

This fractional derivation with the fixed low limit is also called the left fractional
derivative. One can introduce the right fractional derivative as well, where the upper limit
a is fixed and a > x. For example, the right fractional integral is

() = a7 [ =2 )y (45)

e)

Another important property is D*If = [P=%, where subscripts are omitted for brevity.
Note that the inverse combination is not valid. In general, IPD* # IP~% since it depends on
the lower limits of the integration [52]. We also use here a convolution rule for the Laplace
transform for 0 < a <1

LI f(x)] =s7"f(s). (A6)

Note that for arbitrary a > 1, the treatment of the Caputo fractional derivative by the
Laplace transformation is more convenient than that of the Riemann-Liouville one.

Solutions considered in the paper can be also obtained in the form of the Mittag—Leffler
function by means of the Laplace inversion [47,52,55]

) rl B sV ﬁesr
Eyp(zr") = 277'51/(: T ds, (A7)

where C is a suitable contour of integration, starting and finishing at —oco and encompassing
acircle |s| < |z|'/V in the positive direction, and v, 8 > 0.

It is also convenient to present the Mittag-Leffler E, g(—zr") function in the series
representation. Expanding the denominator formally, we have

sV~ B st —nv 2 d - (er)n
Euplart 2 2 / e _ngor(nuﬂs)' (A8)

From the series representation (A8), the asymptotic behaviour can be easily found
as well [47]. In particular, for E, g(—zr") in the limit [zr"| < 1, we obtain the stretched
exponential behaviour of the Mittag—Leffler function,

oo 1 B r(B)zr" 1 B L(B)zr”
R el o e
In the opposite case of |zr'| > 1, we have [47],
o ()7
E,p(—zr") = TE—v)’ (A10)

where |arg(zr')| < (1 —v/2)m

Appendix B. Fractional Fokker-Planck Equation

Considering Equation (2) with y(t) = 5(t) = §(t) and Lrp = Dy %, we arrive at the
well known form of the comb model, suggested in [22], which reads

) 92 92
EP(x,y, t) = é(y) Dy ﬁp(x,y, t) + D, a—sz(x, Y, b). (A11)

The same initial and boundary conditions as in Equation (2) are imposed. Inte-
gration with respect to y leads to an equation for the marginal distribution P;(x,t) =

ffooo P(x,y,t)dy:
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S P(x,y=0,1), (A12)

d
*Pl(x,t) == DX@

ot

where P(x,y = 0,s) = f(x,s). To obtain this equation in a closed form, we perform the
Laplace transform for the solution, which is

P(x,y,s) = P(x,y =0,s) exp(—,/s/Dy \y|), (A13)

and integrate it with respect to y. This yields the relation P(x,y = 0,s) = |/s/4D, Py (x,s).
Using this relation and the Laplace transforming Equation (A12), we find

D, 9% 4
o sPi(x,s). (A14)

2,/Dy 922

Performing the Laplace inversion, we obtain the integro-differential equation

s2P (x,5) — 6(x)s71/2 =

cD}/?Py (x, 1) = (A15)

D, 92
——— —Py(x,t).
2,/Dy dx2

The integro-differential operator CD}/ 2 is the so-called Caputo fractional derivative,
defined in Equation (A4), which reads

1 Eo1 dPy(t)
cDYPy (1) = Fi—a) /O IR ', 0<a<l, (A16)

while Equation (A15) is called the fractional Fokker-Planck equation (FFPE). Instead of the
Caputo derivative, it is possible to employ the Riemann-Liouville fractional derivative,
defined in Equation (A3), which reads

at/, 0<a<1. (A17)

DI =D = i |

This operator leads to the different form of the FFPE [56], as follows

P} 2

—Pl(x, t)

_. 0
5 RLDtl “

@Pl (xr t)r (A18)

2,/D,

where & = 1/2. For arbitrary 0 < a < 1, this equation is a general form of the FFPE with
the solution (A28)

(A19)

In that case, the diffusion coefficient must be generalised as well, D/ (2, /Dy) =
D1 /2~ D,.

Solution in the Form of the Fox H-Function
The Fox H-function is defined in terms of the Mellin-Barnes integral [55,57],

<a1,A1>,.--,<ap,Ap>} ! /Q @(s)z°ds,  (A20)

g _ gmn = 5
o' (2) P {Z (b1,B1),...,(bg, By) 27

where
{11 58 {18154

{0 T = b = sB) H{ T, 1 Ta; +54)) |

O(s) = , (A21)
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with0 <n <p,1<m < gand ai,bj € C, while A,',B]- € R+,fori=1,...,p, and
j=1,...,q. The contour () starting at ¢ — ico and ending at ¢ + ioo, separates the poles
of the functions I'(b; +sB;), j = 1,...,m from those of the function I'(1 — a; — sA;),
i=1,...,n.

Now, let us solve FFPEs (A15) and (A18) in terms of the Fox H-functions. Performing
the Fourier and Laplace transformations, we obtain the Montroll-Weiss equation, as follows

Safl

ﬁl(k,s) = P(k,s) = m,

(A22)

where we take By (k,s) = 1. Then employing formula (A7) for the Mittag—Leffler function
[47,52,55] one obtains

P(k,t) = Py (k,t) = Eq (—Dakzt“). (A23)

The two parameter Mittag-Leffler function (A7) is a special case of the Fox H-function,
which can be represented by means of the Mellin—Barnes integral (A20)

1 TerA-s) L, (0,1)
a9 = e B 0 g |
(0,1/4) ]

L1/6
(0,1/6),(1 —B,ua/d)

1 11
= *Hl,z

5 (A24)

The Fourier-cosine transformation of Equations (A23) and (A24) yields [29,55]

1 o 0,1/2
Pl t) = 5= [ K cos(kx) HIJ [W’d‘ (0,5),(({,&)/2) }dk

2| (1,1), (1), (52,1)
DL 2 (A25)

1 21

53

(1,2),(1,1), (432,1)

For p = 1, we obtain the solution of Equation (A22). Taking into account the properties
of the Fox H-function, we obtain

1o [ 2 | (L), (La),(L1) | _ 1 a0 ¥ | (La),(1,1)
|| G20 | = B lom| Wann |- 6
Use of property
O g | (ap, Ap) — gmoly (ap +06Ap, Ap)
Pa |t (by, By) PA || (b + 6Bg, By)

reduces Equation (A25) to

_ 1 20 2 | (1—a/2,a),(1/2,1)
Py(x,t) = P(x,t) = NONG Hy, [Dat“ 0,2), (1/2,1) . (A27)
Using the property of Equation (A26), we obtain
_ 1 1,0 x2 (1 —0(/2,06)
Pl (x, t) — %Datﬂé H1,1 |:W (O, 2) . (A28)

The straightforward generalisation to another toy model is also possible. Namely, the
FFPE of the form

cDiP(x,t) = x*cD§P(x,t), x€Ry, 0<a<?2, (A29)
describes the fractional diffusion of a tracer with the PDF P(x, t) with corresponding initial

and boundary conditions. By means of the multiplication by (if)%, one arrives at the
fractional quantum dynamics.
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Appendix C. Eigenfunctions of the Dilatation Operator

The dilatation operator

, 9 . . .
Ho="h [—wcax - 1/2} = Pxx +if/2
determines the complete set of eigenfunctions ., (x) with the eigenvalues w according to
the eigenvalue problem # x, (x) = h @ xw(x), where w is the continuous spectrum and the
eigenfunctions are [1,4]

1
Xw(x) = exp(iwln |x|), (A30)
VNJx|
which satisfies the boundary conditions ), (x = £o0) = 0 and N = 4. For the continuous
spectrum, the normalisation condition is

/ Xo (%) Xw(x) dx = 6(w — '), (A31)
while the completeness relation is [ x¥ (x') xw(x) dw = 8(x — x’) (see e.g., [58]). Note also
that for x > 0, the normalisation constant is half as large, N = 27 [4].

It is worth mentioning that a mathematically rigorous calculation of the normalisation
constant for the wave function ), (x) can be presented as well by following the presentation
of [59]. Since the operator xp has the continuous spectrum w, the eigenfunctions x(w, x) =
Xw(x) are not square integrable. Therefore, the normalisation condition exists not for the
eigenfunction but for the “eigendifferential” [59] Ax(w, x), which reads

w+Aw
Ax(w,x) = / x(w', x)do’.

w

Substituting here Equation (A30), one obtains

AwlIn |x|

Ax(w, x) 5

xp(i(w + Aw) In |x|) sin

2
= —— e
V/N|x|In |x|
This solution is already square integrable and has the following normalisation form

1

o
. 2,
Am A /700|Ax(w,x)| dx=1.

To take the limit, the integrand can be presented as follows [14]

4 . Awlnl|x| . AQIn|x|
= 5— sin sin
N|x| In” | x| 2 2

|Ax(w,x) |

7

where AQ) = Aw + Aw;. We can perform this trick, since the “eigendifferentials” for not
overlapping spectral regions Aw and Aw; are orthogonal [59]. Then, taking the limit Aw =
0 and carrying out the variable change z = (Aw;/2) In |x| and taking into account that
% f jooo % dz = %, we obtain N = 47, which coincides exactly with the dimensionless
normalisation constant N in Equation (A30).

1.  Berry, M.V,; Keating, ] P. H = xp and the Riemann zeros. In Supersymmetry and Trace Formulae; Springer: Berlin/Heidelberg,
Germany, 1999; pp. 355-367.

SANNLEE R N

Berry, M.V.; Keating, ].P. The Riemann Zeros and Eigenvalue Asymptotics. SIAM Rev. 1999, 41, 236-266.

Connes, A. Trace formula in noncommutative geometry and the zeros of the Riemann zeta function. Sel. Math. 1999, 5, 29-106.
Sierra, G. H = xp with interaction and the Riemann zeros. Nucl. Phys. B 2007, 776, 327-364.

Coleman, S. Dilatations. In Properties of Fundamental Interactions; Academic Press: New York, NY, USA, 1973.

de Alfaro, V.; Fubini, S.; Furlan, G. Conformal invariance in quantum mechanics. Nuovo Cim. A 1976, 34, 569-612.



Fractal Fract. 2023, 7, 431 14 of 15

*®

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.

23.
24.

25.

26.
27.

28.
29.
30.
31.
32.
33.

34.
35.

36.

37.

38.

39.

40.

41.

42.

43.
44.

Jackiw, R. MAB Beg Memorial Volume. Divers. Top. Theor. Math. Phys. 1991, 35, 312.

Twamley, J.; Milburn, G.J. The quantum Mellin transform. New J. Phys. 2006, 8, 328-328. [CrossRef].

Armitage, J. The Riemann hypothesis and the Hamiltonian of a quantum mechanical system. In Number Theory and Dynamical
Systems; Dodson, M.M., Vickers, ].A.G., Eds.; London Mathematical Society Lecture Note Series; Cambridge University Press:
Cambridge, UK, 1989; Volume 134, pp. 153-172.

Bhaduri, R.; Khare, A.; Law, ]. Phase of the Riemann { function and the inverted harmonic oscillator. Phys. Rev. E 1995, 52, 486.
Nonnenmacher, S.; Voros, A. Eigenstate structures around a hyperbolic point. J. Phys. A Math. Gen. 1997, 30, 295.

Berman, G.; Vishik, M. Long time evolution of quantum averages near stationary points. = Phys. Lett. A 2003, 319,
352-359. [CrossRef].

Iomin, A. Exponential spreading and singular behavior of quantum dynamics near hyperbolic points. Phys. Rev. E 2013,
87,054901. [CrossRef].

Iomin, A. Quantum dynamics and relaxation in comb turbulent diffusion. Chaos Solitons Fractals 2020, 139, 110305. [CrossRef].
Feynman, R.P,; Hibbs, A.R. Quantum Mechanics and Path Integrals; McGraw-Hill: New York, NY, USA, 1965.

Feller, W. An Introduction to Probability Theory and Its Applications; Wiley: New York, NY, USA, 1971; Volume 1

Bochner, S. Diffusion equation and stochastic processes. Proc. Natl. Acad. Sci. USA 1949, 35, 368-370.

Nelson, E. A Functional Calculus Using Singular Laplace Integrals. Trans. Am. Math. Soc. 1958, 88, 400—413.

Ziman, T.A.L. Excitations of dilute magnets near the percolation threshold. J. Phys. C Solid State Phys. 1979, 12, 2645-2658.
White, S.R.; Barma, M. Field-induced drift and trapping in percolation networks. J. Phys. A Math. Gen. 1984, 17, 2995-3008.
Weiss, G.H.; Havlin, S. Some properties of a random walk on a comb structure. Phys. A 1986, 134, 474-482.

Arkhincheev, V.E,; Baskin, EM. Anomalous diffusion and drift in the comb model of percolation clusters. Sov. Phys. JETP 1991,
73,161-165.

Iomin, A. Subdiffusion on a fractal comb. Phys. Rev. E 2011, 83, 052106. [CrossRef].

Méndez, V.; Iomin, A.; Horsthemke, W.; Campos, D. Langevin dynamics for ramified structures. J. Stat. Mech. Theory Exp. 2017,
2017, 063205. [CrossRef].

Sandev, T.; Iomin, A.; Kantz, H.; Metzler, R.; Chechkin, A. Comb Model with Slow and Ultraslow Diffusion. Math. Model. Nat.
Phenom. 2016, 11, 18-33. [CrossRef].

Baskin, E.; Iomin, A. Superdiffusion on a Comb Structure. Phys. Rev. Lett. 2004, 93, 120603. [CrossRef].

Iomin, A. Superdiffusive comb: Application to experimental observation of anomalous diffusion in one dimension. Phys. Rev. E
2012, 86, 032101. [CrossRef].

Ribeiro, H.V,; Tateishi, A.A.; Alves, L.G.A.; Zola, R.S.; Lenzi, E.K. Investigating the interplay between mechanisms of anomalous
diffusion via fractional Brownian walks on a comb-like structure. New J. Phys. 2014, 16, 093050. [CrossRef].

Iomin, A.; Méndez, V.; Horsthemke, W. Fractional Dynamics in Comb-Like Structures; World Scientific: Singapore, 2018.

Sokolov, LM. Models of anomalous diffusion in crowded environments. Soft Matter 2012, 8, 9043-9052.

Forte, G.; Burioni, R.; Cecconi, F.; Vulpiani, A. Anomalous diffusion and response in branched systems: A simple analysis. J.
Phys. Condens. Matter 2013, 25, 465106. [CrossRef].

Dzhanoev, A.; Sokolov, I. The effect of the junction model on the anomalous diffusion in the 3D comb structure. Chaos Solitons
Fractals 2018, 106, 330-336. [CrossRef].

Cecconi, F,; Costantini, G.; Taloni, A.; Vulpiani, A. Probability distribution functions of sub- and superdiffusive systems. Phys.
Rev. Res. 2022, 4,023192. [CrossRef].

Sandev, T.; Iomin, A. Special Functions of Fractional Calculus; World Scientific: Singapore, 2022.

Frauenrath, H. Dendronized polymers—Building a new bridge from molecules to nanoscopic objects. Prog. Polym. Sci. 2005,
30, 325-384.

Marsh, R.E.; Riauka, T.A.; McQuarrie, S.A. A review of basic principles of fractals and their application to pharmacokinetics. Q. J.
Nucl. Med. Mol. Imaging 2008, 52, 278-288.

Santamaria, F.; Wils, S.; De Schutter, E.; Augustine, G.J. Anomalous Diffusion in Purkinje Cell Dendrites Caused by Spines.
Neuron 2006, 52, 635-648.

Santamaria, F.; Wils, S.; De Schutter, E.; Augustine, G.]. The diffusional properties of dendrites depend on the density of dendritic
spines. Eur. |. Neurosci. 2011, 34, 561-568.

Arkhincheev, V.E.; Kunnen, E.; Baklanov, M.R. Active species in porous media: Random walk and capture in traps. Microelectron.
Eng. 2011, 88, 694-696.

Maex, K.; Baklanov, M.R.; Shamiryan, D.; Iacopi, F.; Brongersma, S.H.; Yanovitskaya, Z.S. Low dielectric constant materials for
microelectronics. J. Appl. Phys. 2003, 93, 8793-8841.

Sibatov, R.T.; Morozova, E.V. Multiple trapping on a comb structure as a model of electron transport in disordered nanostructured
semiconductors. J. Exp. Theor. Phys. 2015, 120, 860-870.

Singh, R.K; Sandev, T.; Iomin, A.; Metzler, R. Backbone diffusion and first-passage dynamics in a comb structure with confining
branches under stochastic resetting. J. Phys. A Math. Theor. 2021, 54, 404006. [CrossRef].

Evans, M.R,; Majumdar, S.N. Diffusion with Stochastic Resetting. Phys. Rev. Lett. 2011, 106, 160601. [CrossRef].

Bray, A.J.; Majumdar, S.N.; Schehr, G. Persistence and first-passage properties in nonequilibrium systems. Adv. Phys. 2013,
62,225-361. [CrossRef].


https://doi.org/10.1088/1367-2630/8/12/328
https://doi.org/https://doi.org/10.1016/j.physleta.2003.10.038
https://doi.org/10.1103/PhysRevE.87.054901
https://doi.org/https://doi.org/10.1016/j.chaos.2020.110305
https://doi.org/10.1103/PhysRevE.83.052106
https://doi.org/10.1088/1742-5468/aa6bc6
https://doi.org/10.1051/mmnp/201611302
https://doi.org/10.1103/PhysRevLett.93.120603
https://doi.org/10.1103/PhysRevE.86.032101
https://doi.org/10.1088/1367-2630/16/9/093050
https://doi.org/10.1088/0953-8984/25/46/465106
https://doi.org/https://doi.org/10.1016/j.chaos.2017.12.001
https://doi.org/10.1103/PhysRevResearch.4.023192
https://doi.org/10.1088/1751-8121/ac20ed
https://doi.org/10.1103/PhysRevLett.106.160601
https://doi.org/10.1080/00018732.2013.803819

Fractal Fract. 2023, 7, 431 15 of 15

45.
46.
47.
48.
49.
50.
51.
52.
53.
54.

55.
56.

57.
58.

59.

Sandev, T.; Iomin, A.; Kocarev, L. Hitting times in turbulent diffusion due to multiplicative noise. Phys. Rev. E 2020, 102,
042109. [CrossRef].

Matheron, G.; De Marsily, G. Is transport in porous media always diffusive? A counterexample. Water Resour. Res. 1980,
16,901-917.

Bateman, H.; Erdélyi, A. Higher Transcendental Functions [Volumes I-111]; McGraw-Hill: New York, NY, USA, 1953-1955.

Iomin, A. Fractional-time quantum dynamics. Phys. Rev. E 2009, 80, 022103. [CrossRef].

Bender, C.; Bormann, M.; Butko, Y. Subordination principle and Feynman-Kac formulae for generalized time-fractional evolution
equations. Fract. Calc. Appl. Anal. 2022, 25, 1818-1836.

Oldham, K.B.; Spanier, J. The Fractional Calculus: Theory and Applications of Differentiation and Integration to Arbitrary Order;
Academic Press: New York, NY, USA, 1974.

Samko, S.G.; Kilbas, A.A.; Marichev, O.I. Fractional Integrals and Derivatives: Theory and Applications; Gordon and Breach: London,
UK, 1993.

Podlubny, 1. Fractional Differential Equations; Academic Press: San Diego, CA, USA, 1999.

de Oliveira, E.C. Solved Exercises in Fractional Calculus; Springer Nature: Cham, Switzerland, 2019.

Gorenflo, R.; Kilbas, A.A.; Mainardi, F.; Rogosin, S. Mittag-Leffler Functions, Related Topics and Applications; Springer Nature:
Berlin/Heidelberg, Germany, 2020.

Mathai, A.M.; Haubold, H.J. Special Functions for Applied Scientists; Springer: New York, NY, USA, 2008.

Kilbas, A.; Srivastava, H.; Trujillo, J. Theory and Applications of Fractional Differential Equations; Elsevier: Amsterdam, The
Netherlands, 2006.

Mathai, A.M.; Saxena, R.K.; Haubold, H.J. The H-function: Theory and Applications; Springer: New York, NY, USA, 2010.

Landau, L.D,; Lifshitz, EM. Quantum Mechanics: Non-Relativistic Theory; Course of Theoretical Physics; Pergamon: Oxford, UK,
1977; Volume 3,

Fock, V.A. Foundations of Quantum Mechanics (in Russian); Nauka: Moscow, Russia, 1976.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


https://doi.org/10.1103/PhysRevE.102.042109
https://doi.org/10.1103/PhysRevE.80.022103

	Introduction
	Subordinated Comb Diffusion
	Subordinated Quantum Mechanics
	Generalised Comb Model
	Memory Kernels with (s)=1
	Comb Wave Equation


	Conclusions
	A Brief Survey on Fractional Integration
	Fractional Fokker–Planck Equation
	Eigenfunctions of the Dilatation Operator
	References

